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1 Probability theory review
1.1 Basic probability theory
A probability space is a triple (Q, F,P), where
e  is the sample space, which is a (non-empty) set.
e F is a a o-field, which is a space of subsets of () satisfying

- QeF,
—AeF = A%eF,
—A,eF,n>1 = Up>1 A, € F.

A set A € F is called an event.

e P: F —0,1] is a probability measure, i.e.

- P[] =1,
— If {A4,, n > 1} C F be such that 4, N A; = 0 for all ¢ # j, then P[U,>14,] =
anl P[An]
Example 1.1. (i) Q = {1,2,--- ,n}, F:=o({1}, -+ ,{n}), P{i}] = L, for each i =1,--- ,n.
In above, o({1},--- ,{n}) means the smallest o-field containing all events {1},--- ,{n}. In this

case, it is the space of all subsets of §Q.

(ii)) @ = R, F := B(R) is the Borel o-field on R, i.e. the smallest o-field which contains all
open set in R. For some density function p : R — Ry, a probability measure P can be defined,
first for all intervals (a,b) with a < b, by P[(a,b)] := f; p(x)dx, and then extended on the Borel
o-field F.

A random variable is a map X : 2 — R satisfying
X 1A ={weQ : X(w)e A} e F, forall Ac B(R) <= {X <z} € F, forall z €R.
The distribution function of X is given by
F(z) := PIX <z], z€R.

Example 1.2. (i) A discrete random variable X :
pi=PX =], i€N, Y p=1
€N

(ii) A continuous random variable X (with continuous probability distribution), one has the den-
sity function
p(z) = F'(x), x € R.

(iii) There exists a some random variable, whoseis distribution neither discrete nor continuous.



Expectation Let X be a (discrete or continuous) random variable, the expectation of E[f(X)]
is defined as follows:

e When X is a discrete random variable such that P[X = z;] = p; for i € N. Then

E[f(X)] == Y f@)PX =z] = > f(z:)pi-

ieN ieN
e When X is a continuous random variable with density p: R — R,. Then

E[f(X)] = /Rf(:v)p(x)dx, whenever the integral is well defined.

Remark 1.3. In general case, one defines the expectation as the following Lebesque integration:

E[f(X)] = /Q F(X (@) dP(w).

A rigorous definition of the above integral needs the measure theory, which is not required in this
course.

For two (square integrable) random variables X and Y, their variance and co-variance are
defined by

Var[X] := E[(X — E[X])?], Cov[X,Y]:=E[(X —E[X])(Y —E[Y])].

The characteristic function of X is defined by ®(0) := E[e"X].

Independence The events Aj,---, A, € F are said to be (mutually) independent if
P[A;Nn---NAy] = [ PA].

Next, we say that the o-fields Fi,--- , F, are (mutually) independent if

P[A; NN Ap] = [[PIA], for all Ay € Fi, -+, Ay € F.
i=1

Finally, we say that random variables X7, ---, X,, are (mutually) independent if
o0(X1),---,0(X,) are independent.
Remark 1.4. (i) The o-field 0(X1) is defined as the smallest o-field containing all events
{Xi <z} = {weQ : Xj(w) <z}, foralzeR.

As X1 is a random variable, it is clear that o(X1) C F.

(ii) We say that the a random variable X is independent of Fa if 0(X1) and Fa are independent.



Example 1.5. Let us consider the case, where Q = {0,1,2,3}, P[X = w] = i, define

_]0 we{0,2}, ~J0 we {01},
Xl(w)_{1 w e {1,3), X2(w)_{1 w e {2,3).

In this case, o(X1) = {0,9Q,{0,2},{1,3}}, and o(X2) = {0,9,{0,1},{2,3}}. Moreover, it can
be checked that X1 is independent of 0(X3). For example, one can check that

Pl{X: =0} N {X2=0)] = P[{0}] = P[{0,2}]P[{0,1}] = 1,

which implies that the two events {X; = 0} and {Xo = 0} are independent. Similarly, one can
check that {X1 =i} is independent of {Xo = j} for alli,j € {0,1}. This is enough to show that
X1 and Xy are independent.

Lemma 1.6. If X1, -, X, are independent, f; are measurable functions. Then f1(X1),- -, fn(Xn)
are independent.

Proof. Let us consider the case n = 2. To prove that f1(X7) is independent of fa(X3), it is enough
to check that the event {f1(X;1) < y1} is independent of the event {f2(X2) < yo} for all real
numbers y1,y2 € R. At the same time, we notice that {f;(X;) < v} = {Xi € f; '((—o0,ui])} €
o(X;). Since o(X1) is independent of o(X32), this is enough to conclude the proof. O

Lemma 1.7. If X1,---, X, are independent, then

E[fi(X1) - fu(Xa)] = Elf1(X0)]- - E[fn(Xn)]:

Consequently,

Var[X; + --- + X, = Var[X1] + - - - + Var[X,,].
Cov[fl(Xz)’fJ(X])] =0, i #].

Remark 1.8. : The inverse may not be correct. Let us consider a random variable X1 ~ U[—1,1]
follows the uniform distribution on [—1, 1], whose density function is given by p(x) = %1{*1Sw§1}'
Let X5 := X?. By direct computation, one can check that

E[X1X5] = E[X1]E[X2], and hence Cov|[Xi, Xs] =0.
Nevertheless, it is clear that X1 and Xo are not independent.

We next provide some notions of convergence of random variables. Let (X,),>1 a sequence
of random variables, ans X be a r.v.

e Almost sure convergence: We say X,, converges almost surely to X if

P[ lim X, = X]| =1.

n—oo
e Convergence in probability: We say X, converges to X in probability if, for any € > 0,

lim P[|X,, — X|>¢] = 0.
n—oo
e Convergence in distribution: We say X, converges to X in distribution if, for any bounded
continuous function f,

lim E[f(X,)] = E[f(X)].

n—oo
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e Convergence in LP (p > 1) space: Assume E[|X,,|P] < oo, we say X,, converges to X in L
space if
lim E[|X, - X|’] = 0.
n—oo

Lemma 1.9 (Relations between the different notions of the convergence). One has

Cvg a.s. = Cvg in prob. = Cvg in dist.,

Cvg in LP =— Cvg in prob.
Cvg in prob. = Cvg a.s. along a subsequence.
Lemma 1.10 (Monotone convergence theorem). Assume that 0 < X,, < Xp41 for alln > 1,

then
E[ lim X,] = lim E[X,].

n—o0 n—o0

Remark 1.11. In practice, we may have X,, := fn(X) for a sequence (fyn)n>1 satisfying 0 <
f1 < fo <---. In this case, we have

E[ lim fu(X)] = lim E[f,(X)].

n—o0

Theorem 1.1 (Law of Large Number). Assume that (X,)n>1 is an i.i.d. sequence with the same
distribution of X and such that E[|X|] < co. Then

_ 1 &
lim X, = nli_)rEOEZXk = E[X], a.s.

n—00
k=1

Theorem 1.2 (Central Limit Theorem). Assume that (Xp)n>1 is an i.i.d. sequence with the
same distribution of X and such that E[|X|?] < co. Then

Var[X]

converges in distribution to N(0,1).

We finally provide some useful inequalities.

Lemma 1.12 (Jensen inequality). Let X be a r.v., ¢ be a convex function. Assume that E[|X|] <
oo and E[|¢(X)|] < co. Then

SE[X]) < E[p(X)].
Proof. As ¢ is a convex function, there exists an affine function g(x) = ax + b such that
H(E[X]) = g(E[X]), and ¢(z) > g(x) for all z € R.

Therefore,

Lemma 1.13 (Chebychev inequality). Let X be a r.v., f : R — Ry be an increasing function.
Assume that E[f(X)] < oo and f(a) > 0. Then

PX >a] < M

— fla)]
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Proof. We will prove this for continuous random variable X, and the proof for discrete random
variable X is essentially the same, replacing integrals with sums. Let p(x) be the probability
density function of X. By definition, E[f(X)] = [*_ f(z)p(z)dz. By monotonicity of f(z), and
the fact that f(x), p(x) are non-negative,

B0 = [ f@pla)da
~ [ t@p@is+ [ @pte)is
>/ " f@)p(@)ds
> / " f@)p(a)d

the result follows by taking out the constant f(a) from the integral. O

Lemma 1.14 (Cauchy-Schwarz inequality). Let X and Y be two r.v. Assume that E[|X|?] < oo
and E[|Y]?] < co. Then
EXY] < VE[IXPIE[Y]?].

