MMAT 5120 TO\D'\'CS in Geome_'\'r\%
\_ecture 7

§ HyPe_r‘oo\?c_ 3e.ome.t'r>/

This s the non- Bucdlidean se.owdn—»}’_ discovered lf)vz_
Go-ULSS p Bo\yai and Lo\oa-‘tc‘f\cusk/ (ir\AQFU\Am{'\vc\).

\l\le— \N'\\\ discnss Two modkals GG F‘arUL \\%?aer\ca\fc_ Se_ome.*'ﬂ%'-
e the Adisk wodel on the open uait disk
D= {zeC : 21<y

o u??q 'e\a\'G_P\.at\.& W\Oéa.\ on '\"f\L lA??Cf ‘e\a\'g—F\aﬂ-&
U=32eCT: mz>°)



T\r\e_ A'isk wodel

Dé_ The yrevp H of transformations consists & all Msbius
teansformations thot wap D= {zeC : l2l<1] onto self,

W s net dord to sen that H s tndeed a transformation A~ (Bxercise).

To fhave an explictt deschgtion , let Te€ M whidh wops D onto Wsell.

Then 12l1<\ & 1 T@\< 1, Which ‘\mf\ks that TGRD)=23D | where

AV =3zeT :12\=\] Ts the wat acde. -

Aco, 3 z.,€eD sx. TE)=o0. 1- _— 1.
= T =TE=TE =d=oo Nie N

\
where Z, 2° oce Sugﬂ\me_‘hﬁc— w.r. T, QD ° TE)= o>



T(Z) = A 2____% tor some ueq_‘:’

where >\=—u’z'.,€¢_ .
When 121=\, we fhave | T@E\ =\ and

|1Z2-z2.\=12-Zl=12- Z.2z8| =\ =Sl =11-2.2)
= L= \1TE\= 2\ lz—él— = 3

-2
=) >\=€.‘9 for some GG_R_



Theetore | W conclinde that
T i of the Son TE) =’ E2 ))

H = i_\—e M < \-2,2
'Go( Some Zoéb a~nd 6€R

The pair (D H) modas —@ug?u—\oo\rc, qeometny .

The st O Wl be called the ‘e\\é?kr&:o\?c P\am&_ , end

T yop H s called thae ’e\g?&r‘co\'\g oo

Rk H T o so-called su\o%mw? oS thae Muobins qrewp Mand D T
= (D.R) & & su\\p—f)eomd"\zb_ ot (&,V\) \n ?o\r'c?w\cu‘,
eveny e stokamvant. W Mdbivs Sc.owxe_‘frv& remains Trus ‘C\%Fir“:o\ e

%e.omé\'n% .



H_'yee,rbe\ic_ sb;g%&\t (thes

'Def' A C‘e\‘g_?cr\oo\'\cA sh’aicg\r\t \?ne. [C4 ('Hr\z.- ?»Ct s ke .D ot )
73 E\Ac_\ dean cirdde o Bucdia e Sl'ra‘\jv\t tae_ (A C_ Ttk
intersects the watt cirde 3D ot ﬁg\\t al\g\ls.

)




Thwm  n 'e\ug\”.r\oo\Tc_ 3&0#\@#«\6,
(0 al sfrotea\ﬁt \ines are Conornant and
(GO fwo pts determing. a Uu'\?o(ud_ d'roﬁéat \ona_ .
To prove this the, we ned two lewmas -
lemima L BEadn transformation T eR wmaps o fa?r‘ & ?Y.S
Sypmatic Wk, thae Wi cirda ID=12€C  2l=1}
To ancther sucdh por.
P{ : Ths © Lecawse T(?‘)=T(i‘)*’ a1 3a any Tel, #
L TE=T=Y
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L evwna 2 \_e.‘t, C ‘oe_ o dtnc_ , ond \et Z, 2* be stgw\wu.’\'ﬁc_ wet. C.
Then auwa_ c\inee C7 whidh Ts od‘r\osona\ to C aad pesses

T\f\r*cu\%\r\ Z wmust also ?ASSC.S ﬂmrovs%\r\ 2" .
Conuzrgc.\x%, anw clinee C7 whicw passes ﬂ\r'bvg\'\ \esthh

2 ond 2* TS or‘(‘\not)of\&\ +. C.

