MMAT 5010 Linear Analysis
Suggested Solution of Homework 11

1. Let T : > — (* be the right operator, that is T(zy,xs,...) = (0,71, 2s,...) for
(71, 29,...) € (2. Find T*.

Solution. For any x = (z1,29,...),y = (y1,¥2,...) € {2,

(Tz,y) = ((0, 21,22, ...), (Y1, Y2, --.))

= ((x1,22,...), (Y2,Y3,...))
(

where S : (2 — (% is defined by S(y1,%2,...) = (y2,¥3,...). By Proposition 8.3, we
have T* = §S. <

2. Let X be a Hilbert space and let T, S € L(X). Show that

(a) (T'S)* = S*T™.
(b) if T is invertible, that is T~ € L(X) exists, then (T71)* = (T*)~L.

Solution. (a) For any z,y € X,
(T'Sx,y) = (Sx, T"y) = (z,5*T"y).

By Proposition 8.3, we have (T'S)* = S*T™*.
(b) The identity map I : X — X clearly satisfies [* = I. By (a),

T(T ) =(TT Y =I"=1, and (T V)T =T 'T)=1I"=1.

Therefore, T* is invertible and (7*)~! = (T~1)*.