1.2 Conditional expectation

Theorem 1.3. Let (Q, F,P) be a probability space, G be a sub-o-field of F, X a random variable.
Assume that E[|X|] < co. Then there exists a random variable Z satisfying the following:

e E[|Z]] < ox.
e 7/ is G-measurable.

e E[XY] =E[ZY], for all G-measurable bounded random variables Y .
Moreover, the random Z is unique in the sense of almost sure.

Definition 1.15. We say that the random variable Z given in Theorem 1.3 is the conditional
expectation of X knowing G, and denote

E[X|G] := Z.
When G =o(Y1, - ,Y,), for Y = (Y3,---.Y,), we also write
E[X[¥:, - Y] = E[X|g].

In this case, there exists a measurable function f : R” — R such that E[X|Y] = f(Y). To
compute E[X|Y], it is enough to compute the function:

EX|Y =vy| := f(y), for all y € R™.

Example 1.16. (i) Discrete case: P[X = z;,Y = y;| = p;j with 3, ;pi,j = 1. Then

E[X|Y =y;] = E[X1y—y,] _ > ieN TiDij
’ E[ly=y,] > ienPij
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Proof. Let us denote f(y;) := %, then it is enough to show that E[X|Y] = f(Y).
1€ 2,

First, it is trivial that f(Y") is o(Y')-measurable.
Next, by direct computation,

=S Bl = yy) = 3 e Tl S S S E[X < oo

jEN jEN ZZGNP” ieN i,jEN

Finally, for any o(Y)-measurable bounded random variable Z, there exists a measurable function
g : R" — R such that Z = g(Y’), then we have

Ef(V)g(Y)] = Fun)gw)PY =yl = wigly)pi; =E[Xg(Y)].
JEN 1,7EN
This is enough to conclude the proof by the definition of conditional expectation. O

(ii) Continuous case: Let p(x,y) be the density function of (X,Y'), and assume that [, p(z,y)dx >
0 for ally € R. Then

Jrzp(z,y)dx
Jrp(a,y)dz
Proof. Let us denote the r.h.s. of (1) as f(y). Then it is enough to show that E[X|Y] = f(Y).

First, it is clear that f(Y) is o(Y')-measurable.
Next,

E[|f //yf ]pxydmdy—//

</ Je lzlp(z, y)dx

Jg p(z,y)dx

EX]Y =y] = (1)

fopa; y)dx
fR x,y)dx

plap)dady = [ [ falpta,p)dady = B[X]) < oo,

p(x, y)dzdy

Finally, for any o(Y)-measurable bounded random variable Z, there exists a measurable function
g : R™ — R such that Z = ¢g(Y), then we have

E[f(Y //f p(x,y)dxdy :/R Mg(y)p(%y)dwdy

R fR p(JU, y)dl’
/ / zg(y)p(z, y)dedy = E[Xg(Y)].
This shows that E[X|Y] = f(Y) by the definition of conditional expectation. O

Example 1.17. Let X and Y be two independent random variables with the same distribution,
and P[X = +1] = P[X = +1] = 5. One can compute that

E[X]=0, and E[X 4+Y|Y]=
We finally provide some properties of the conditional expectation from its definition.

Lemma 1.18. Let X and Y be two r.v. such that E[|X|] < oo and E[|Y|] < oo, a,b be two real
numbers. Then
E[aX + bY'|G] = «E[X|G] + bE[Y|G].
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Proof. 1t is enough to verify that aE[X |G]+bE[Y|G] satisfies the three properties in the definition
of the conditional expectation E[aX + bY|G].

First, aE[X|G] 4 bE[Y|G] is obviously G-measurable.
Next, from the definition of conditional expectation, we know E[|E[X|G]|], E[|E[Y|G]|] < oo,
then

E[laE[X|G] + 0E[Y[G]]] < [a|E[E[X|G]]] + [PIE[E[Y|G]]] < oo
Finally, for any G-measurable bounded random variable Z, we know that
E[E[X|G]Z] = E[X Z],E[E[Y|G]Z] = E[Y Z].
Then by linearity of expectation, we have

E[(aE[X|G] + DE[Y|G])Z] = aE[E[X|G]Z] + DE[E[Y]G])Z]
=aE[XZ]|+bE[YZ] =E[(aX +bY)Z].

O]

Lemma 1.19. Let X, Y be r.v. such that E[|X|] < oo, Y is G-measurable and E[|XY|] < oo,
then
E[E[X|G]] = E[X], and E[XY|G] = E[X|G]Y.

If X is independent of G, then

E[X|G] = E[X].
Proof. First, by taking Y = 1 in the third property in Theorem 1.3, it follows immediately
that E[E[X|G]] = E[X].

To prove E[XY|G] = E[X|G]Y, it is equivalent to verify that E[X|G]Y satisfies the three
properties in the definition of conditional expectation for E[XY|G], by the uniqueness of the
conditional expectation.

Let us first assume that X and Y are nonnegative. Then for any k € N, then E[X|G] (Y Ak) is
G-measurable since both of E[X |G] and (Y Ak) are G-measurable. Moreover, for the integrability,
one has

E[[E[X|G](Y AR)[] < RE[[E[X|G]] < oo.

Finally, for any bounded G-measurable r.v. Z, (Y Ak)Z is bounded and G-measurable, then one
has

E[E[X|G)(Y Ak)Z] =E[X(Y Ak)Z] =E[E[X(Y Ak)G]Z].

Hence it follows that
EX(Y Ak)|G] = E[X|G](Y A E).

Then by monotone convergence theorem for conditional expectation (see Lemma 1.21 below),
one obtains that

E[X|g]Y = lim E[X|GI(Y AK)= lim E[X(Y AK)G]=E[ lim X(¥ AK)G]=E[XY|G].



When X, Y are not always nonnegative, one can write X = X+ — X~ Y =Y T - Y~ where
X*T, X7, YT and Y~ are all nonneagive random variables. Then

EXIGlY =E[XT - X" [Gl(YT —Y")

[
=E[XT|gY T —E[X"[G]YT —E[XT|G]Y™ +E[X|g]Y™
= E[X+Y+!Q] EXTYT|G] - E[XTYT|G] + E[X Y |G]
=E[(XT - X7)(Y"-Y")|g]
=E[XY|G].

Moreover, E[X|G]Y is G-measurable since both of E[X|G] and Y are G-measurable. One can
also check the integrability condition by

E[IE[X|G]Y]] = E[[E[XY|F][] < o0

which proves that E[XY|G] = E[X|G]Y

Finally, when X is independent of G, we consider E[X] as a constant r.v., and check that it
satisfies the properties in the definition of conditional expectation E[X|G]. As a constant r.v.,
E[X] is clearly G-measurable and integrable. Moreover, for any bounded G-measurability r.v. Z,
we have by linearity of expectation

E[E[X]Z] = E[X Z].
This proves that E[X] is the conditional expectation of X knowing G. O

Lemma 1.20. Let X be a random variable, ¢ be a convex function. Then

Elp(X)|G] = »(E[X]G]), a.s

Proof. We first prove monotonicity for conditional expectation. Claim that if X,Y are r.v. such
that E[|X|], E[|Y]|] < co and X > Y, then E[X|G] > E[Y|G] a.s. To see this, set Z := E[X —Y|G]
and A := {w : Z < 0}. Since A € G by definition and (X —Y) > 0 a.s., E[Z14] = E[(X-Y)14] >
0 so P[Z < 0]] = P[E[X|G] < E[Y|G]] = 0 as claimed.

Recall that a function f : R — R is convex if and only if there exits a family {f,} of affine
functions (i.e. f,(x) = apx + by, for some ay, b, € R) such that

f(z) = sup fp(x), forall zeR.

Thus,
Elp(X)|g] = ElanX +bn|G] = anE[X|G] +b

By taking supremum over both sides, it follows that
Elp(X)|g] = sup{anE[X[G] +bn} = @(E[X|F]).