C

i{j K Transﬁ-urms accorAing ‘o thae 3&’)

%3\4«'&5 on ﬂ\&. Y{%\f\t (Ltﬁ, G\'\oosb\%

o Su&‘t’o«‘okSL 9) Bo‘t‘/\ statements are
e on thae RHS & those on tha

LHS follows ‘)\3 Pu\\\:f\% back vie S ¥

S




P-ﬂ- a‘\' the Tham

(iy Let C be a 'Q\..a\aer\oa\Tc stm“%\nt ltne , T, C s o cliag in /f_
Ofﬂﬂo%on&\ to thae wrt cirde 3D,
We wWant to dhow that C 18 onovmest to tha xX—oxis.
To do so, considesr o pt 2. ¢ C-f:)b.

Lemma 2 talls ws that ZeeC a5 wdl (k. ZED),

whe e ?,,?: o< suymwwmetric w.rt, ‘SD

Lt T(@= ég\z_'—;; for some 8 1o be fixed \ofur.

T\’\U\ T GH O-r\A
T(R) =0 ond T(EH= TA /) =00



=> —TCC-) (s a C\"\—Q. Fa$§:f\°é -“I\f‘w O & oo, AI\A of*\d\o'.)oma\ '&o QID
We <ex that T(C)(\-\D munst be a diamete— ot 2D.

By suitoldy hoosiney R, we fhave TCQ) = x-oxis.
T\n'\s s\nows 'T\r\at aurwB_ 'cwa?&r\oo\ic_ s'\'r'a‘wé\t\‘t \:c\L \S Laﬂ3wt _to T\'\ﬂ-

X =oxis ond dhenczs A\ ’C\-/é‘)&r'\::o\'\c_ S‘\'r'a‘x%\n‘t \\nes are Lﬂ'\'f)mil\t.

GO Let =2,2,€D Lo two distinct gts.
Then T@ =" 22— s 2 t O

\—- 22
N - - 2, —2
C\r\oos«\o& 0= are (ﬁ-—z.T‘i), we fhove

0 21-2| 2 "2\ \
—“< ,_) e -3z, N 2 ( acts \-3_ TC } ) .



NO\J ‘\'\r\e. ¥ = axvs 1S ‘ﬁ\\.& wniagwni %\«é?w-\oéug_ S‘Tf‘a\%-c( \:r\L
PaSsmaé thenw O and T(Za) \-\QAUL T (x- “x‘s) \S ‘\'\r\ﬂ_

Vu\\o\vdl_ ‘Qf\gé?tu—\oé\g_ Sk'f‘es\%ct \\r\,L FOSSH\GB '('\f\f‘w Z and 22.. #

@



Budids Po va\\a.l;_

.M‘J Twe Fo‘\f«s Aetarming a s‘(‘r‘m\?\r\t Linge .

IPOSTu\a;t_SL 2‘ A \tna con be extondad (AAQ.Q‘\A'\‘U&\%_ tn eithesr direction .

Postulate 3| A cicda con e doscabed with ZON enkas and cadins

PoSIu\ag& 4\ A\\ \"'\oé\r\t Mgb.s o€ C,o(\%wt,

lPOJ_UA& S T\f\f'cwg_\’\ a ?e‘u\‘b nstt on a \‘\'\L, there. © a un‘\c\u.&
lhe Pam\\d to tha %\\/o_/\ IS o




Dc_‘& (VD Twe ?o?n#s on the unX C?f“c.\q_ D are called ideol Fotc\‘ts )
() Two ‘exm?q-‘oo\'((. s‘tr'c-'\ca‘ﬁ't \ines are. callad Fm\hz_\ Ky
Ao nst tntacsect tasida %) E\,\t do chove onn 1dzal ?o\nt.

() Two fyperlodic straiolt Linas are callad hyperparallal
T'(: *\AQVX’ o nst tntarsect taside D and do wist Shove

antg_ e al \oo'm'('S.
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