MMAT 5010 Linear Analysis
Suggested Solution of Homework 1

1. Let (X, - |lx) and (Y, || - |[y) be normed spaces. Let X &Y = {(z,y) : x € X;y €
Y} denote the direct sum of X and Y. For each element (z,y) € X &Y, put

1z, )l = llzllx + [lylly-

(a) Show that || - ||; is a norm function on X &Y.
(b) Show that if X and Y are both Banach spaces then the space X & Y under
the norm || - ||; is also a Banach space.

Solution. (a) Clearly ||(z,y)|]s > 0 for any (z,y) € X @Y and ||(0x,0y)|1 = 0,
where (Ox, Oy) is the zero vector in X @ Y. It remains to check that

(i) if |(z,y)|l1 = 0, then x = 0y and y = Oy;
(i) [le(z, y)ll = lell|(@,y)l: for « e Kand z € X, y € Y
(iil) |[(z1,91) + (2, 92) |1 < [[(z1,y1) |1 + |[(x2, y2)||1 for 1,22 € X, y1,y2 € Y.

For (i), [[(z, )i =0 = |zl + yly =0 = |lz]lx = [lylly = 0, hence
x=0x and y = Oy.

For (i), [la(z, y)lli = [(az,ay)lli = llex|x + [laylly = lalllz]x + [alllylly =
|, y) -

For (iii), [|(z1, y1)+ (22, ¥2)[l1 = (21422, y1+y2)[1 = |21 +22||x + 1+ 02y <
1]l x + z2llx + lyilly + lyelly <= [z, y0)ll + [ (22, o) []1-

(b) Let ((zn,yn)) be a Cauchy sequence in X@Y". Since ||z, ||x, [|ynlly < (20, yn)ll1,
(x,) and (y,) are Cauchy sequences in X and Y respectively. As X, Y are
Banach spaces, we have (x,) converges to some x € X and (y,) converges to
some y € Y, that is

lim ||z, —z||x =0 and lim ||y, —ylly =0.
n—00 n—0o0
Now, ((zn,yn)) converges to (x,y) in X &Y because
1@n yn) = (2, 9)[ln = (@0 = 2,90 = y) = llon = 2llx + [lyn =yl

Therefore (X @Y, || -||1) is also a Banach space.

2. Let ¢°[0,1] == {f : [0,1] = R : f is a bounded function on [0, 1]}. Let

[l = sup [f(2)]
z€]0,1]

for f € £>°[0,1]. Show that (¢>°[0,1],] - ||~) is a Banach space.



Solution. It is straightforward to check that || - ||~ is a norm on ¢>°[0, 1]. It remains
to show that (£>°[0, 1], ]| - ||«) is complete.

Let (f,,) be a Cauchy sequence in £*°[0, 1]. Let € > 0. Then there exists N € N such
that || fn, — fimlleo < € whenever n,m > N. In particular, for any x € [0, 1],

[fo(@) = fm(@)| < fn = fimlle <&  whenever n,m > N. (1)

So, for any = € [0,1], (f.(z)) is a Cauchy sequence in the complete space R, and
hence convergent in R. Define a function f : [0,1] — R by f(z) = lim f,(x). We
n—oo

will show that (f,) converges to f in £*°[0, 1]. Indeed, by letting m — oo in (1), we
have
|fu(z) — f(x)] <e  forany n > N and z € [0, 1].

In particular,
[f(@)] <e+[fn(@)] <e+[fxlle  for any z €0,1].
Thus f € ¢°[0,1] and
| fo— flloo <& for any n > N.

Therefore (£>°[0, 1], - ||oo) is a complete normed space, that is a Banach space.