O

Lemma 1.21 (Monotone convergence theorem). Let (X,,n > 1) be a sequence of integrable
random variable such that 0 < X, < Xy, 11, a.s. Then

lim E[X,|G] = E[ lim X,|g].
n—oo n—0o0



Proof. Notice that by the increasing of {X,,}, for almost all w, we have
E[X,|G] < E[lim X,|G] as.
n—oo

Then with the same procedure in the proof of conditional Jensen’s Inequality, we can prove that
0 < E[X,|G] < E[X,+1|G] a.s. and we get the existence of lim,_, E[X,|G]. Taking the limit in
the above inequality, we have

lim E[X,|G] <E[lim X,|]] a.s.

Then the monotone convergence theorem (Lemma 1.10) implies that

E[lim E[X,|G]] = lim E[E[X,|G]] = lim E[X,] = E[lim X,] = E[E[lim X,|F]].
n—oo n—oo n—oo n—oo n—o0
Hence we conclude the proof. O

Lemma 1.22. Let X be an integrable random variable, and G := {0, Q}. Then
E[X|G] = E[X].

Proof. It is equivalent to prove that any G-measurable random variable Z is a constant random
variable a.s.

By contradiction, we assume that Z is not a constant random variable. Then there exist
some constants Cq,Cy € R with C; < Cy such that

{Z=0C} # ¢, {Z=Ca} # ¢

Hence we have {Z < C1} ¢ G, which gives the fact that Z is not G-measurable. Now since this
is a contradiction, we complete the proof. O

Lemma 1.23. Let X be an integrable random variable, and G C Go be two sub-o-field of F.
Then
E[E[X]G2]|6:] = E[X|G1].

Proof. Set Z := E[E[X|G2]|G1], it is enough to verify that Z satisfies the three properties in the
definition of E[X|G].

First, Z is obviously Gi-measurable and integrable, as it is defined as the conditional expec-
tation of some random variable knowing G;. Moreover, for any Gi-measurable bounded random
variable Y, we know by Lemma 1.19 that

E[zY] = E[E[E[X[G]|61]Y] = E[E[ E[X|G]Y|G1]]
= E[E[X|G:]Y] = E[E[XY|Gs]] = E[XY].

This concludes the proof. ]
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2 Discrete time martingale

Definition 2.1. In a probability space (2, F,P), a stochastic process is a family (Xp)n>0 of
random variables indexed by time n > 0 (ort,, n >0). A filtration is family F = (Fy,)n>0 of
sub-o-field of F such that F,, C Fn41 for alln > 0.

Example 2.2. Let B = (By,)n>0 be some stochastic process, then the following definition of F,
provides a filtration (Fp)n>0-
Fn = O'(B(],Bl, to >Bn)
In particular, let By =0, By, =Y p_; & where (§)k>1 is an i.i.d. sequence of random variables
with distribution P&y = £1] = 3. Then
Fo = {@,Q}, F1=FyU {A, Ac}, with A = {61 = 1}, Af = {fl = —1}, cee

Definition 2.3. Let X = (X,,)n>0 be a stochastic process, F = (Fp)n>1 be a filtration.
We say X is adapted to the filtration F if

X, € Fp, (i.e. X,y is Fn-measurable), for all n > 0.

We say X is predictable w.r.t. F if
Xn € Fin—1)vo for alln > 0.

Remark 2.4. Let F be the filtration generated by the process B as in the above example. If X
is F-adapted, then X,, € F, = o(By,- -, Byp) so that

Xn = gn(Bo, -+, By), for some measurable function g,.
Similarly, if X is F-predictable, then X,1+1 € Fy so that

Xp+1=Ggh1(Bo, -, By), for some measurable function g, ;.

1

Example 2.5. Let (§)r>1 be a sequence of i.i.d random variable, such that P[ﬁk = :l:l] = 3.

Then the process X = (Xy)n>0 defined as follows is called a random walk:

n
Xo=0, Xp=> &:

k=1

Remark 2.6. In above examples, a stochastic process usually starts from time 0, but we can also
consider stochastic process starting from some time tj.

Definition 2.7. Let X = (X,,)n>0 be a stochastic process, F = (Fy)n>1 be a filtration.
We say X is a martingale (w.r.t. F) if X is F-adapted, each random variable X,, is integrable,
and

E[Xpi1|Fn] = Xan.

We say X is a sub-martingale (w.r.t. F) if X is F-adapted, each random variable X, is
integrable, and
E[Xp+1|Fn] = Xan.

We say X is a super-martingale (w.r.t. F) if X is F-adapted, each random variable X, is
integrable, and
E[Xpi1|Fn] < X
11



Notice that martingale X (w.r.t. to some filtration ) is a sub-martingale, and at the same
time a super-martingale.

Example 2.8. Recall that the random walk X = (X,,)n>0 is defined as follows:
XO = 07 Xn = Zék?
k=1

where (&;)g>1 be a sequence of i.i.d. of random variable such that P[¢ = £1] = .
Then

e X is a martingale;
o (X2),>0 is a sub-martingale;
e (X2 —n)n>0 is a martingale.

Proof. First, it is clear that X is F-adapted with respect to the natural filtration F generated by
X, and X, is integrable for all n > 0. Then by using Lemma 1.19,

]E[Xn—&-l‘-’rn] = E[Xn + fn—f—l‘}—n]
= E[Xn‘}_n] + E[§n+1’fn]
= Xp +E[¢41]
= X,.

Next, as (Xg)nzo is F-adapted, and X2 is integrable, for Vn > 0, we compute that

E[X71Fa] = E[(Xn + &u1)?[Fl
= E[X? 4+ 2Xn&ni1 + & | Fnl
= E[X;|Fn] + 2E[Xp&n i1 Fa] + ElEh 11| T
= X'r2z + 2XnE[€n+1|-7:n] + E[@%—i—l]
= X2+1.

Finally, Y;, := X2 — n is F-adapted, and Y, is integrable, then

ElYp1|Fn] = E[X721+1 — (n+1)|F]
= X2+1-(n+1)
= X2-n
= Y,.
O

Example 2.9. Let (Zy)r>1 be a sequence of random variable such that Zy, ~ N(0,1), and o € R,
Xo € R be real constants. Let Fp, := o(Z1,-++ ,Zy), and

n
1
X, = Xpexp <a; Zy — Enaz).

Then (Xp)n>1 is a martingale (w.r.t. F).
12



Example 2.10. Let F = (F,)n>1 be a filtration, Z be an integrable random variable, and
X, = E[Z|F,].
Then (Xyn)n>1 is a martingale (w.r.t. F).

Lemma 2.11. Let F be a filtration, and X be a martingale w.r.t. F. Let FX denote the natural
filtration generated by X. Then X is also a martingale w.r.t. FX.

Proof. Given that X is F-adapted, we know that X, € F, for s € {0,1,--- ,n}. Define FX as
the o-field generated by Xo, X1,---, X, i.e. FX = 0(Xo, X1, -+, Xy), then FX C F,,. We
know that X is FX-adapted, X,, is integrable for ¥n > 0, and

E[Xn+1|fr)z(] =E[ E[ Xn+1|fn]|}-r)f] = E[Xﬂ}“ff] = Xu,
then it is clear that X is a martingale with respect to FX. O

Notice that a martingale X is associated to some filtration F. However, when the filtration is
not specified, we say X is a martingale means that X is a martingale w.r.t. the natural filtration
generated by X. In this case, we can also write

E[Xpi1|Xo, -, Xpn] = X,, foralln > 0.
Lemma 2.12. Let X be a martingale w.r.t. the filtration F, then
E[Xm‘}"n] = X, forallm>n>0.

Moreover,
E[Xn] = IE[XO], for alln > 0.

Proof. As X is a martingale, we know that E[X,+1|F,] = X,, and F,, C Fp+1. Then by the
tower property in Lemma 1.23,

E[ X2 Fn] = E[ E[ Xpq2|Fag1l|Fnl = E[Xni1|Fn] = Xn.

The result follows by using the above equation. O

2.1 Optional stopping theorem

Definition 2.13. Let F be a filtration, a stopping time w.r.t. F is a random variable T : Q —
{0,1,---} U {oo} such that
{r <n} eF,, foraln>0. (2)

Remark 2.14. In place of (2), it is equivalent to define the stopping time by the property:
{r=n}eF,, foraln>D0.
Proof. We can write

{r=n} = {r<np\{r<n-1j}, (3)
Ulr =k} (4)
k=0

{r<n}

Now if {7 < n} € F, for any n > 0, then {r < n —1} € F,,_; C F,, hence we know from (3)
that {T =n} € F,.
Next, if {7 =n} € F, for any n > 0, then for any 0 < k < n, {r = k} € Fx C Fy, hence we
know from (4) that {r <n} € F,. O
13



Lemma 2.15. Let X be a stochastic process adapted to the filtration F, and B be a Borel set in
R. Then the hitting time T defined below is a stopping w.r.t. F:

T = inf{n >0 : X, € B},
where inf ) = 400 by convention.

Proof. For any n € N, notice the facts that
n—1
{r=n} = {X,eB})[){Xx ¢ B},
k=0

{r<n}

n
U{xx e B},
k=0
{Xi € B} € F, C F for any k=0,1,-- ,n.
It follows that {7 < n} € F,, for any n > 0. Then 7 is a stopping time w.r.t. F. ]

Given a stochastic process X and a stopping time 7 w.r.t. some filtration F.

Xn(w) if T(w) > n,

XTAn(CU) = {X‘r(w) (w) if T(w) <n.

Theorem 2.1. Let F be fixed filtration, X be a F-martingale, and T be a F-stopping time. Then
the process (Xran)n>0 is still a F-martingale.

Proof. Let us denote Y,, := X, A, for any n € N, then we can write for any n > 0,

n—1

Y, = ZXk]l{T:k} + Xn]l{rzn}7 <5)
k=0
n—1

= > Xilgrogy + Xnlgrspiy, (6)
k=0

Now we verify the three conditions in the definition of martingale.
First, for any n € N, we have by (5)

n
Yol <37 1%
k=0
Then by the integrability of X, we know that
n
E[lYall < 3 E[X]) < +oo.
k=0
Next, since 7 is a F-stopping time, we have for any k =0,1,--- ,n,
(r=k}eFrCFn {r>n—-1}={r<n-1}Y € F,_1 C Fn.

Then Xy 1,y is Fi-measurable, hence Fy-measurable and X, 1(;~,_1} is also F,-measurable.
Thus by (5), we have Y, is F,-measurable.
14



Finally, we prove that for any n € N
E[Y,41]|Fn] =Y, as.

By (5), we have

ElYni1|Fal = ED | Xilrmiy + Xnp1Lirony [ Fo) = D Xplgrpy + E[Xp1 | Fall oy
k=0 k=0
n—1

= ZXk]]'{T:k}+Xn]]'{T>TL} =Y, as.
k=0

When X is martingale and 7 is a stopping w.r.t. the same filtration, it follows that
E[X,nn] = E[Xo].

The question is that whether one has E[X;] = E[X].
In order to answer the question, we introduce a version of the dominated convergence theorem
below.

Lemma 2.16. Let {Z,}n>0 be a sequence of random variables with limy,_ oo Z, = Z a.s. for
some random variable Z and sup, ey | Zn| < M a.s. for some constant M > 0, then

lim E[Z,] = E[Z].

n—o0

Proof. Let us denote that X,, = infy>,(2M — |Z; — Z|) for any n € N, then it is clear that
0< X, <X,41 forall n>1 and lim,— o X, =2M a.s.
By Lemma 1.10, we have

lim E[X,] = E[lim X,] = 2M,

n—o0 n—r0o0
Then we know that
lim E[|Z, — Z]] < lim E[sup \Zy — Z@ — — lim IE[ inf (2M — |Z — Z]) — ZM}
n—o0 n—o0 k>n n—o0 k>n
— — lim B jnf 2M — |2 — Z])| +2M = - lim E[X,] +2M
n—o0 k>n n—00
- —IE[ lim Xn] YoM = —E[ lim inf (2M — |Z,€—Z|)} oM
n—o0 n—oo k>n

= —E[2M]+2M = 0.

Hence, we have
lim E[Z,] = E[Z].

n—o0

O]

Theorem 2.2. Let F be a fized filtration, X be a F-martingale, and T be a F-stopping time.
Assume that T is bounded by some constant m > 0, or 7 < oo and the process (Xyan)n>0 1S
uniformly bounded. Then
E[X,] = E[Xo].
15



Proof. First, we claim that
lim E[X 1] = E[X/]. (7)

n—oo

By Theorem 2.1, we have X, A. is a F-martingale, then for any n € N,
E[Xrn] = E[Xo],
which combined with (7), implies that
E[X-] = E[Xq].

Then it remains to prove the claim (7).

If 7 is bounded by some constant m > 0, then for any n > m, we have X, r, = X, hence
(7) remains true.

If (X7An)n>0 is uniformly bounded, by Lemma 2.16 and lim,,_,oc X7an = X7 a.s., (7) remains
true. =

Example 2.17. Let (§;)k>1 be a sequence of i.i.d. random variables, x € N be a positive integer,
and

n
X, = z+ ng.
k=1

Let us define
T = inf{nzo 2XnSOOT‘XnZN}.

Assume T < 0o, we can then compute the value ofE[XT] and P[XT = 0].

2.2 Convergence of martingale

Theorem 2.3. Let X be a submartingale or supermartingale such that sup,>q E[|X,|] < oo.
Then

lim X, = X, for some r.v. Xoo € L.

n—oo

Proof. We will prove the case when X is a supermartingale, and the submartingale case follows
by taking —X as a supermartingale. Recall that the limit of a sequence of real numbers (X,,),>1
does not exist if and only if one of the following holds:

1. lim,— oo X, = 00
2. limy, oo X,, = —00

3. lim X, < limp—se0 Xon.

=——nNn—0o0

Set A1 = {w : limy 00 Xp(w) = 400}, Ay = {w : limy o0 Xp(w) = —o0}, A = {w :
lim,, . Xp(w) < +limy 00 Xn(w)}. If P[A1] = P[A3] = P[A3] = 0, then the result follows.

Given € > 0, we first assume that P[A;] > ¢ > 0. Then VM > 0,3N such that X,, > M
for Yn > N. We know that E[|X,|] > E[|X,|14,] > Me > C for large enough M, where
C = sup,;>¢ E[|X,|]. This leads to a contradiction that C' = sup,,~cE[|X,|] < co and we can
conclude that P[A;] = 0. Similarly, we can prove P[As] = 0. -

16



To show P[A3] = 0, choose two rational numbers a and b such that lim,, ,
lim,, 00 Xp,, We introduce two sequences of stopping times (,,)n>1, (Tn)n>1 by:

X, <a<b<

o1 = inf{n>1:X, <a}

7 = inf{n >0y : X, > b}
o9 = inf{n>m:X, <a}
T = inf{n > o9 : X,, > b}.

It can be observed that at time 7, the process X has crossed [a,b] once, and at time 79, the
process X has crossed [a, b] twice. Let Uy, (a,b) := max{k : 7, <n}.
Claim that E[U,,(a,b)] < =l 1f this holds, then sup,,s; E[Un(a,b)] < sup,,s; Se=l,
We know by Monotone Convergence Theorem that
E[| X, —
E[lim Up(a,b)] = lim E[Un(a,0)] < supoiin=all o

n—00 n—00 n>1 b—a

Thus lim, 00 Un(a,b) < 0o a.s., and P[ lim, , . X, < a < b <lim, s X, ] = 0. We then find
from subadditivity that

IP[AS] = P[hﬂ Xn < m*Xn]

n—oo n—oo

= PUgep {lim X, <a<b< th}]

a,beQ n—oo

< ) Pllim X, <a<b< lim X,]

a,beQ
= 0.
Finally, we prove E[U,,(a,b)] < w. Let Hy, == 3.2°, 1g,<her, and Vy, := Y070 Hy(Xpi1—

Xk). We claim that V' = (V},)n,>1 is a supermartingale. Indeed,
E[Vit1 — ValFn] = HE[X 41 — X Fn] <0

Thus we know that V;, > (b —a) - U,(a,b) — |X,, — a|] by taking the first term and the second
term as profit from the crossing event and loss of the last investment, respectively. Then

0 > E[V,] > E[(b—a)Uy(a,b)] — E[|X, — af].
We obtain the desired result. O

Theorem 2.4. Let X be a martingale such that sup, > E[|X,*] < co. Then

lim X, = X, for some r.v. Xo € L?.

n—oo

and
lim E[| X, — Xoo|?] =

n—oo

Proof. Recall from Cauchy-Schwarz inequality that sup,,>; E[|X,[] < sup,>; /E[|X,[?] < oo.
Then lim,_,~ X, exists by 2.3.

17



We first denote that AX,, := X,, — X,,_1,n > 1. We claim that

E[X?] = E[X2] + Zn: E[AX2].
k=1

Indeed, X,, = Xog + AX; + -+ AX,, then

n
X2=X§+AXT+- -+ AXI+ ) AXAX;+ ) 2X0AX;
i£j i=1
1<i,j<n

and
E[XoAX;] = E[E[XoAX;|F;_1]]

E[XoE[A[|F;-1]]
= 0.

Let ¢ < j, we know that

E[AX;AX)] = EE[AX;AX|F;1]]
= E[AXGE[AX;|F;-1]]

e

Thus,
lim B[X?] = E[X3]+ ) E[AX7] < C < +o0

n—oo
k=1

where C':= sup,,> E[|X,|?] < co. Therefore, for m > n,

E[(Xm — Xa)?] = E[( Y AXp)?
k=n-+1
= E[ > AXZ+E[ )  AX,AX)]
k=n+1 i#j
n+1<7,5<m
= Z E[AX?] — 0, as m,n — oc.
k=n-+1

Then (X,,),>1 is a Cauchy sequence in L? space. From the completeness of L?, we know by 1.9
> Yy seq

that X,, converges to X, in L? space, i.e. lim, o E[| X, — X |?] = 0.

Application I: Law of large number

Theorem 2.5 (Law of large number). Let (§;)k>1 be a sequence of i.i.d. random variables, such

that E[|&;|] < oco. Then

1 n
;Zﬁk — E[Xl], a.s.
k=1

In the following, we will use the theorem of convergence of martingale to prove the above

theorem (law of large number).
18



Lemma 2.18 (Kronecker). Let (z,)p>1 be a sequence of real numbers such that

lim Zk T exists.

n—oo

Then
1 n
— E xp — 0.
n
k=1

Proof. Let m,, := 22:1 k~1lzy for all n > 1, let us denote Mmoo := lim,,_yo0 Mmy. Notice that

nIL%oﬁka_mw’ and ka— n+1)m ka

k=1

It follows immediately that lim,, . % Sz =0. O

Proof of Theorem 2.5. In view of Kronecker’s Lemma, it is enough to assume in addition that
E[X;] = 0 and then prove that

oo
. -1 .
nlgrolo g ) k™" X}, exists a.s. (8)

Let us define N
M, = Zk‘le, n>1.
k=1
Since it is assumed that E[X}] = 0, we observe that (My,),>1 is a martingale.
(i) When X is square integrable, i.e. E[|X1|?] < oo, we obtain that

n

B[|M, ) Zk2 1) = EI%P Y o

k=1

By the theorem of convergence of martingale, it follows that there exists a square-integrable
random variable M, such that
lim M, = My, a.s.

n—o0

and we hence conclude of the proof of (8).

(ii) When we only have E[|X|] < oo, let us define
Yo = Xnlyx,<ny, n 2> 1L

Then
S PIX, # Yl = Y PIXy| > 0] = [Zl{|xl|>n}<E[1X11] < .

n>1 n>1 n>1

By Borel-Cantelli, il follows that there exists a random variable M such that
X,=Y,, foralln> M, a.s.
Therefore, whenever the last two limits below exist, one has

n
%gnZXk = Eg%ZYk = lim — ZEYk + lim — Z Vi — E[Vi)).

=1 k=1 k=1 =1
19



By the definition of Y}, we notice that limy_, o E[Yx] = E[X1] = 0, so that
1 n
lim — ;E[Yk] = 0.

To study the last limit, let us define Z,, := n=1(Y,, — E[Y},]) and claim that
Y E[1Z4*] < oo. ()
n=1

Then by the arguments in Item (i), we conclude that
1 n
lim =Y (Vi — E[V3]) =0,

noo n,
k=1

which implies the requires result in the statement.
To finish the proof, it is enough to prove the claim in (9). In fact, we notice that
STE[Z,] = Y n Varl¥e] < 3 n B = E[XE Y n 2k <] = B[XEA(X)],
n>1 n>1 n>1 n>1

where f(z) := Y,., n 2 satisfies that, for some constant C' > 0, f(z) < Ca~! for all z > 0.
Therefore, B
S E[|Z:?] <E[Xf(X1))] < CE[|X1]] < 00

n>1

which proves (9) and hence concludes the proof. O

Application II: Stochastic Gradient Algorithm Let (Xj)r>1 be a sequence of i.i.d. ran-
dom variables with the same law of X. Then we give the stochastic gradient algorithm

Okr1 = Ok — Y1 F(Ok, Xpy1), VE €N (10)

where F : R x R — R? satisfies E[F (0, X)] = f(0).
To make the algorithm converges, we make the following assumptions:

Assumption 2.6. o v >0, Y00 k=400, Y ey 'y,% < +o0
e There exists a point 8* € R? such that

(O — 07, f(0)) >0, V 0 # 0"

e F' is uniformly bounded by some constant C > 0.

Theorem 2.7. Given F : R x R — R, f : R? — R 0y € R and constants {yj}x>1, we
define a sequence of random variables {0 }r>1 by (10) iteratively, then under Assumption 2.6,
limy_o0 O = 0% a.s.

Remark 2.19. If g : R? — R is strictly conver, 0* is the minimizer of g(#), then for any 6 # 0,
(0 —6%,Vg(0)) > 0.
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Proof. Let us define the F-predictable process (Sy,)n>0 by

n—1

Sy = Z71%+1E[‘F(9kvXk+1)’2‘]:k]’
k=0

where Fy = {¢,Q}, F = o(Xy,---,Xy) for any £ > 1 and F := (Fj)g>0. Then by the
uniformly boundedness of F', we have

n—1 00

Se € YRac? < 23 ot
k=0 k=0

Hence by the martingale convergence theorem, we know the existence of Sy, := lim, .~ S, and
o o
Soo = Z’YgHEUF(@kanH)‘Q‘]:k] < ¢ Z’leﬂ a.8.
k=0 k=0

Next, we define the adapted process (Z,)n>0 by Zy := |0, — 0%]> — S, for any n € N and we
claim that (Z;,)n>0 is a F-supermartingale. First, observe that

E(|Zn]] < E[Sn] +2(6%* + 2|6, °]
00 n—1 2
< C? ZV}?H +2(6* + QE[ o + Z’Yk+1F(6k7Xk+l) ]
k=0 k=0

oo
C®) " iyr + 2007 + 4/60]” + 4nE[| S]]
k=0

IN

o0
< @+ )03 AR + 2007 + 460 < o
k=0

Next, for any n € N,

E[Zn—l—l’]:n] = EHen—i—l - 9*‘2 - Sn-l-l’]:n]]
= —Ont1 T wn - 9*’2 + E["Yn+1F(0an+1)’2|]:”]
= 2E[(0n — 0, Yt 1 F (Ons Xy 1)) ]
= — Sp+1+ |00 — 0*|2 + Ellvn+1F (6n, Xn+1)|2|-7:n] = 29n+1(0n — 07, f(0h))
— On+l T+ ’971 - 9*|2 + E[|’Yn+1F(‘9n7Xn+1)’2|fn]

= Z, a.s.

IN

Now let K := C?Y 2%, 'y,zﬂ, we have (Z,, + K)p>0 is a positive supermaringale and

supE[|Z, + K|] = supE[Z,+ K] < E[Zy+ K] < .
n>0 n>0

By the martingale convergence theorem, if follows that

lim Z,+ K = Z, + K, for somer.v. Z,, € L.
n—oo

Then let L := S + Zso, we know that

lim |0, — 0*|*> = L a.s.
n—oo
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and we claim that L =0 a.s.
Let A5 := {w: L(w) > 0}, then it is sufficient to prove that P[As] = 0 for any ¢ > 0.

We assume by contradiction that P[As] > 0, then 1 := infs<g, _g«2<2r(Ok — 0%, f(Ok)) > 0

on Ags, and we have
[e.e] o
D 1Ok — 0%, F () = > ykrn = + 00, on As.
= k=0

Then the monotone convergence theorem gives that

> Ela(0 — 07, f(06))] = +oc.
k=0

However, by the definition of the algorithm, we have
> Elyga 6k — 6%, f(61))]
k=0

= Y B[k — 0%, Y1 F (O, X41))]
k=0

=3 Z [10k41 — 0" = 10k — 0°* — |11 F (Ok, Xt 1) ]
k=

N[ —

_ ( lim E[|6; — 6*[] — E[|6 — 6| nykH]E |F (05, Xps1)] })
k=0

E[Seo + Zoo — |60 — 0> — Soo)

E[Zs — |60 — 0*]%] < 0.

M\»—lw\v—l l\J\

Now we have a contradiction and complete the proof.
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3 Discrete time Markov chain

3.1 Definition and examples

Let us recall that a stochastic process X = (Xj)g>0 is a family of random variables indexed by
time k£ > 0. In this section, we consider the case that X takes value in a countable state space

S.

Remark 3.1. The state space S could be finite, e.g. S = {x1,--- ,zn}, or infinite, e.g. S =
N=1{0,1,2,---}.

Definition 3.2. A stochastic process X = (X,)n>0 taking value in a countable space S is called
a Markov chain if, for all xg,x1, -+ ,Tn, Tni1 € S, one has

P[Xn—i-l = 5Un+1‘Xn =Tp, - ,X0= 350] = P[Xn+1 = Tpt1|Xn = JUn]

Example 3.3 (Random walk). Let ({)r>1 be a sequence of i.i.d. random variables such that

Let "
X, = ka, n > 0.
k=1

One observes that X takes value in Z, and one can compute that

E[f(Xn—ﬁ—l)‘Xn =Tn, -, X1 = 331] =pf(zn+1)+ (1 —p)f(zn —1),

and
E[f(Xn—i-l)an = mn] = pf(xn + 1) + (1 _p)f(xn - 1)'
Thus, (Xpn)n>0 s a Markov chain.

Notice also that, when p = %, (Xn)n>0 is a martingale.

Proposition 3.4. A process X is a Markov chain if and only if

E[f(Xp+1)|Fn] = E[f (Xn+1)| Xa],
for all bounded function f:S — R, where F,, :== o(Xog, -, Xy).
Proof. to be completed. O

Definition 3.5. A Markov chain X is called homogeneous if
P X1 =yl X, =2 =P[X; =y|Xo=2x], foraln>0, z,y€S.
In the following, we will only consider homogeneous Markov chain !

Definition 3.6. Let X be a Markov chain.

(i) For all z,y € S, P(x,y) := P[ X1 = y|X,, = ] is called the transition probability from x to
Y.

ii) The matriz P = (P(x,y))zyes is then called the transition matriz.

(
(iii) The vector p = (u(x))zes defined by u(x) :=P[ Xy = x| is the initial distribution of X.
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Example 3.7. (i) Ranom walk.
(ii) Gambler’s ruin.

(iii) Fhrenfest model.

Remark 3.8. Let us recall that

P[AN B]

PIAIB] = 5

P[A N B] = P[A|B]P[B].
Proposition 3.9 (Chapman-Kolmogorov Equation). Let X be a Markov chain with transition
matriz P. Then the joint law of (Xo, X1, ,X,,) is given by
P Xo =0, , Xpn = 2] = P[Xo = 20| P(x0,21) - - P(Xp—1, xn).
Proof. to be completed. O
Lemma 3.10. One has
P Xo = x0, Xy, = zp] = P[Xo = 20| P"(x0, zp)

and
P Xpmin =yl Xo=12] = Pm+"(x,y).

Proof. to be completed. O

3.2 Recurrence, transience

Let us consider a Markov chain X = (X,,)n>0, with state space S = {z1,x2, -} and transition
matrix P. Let us use the notation

P,[A] := P[A| Xy = z].
Definition 3.11. A state x € S is communicate with state y € S, denoted by x — y, if
Py[ry < o0] = Plr, < 00| X = 2] >0,
where 7, ;== min{n >0 : X, = y}.

Notice that 7, < oo means that X, =y for some n > 0; and 7, = oo means that X,, # y for
alln > 0.

Proposition 3.12. For x,y € S, one has x — y if and only if P"(x,y) > 0 for some n > 0.
Proof. (i) If x — y so that P, < oo] > 0, then

0 < Pyry < o0] = Px[unzg {my < n}] = lim Pg[r, <nj,

n—o0

since {1, <n} C {ry, <n+1}. Thus, there exists some n > 0 such that
Py[ry <n] >0.
Further, as {1, <n} = U}_,{7y = k}, then for some k£ > 0, one has

P,[r, = k] > 0.
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Therefore,

Piz,y) =Pu[Xp=y| >Pu[Xo=2, X1 # vy, X1 # 4. X = y] =Pu[ry, = k] >0
(ii) Next, if P™(z,y) > 0 for some n > 0, then

Pylry < oo] > Py, <n| > P [X,, =y] = P"(x,y) > 0.

Hence x — y. O
Proposition 3.13. Let x,y,z € S, then

o —ux;

e x =y and y — z implies that x — z.

Proof. (i) By its definition, one has 7, := min{n >0 : Xg =z} =0 < oo, P;-a.s. so that z — x.

(ii)) If + — y and y — z, then there exist m > 0 and n > 0 such that P™(x,y) > 0 and
P"(y,z) > 0. Then P™*"(z,z) > P™(x,y)P"(y,z) > 0, and hence z — z. O

Definition 3.14. (i) Let x,y € S, we say x and y are intercommunicate, denoted by x <> vy, if
T —yandy — T.

(ii) A subset B C S is called irreducible if x <> y for all z,y € B.

(iii) If S itself is irreducible, we say that the Markov chain is irreducible, or the transition matriz
P s irreducible.

Example 3.15. (i) Ranom walk.
(ii) Gambler’s ruin.

(iii) Fhrenfest model.

Let us denote by NN, the number of times that X stays at point z € 5, i.e.

(o9}
= > L=

n=0

Further, let
7t = min{n >1 : X, = z}.

Definition 3.16. (i) We say x € S is recurrent if P,[r} < oo] = 1.
(ii) We say x € S is transiant if Py[T! < oo] < 1.
Remark 3.17. Notice that

7'; =00, Pr-a.s. <= N, =1, P,-a.s.

Theorem 3.1. (i) If z is recurrent, i.e. P,[r} < ] = 1. Then P;[N, = oo] = 1.
(ii) If = is transient, i.e. = Py[rl = oo] = Pt} < oo] > 0. Then P,[N, = n] =
a(l —a)" L, for alln > 1. C’onsequently =V, ] = 1/a
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Lemma 3.18. Let 77! := min{k > 77 + 1 : Xy = 2}, with 70 = 0. Then for any ki < ks <
- < knt1, one has

Polry = k1,72 = ko, 70 = k1| = Po[rh = k1, oo, 70 = kn|Po[73 = kng1 — kn).  (11)

T

Consequently, (17" — 71 )n>0 15 an i.i.d. sequence of random variables.

Proof. We only provide the proof for the case n = 1, where the proof for the general case n > 1
is almost the same, but with more heavy notations.

P [ _k‘l,T —k‘Q]
= P, [Xo=2,X1#2, X1 # 2, Xp, =2, Xpp1 # 2,0+, Xpygo1 # T, Xpy, = 7
= P,[Xo=a,X1 #x,- , Xp1 #x, Xp, = 7]
Px[Xkl =z, Xpp1 # 2, , Xpgy1 # ¢, Xp, = az‘Xo =z, X1 #x,- , Xp,—1 F# 2, Xy zm}
= Px[ona: X\ #ux,- - Xkl 17éx,Xk1:a:}
Py [ Xk, =0, X1 # @y, Xyt # T, Xiyy = | X, = 7
= Pulry = ka]P [ngzkg—kl]

T

This proves (11) for the case n = 1.
Next, notice that

P, [T =k, 72 —kg}:IP’ [
:1[»[

= k1,70 — Ty = ko — k1]

x

= k1| Py (12 — 70 = ko — K|y = ku].

1
T
1
T T

This implies that, for all k; > 1,

P, [7'1

e nl] =P, [Tg —rl = nl‘T% = kl], P, -a.s.

Hence 72 — 7! is independent of 7} and has the same distribution as 7. O

Proof of Theorem 3.1. Let a :=P, [7‘% = oo]7 we claim that
P,[N, >n] = P,[r} < o0]® = (1—a)™
Indeed, as {N; > n} = {7 < oo}, one then has
P, [N, > n] = P[0 < 00] = Py[73 < 00,72 — 73 < 00, , 70 — 7071 < 0.

Applying Lemma 3.18, it follows that

IPx[Nx > n] = Pm[T; < 00]2 =(1—-a)".

When z is recurrent, i.e. P,[r} < oco] =1, and hence a = 0, one has P, [N, > n] = 1 for all
n > 1. Thus P, [N, = co] = 1.

When z is transient so that o > 0, one has
Py[Ny =n| =Py [Ny >n—1] =P, [Ny >n] = (1 - )" -1 -a)"=a(l —a)" .

We hence conclude the proof. O
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Proposition 3.19. The state x € S is recurrent if and only if
oo
Z P (z,x) = 0.
n=0

Proof. If x is recurrent, then P, [Nx = oo} =1 and hence E, [Nx] = oo. If z is transient, then
E.[N;] = 1/a with a := P,[r] = oo] > 0. Therefore, one has x is recurrent if and only if
E,. [Nw] = 00.

By direct computation, one has

Eo[No] = Eo| 3 Lxumap| = 2 Eelli,mn] = D Be[Xo = 2] = 3 P'(a,2).
n=0 n=0 n=0 n=0

Therefore, z is recurrent if and only if 7 ) P™(x, z) = co. O

Example 3.20. Let us consider the random walk (Xp)n>0, with Xy, :=>"p_ &k, where (&)r>1
is an i.i.d. sequence of random variable such that P&, = 1] = p and P[§; = —1] = 1 — p, for
some p € [0,1].

(i) When p =3, one has
_ (2n)! __
]P)[XQTL:O] = anQ n = W? 271‘

By Stirling formula: n! =~ /27n(2)", it follows that

1 o
P[Xy, = 0] ~ \/ﬁ’ and hence Z P™(0,0) = oo.
n=0

Therefore, X is recurrent when p = %

(ii) When p # %, we compute that

Byl = 0] = Cp"(1—p) e PP o o

v VT

where « := 4p(1 — p) < 1. Therefore, X is transient when p # %

a”,

Definition 3.21. (i) A set B C S is called a class if it is irreducible and there does not exist a
couple (x,y) such that x € B, y ¢ B and x < y.

(ii) A set B C S is closed if there is no (x,y) such that x € B, y ¢ B and x — y.
(i) A state x € S is absorbing if {x} is closed.

(iv) Let © € S, the period of xz, denoted by d(x), is the greatest common denominator of the
return time set
R(z) := {neN : P"(z,z) > 0}.

We use the convention that d(z) =1 if R(xz) = 0.
We say that the state x € S is aperiodic if d(x) = 1.

Proposition 3.22. Let x <> y. Then x and y are both recurrent or both transient.
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Proof. As x <+ y, there exists k,£ > 0 such that P*(z,y) > 0 and P’(y,z) > 0, so that
o = P*(x,y)P'(y,z) > 0. Then

PR (g, ) > PR, y) PM(y, y) P (y, 2) = aP" (y,y).
Assume that z is transient so that Y~ P™(x,z) < co. Then
1
pP" < = n—+k+4
> (y,y)_aZP (z,x) < oo,
n>0 n>0

and hence y is also transient.

If x is recurrent, then y cannot be transient. Otherwise, if y is transient then z must also be
transient, which contradicts the fact that x is recurrent. Therefore, y must also be recurrent. [J

Remark 3.23. Let x <> y. By the same arguments,

o0
x and y are transient <= ZP”(y, x) < 00.

n=0

Proposition 3.24. Let X be a Markov chain with a finite state space X. Then there exists a
state x € S which is recurrent.

Consequently, if X is in addition irreducible, then every state is recurrent.

Proof. Let us fix y € S, then

YD PUya) =) ) Py X, =a] =D Py[X, € 5] =c0.

zeSn>0 n>0zeS n>0

When S is finite, there must be some x € S such that

ZP”(y,x) = 00.

n>0
Next, let us denote
Qm(yux) = Py [XO = y)Xl 7é Ly 7Xm—1 7é $7Xm = LE] = ]P;y['r‘% = m]

Then

n

Y Piya)=) Y QMya)P" M (wa) =) Y QM (y,x) Pz, 2)

n>0 n>0m=1 m>0n=m
=Y > Q"wa)P ) = (X Q")) (X Pr@.a).
m>0n>0 m>0 n>0

As Y 5o PM(y,2) =00 and ), -0 Q™ (y,x) < 1, we must have ) -, P"(z,z) = co. Hence z
is recurrent. O

Remark 3.25. For a class B C S, either all states in B are recurrent, or all states in B are
transient.

Proposition 3.26. Let B C S be a recurrent class, then B is closed.
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Proof. If B is not closed, then there exists a couple (z,y) € S x S such that
r€B, x¢ B, v —yandy» x.

Since x — y, one has a := P, [Tyl = oo} < 1. Further, as ¢ € B is recurrent, then
o0
1= Px[z 1{Xm::r} = OO]
m=0

= pr[i 1ix,=2) = OO‘TZ} = n]IF’x [Tz} = n]

n>0 m=0

—l—ZPI[il{Xm:z}—oo’Tyl—oo}IP’x[Tyl—oo} =0+a<l.
n>0 m=0

In above, we use the computation that
o0
Ps [ Z I{Xm:x} - OO‘TZ} - n} - Py|: Z 1{Xm:$} = OO} =0,
m=0 m>n
as y - x. We notice that 1 < 1 is a contradiction, hence B must be closed. O
Proposition 3.27. Let x < y, then d(x) = d(y).

Proof. Since x <+ y, and hence there exists m,n > 0 such that
P"(z,y) >0, P"(y,z)>0.
In particular, one has P"*"(x,x) > 0 and hence m +n € R(x).
If k € R(y), then P*(y,y) > 0, and hence
P (g, 2) > P (2, y) PH(y, y) P" (y, ) > 0.
Therefore, m +n + k € R(x). This implies that

m4+n m+n+k k
Z d ———€Z dh —— cZ.
i) €7, an i) € Z and hence () €

In particular, d(z) divides k for all k € R(y), and hence d(z) < d(y).
Similarly, one has d(y) < d(z) and hence one must have d(x) = d(y).

3.3 Stationary measure

Definition 3.28. (i) We say p = (u(x))zes is a measure on S if p(x) > 0 for allz € S. A
measure i is a distribution on S if Y g pu(r) = 1.

(i1) A measure p on S is called a stationary measure if

pP =p, ie. Y p@)P(z,y) = p(y), forally €S,
zeS
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Remark 3.29. Let u a stationary distribution and Xog ~ p. Then one can deduce that X1 ~ pu,
e X

Example 3.30. (i) P = I,,, then every distribution is a stationary distribution.

(i) Let
01
b (01)

Then p = (3, 3) is a stationary distribution.
(iii) Let

010

P={(1 00

0 01

Then both (3, %,0) and (0,0,1) are stationary distributions.

Lemma 3.31. Let X be an irreducible Markov chain and p be a stationary measure. Assume
that there ezists x € S such that u(x) € (0,00). Then u(y) € (0,00) for ally € S.

Proof. Since the Markov chain is irreducible, then for any y € S, there exists m,n > 1 such that
P™(x,y) > 0 and P"(y,z) > 0. Therefore, when p(z) > 0, one has

py) = uP™(y) = u(z)P"(z,y) > p(x)P™(z,y) > 0.
z€S

Similarly, when u(x) < oo, one has

0o > p(x) = pP"(z) > p(y)P"(y,2) = ply) < oo.
This concludes the proof. ]

Lemma 3.32. Let f: R" — R"™ be an affine function, i.e. f(Ax1+ -+ Aptm) = A f(z1) +
o+ A f(@m) for all Ay, -+, Ay > 0 such that Y, A, = 1. Let K C R™ be a convex compacty
set such that f(K) C K. Then there exists a fized point x € K of f, i.e. f(x)=z.

Proof. Let us take a arbitrary point x; € K, and defines (z,,)n>1 as follows:

Notice that f(K) C K and K is convex, one has z, € K.

Further, as f is affine, one has

n—1 n—1
) = 1( X 1) = ;;ﬂ’““(m = aut (fV() — ).

Hence
|f(@n) — 2n| — 0, as n — oo.

Moreover, as K is compact, along a possible subsequence (ny)i>1, one has z,, — o € K so
that f(xy,) — f(2s) by continuity of f. Therefore, one must have f(zs) = Zoo. O
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Theorem 3.2. Let X be a Markov chain with a finite state space S. Then there exists a sta-
tionary distribution.

Assume in addition that X is irreducible, then there exists a unique stationary distribution.

Proof. (i) Assume that S = {1,2,--- ,n} so that we denote a distribution by p = (u(1),--- , u(n)).
Then the space of all distribution

n
K = {z € R" : 2, >0, Vk, and Zajkzl}
k=1

is a compact and convex subset of R™. Further f : K — K defined by
f(w) == pP

is clearly an affine function. Then we can apply Lemma 3.32 to find a stationary distribution.

(ii) Assume in addition that X is irreducible, and p and 7 be two stationary distribution. Then
by Lemma 3.31, one has p(i) > 0 and 7(¢) > 0 for all i € S. Let k € S be such that

M = min@
(k) ies (i)’
so that
w(i) > i:ggw(i), for all i € S.
Then

(k) = (uP) ) = 2 )P0, = 3 B P = 20 () () = ).

This implies that the inequality “ >" in above should be an equality, so that

(i) = I;_EIZ;W(Z'), for all i € S.

Equivalently,
(i) _ pk)

—= =—= foralli .
@)~ k) orallie S

Notice that both p and 7 are distributions, hence their total mass are both 1. Then p=x. O

Theorem 3.3. Let X be a Markov chain, recall that 7} :=inf{n >1 : X,, = x}. Letx € S be
a fized recurrent state, we define

1
Tp—1

wa(y) == IEI[ Z 1{Xn:y}]v for each y € S.

n=0
Then py is a stationary measure such that p,(x) =1 and p,(y) € (0,00) for ally € S.

Proof. (i) Since the fixed state € S is recurrent, one has 7} < oo, P,-a.s. Then

T%*l 'd
D M=y = D A=+ Lxemy) — Lix =y
n=0 n=1
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Notice that Xo =z and X1 =z, P;-a.s. Then

Ta—1 T4
pa(y) = Ex[ Z::O 1{xn:y}} = Ex[; 1{Xn=y}}

[e.9]

= Ew[z LiXu=y} 1{nST%}} =) E. [1{Xn=y} 1{n§r;}]
n=1 n=1
Next, notice that {n < 71} = {7} <n —1}¢ € FX |, it follows that

Ey [1{Xn:y} 1{n§7%}] = B, [1{7@;}& [1{Xn:y}‘ff—1ﬂ = Eg [1{nsT;}P(Xn—1,y)}-

Therefore,

n=1 n=1
T;;—l T;—l
= Ew[ Z P(me)} = Ew[ Z ZP(ZJJ)]-{X,L*Z}}
n=0 n=0 z€S
T%—l
= DB Y Lixmy | Py) = Y mal2)P ().
z€S n=0 zeS

This proves that u, is a stationary measure.

Finally, notice that Xg = =, X,, # z foralln = 1,--- ,7} — 1. Then p,(x) = 1 by its
definition. We can then use Lemma 3.31 to conclude that p,(y) € (0,00) for all y € S. O

Remark 3.33. Notice that u, is only a stationary measure, but not a stationary distribution,
in Theorem 3.3.

Proposition 3.34. Let X be a recurrent and irreducible Markov chain. Let us fic x € S so that
Wy defined in Theorem 3.3 is a stationary measure. Let v be another stationary measure such
that v(y) € (0,00) for all y € S. Then there exists a constant C > 0 such that v(y) = Cuy(y)
forally € S.

Proof. First, let us recall that, for y # =z,

7'11—1 00 00
va(y) = ]ECC[ Z 1{Xn:y}] = ZEI |:1{Xn:y; n<T%}} = ZPaﬂ [Xn =y; n< T:%] :
n=0 n=1 n=1

Next, multiplying v(y) by the same constant C' > 0 for all y, one obtains again a stationary
measure. One can then assume without loss of generality that

v(z) = pz(z) = 1.

We next claim that, for all y # x and all N > 1,

N
V(y) > pr[Xn:yv n<7—zl]' (12)
n=1
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Taking N — oo, it follows that
oo
v(y) > Y Pu[Xo=y n<7l] = poly), forally#a
n=1

Therefore, one has

W) o i 2

() veS iz (y)
One can then conclude by exactly the same arguments as in Part (ii) in the proof of Theorem
3.2 to conclude that

v(y) = pa(y), forallyes.
To conclude, it is then enough to prove the claim in (12). First, it holds true for N = 1 since
for y # x,
v(y) = (WP)(y) 2 v(x)P(z,y) = Plz,y) = B[X1=y; 2<7,].
Next, assume that (12) holds true for N > 1, i.e.

N
v(y) > D Pu[Xy =y n<1yl,

n=1

we then consider the case NV + 1. Recall that v is a stationary measure such that v(z) = 1, then
for y # x,

N
v(y) = Z v(z)P(z,y) = P(x, y)—{—z v(z)P(z,y) > P(x,y)—l—z ZIP’I [Xn =z;n< T;]P(z,y).

z€S z#T n=1 z#zx

By direct computation,
ZPI[Xn =z;n< T%]P(z,y) = ZIP’I[Xl £a, , Xn1 # 3, X, =2|P(2,y)
2#x 2#£x

= P[X1#w, -, Xno1 # 2, Xn # 2, Xnp1 =]
= P Xpp1=y; n+ 1<,

Therefore,
N N+1
v(y) > P(x,y) + ZPI[XH+1 =y;n+1< Tgﬂ = Z P.[X, =y; n< Tgﬂ,
n=1 n=1

i.e. (12) holds true for the case N + 1. We can then finish the proof of claim (12) for all N > 1
by induction, which concludes the proof of the proposition. O

Proposition 3.35. Let X be a recurrent and irreducible Markov chain. Assume that E;[T}] < oo
for some x € S. Then E, [Tyl] < oo for ally € S. Moreover,

1
m(y) := =——=, y € S, defines the unique stationary distribution.
Ey[Tg}]
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Proof. (i) Given the fixed state 2 € S such that E.[7}] < oo, we recall that s, defined in Theorem
3.3 is a stationary measure. In particular, one has u,(z) = 1 and pz(y) € (0,00) for all y € S.

Further, by direct computation

Tg}—l 7';—1
Zux(y) = ZE””[ Z 1{Xn=y}} = Ex{ Z Zl{any}} = E, [Tgﬂ < 00.
yeSs yes n=0 n=0 yes
Then by renormalization, 7, (y) = % for all y € S defines a stationary distribution m, =
(72(y))yes- In particular, one has
1
Wx(x) = EI[Tl]

(ii) Let us consider an arbitrary z € S, which is also recurrent, so that one obtains a stationary
measure ft; = (f12(y))yes. By Proposition 3.34, there exists a constant C' > 0 such that p,(y) =
Cuy(y) for all y € S. Therefore, one has

E, [7’21] = sz(y) = Cz,ux(y) = CE, [Tgﬂ < 0.

yes yes
One can then obtain a stationary measure 7, defined by 7, (y) := “Zi(yl) for all y € S. Similarly,
z [Tz
one has
() =57
m = .
: E.[7}]

Finally, in view of Proposition 3.34, there exists at most one stationary distribution. Therefore,
m, = 7, for all z € S, which concludes the proof. O

Example 3.36. (i) Random walk on Z.
(ii) Random walk on graph.
(iii) Ehrenfest model.
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