MATH5070
Homework 5 solution

1. (i) dw = 0 since d(dx; A dy;) = d(dx;) A dy; — dx; A d(dy;) = 0.
(i) w'= >  dxy Ndyy, A--- ANdx, A dy,,. After changing order, we have
1<t ymin<n
w™ =nldxy ANdyy N\ -+ Ndx, A dy,.
(iii) For i <k, tx(dz; A dy;) = dx;(X)dy; — dy;(X)dx; = dy;.
For i > k, tx(dz; A dy;) = dx;(X)dy; — dy;(X)dx; = dy; = 0.

k
Therefore, txw = > dy;.
i=1

(iv) For 1 <i<n-—1, " (dz; Ndy;) = dx; ANdy;. For i =n, 1*(dx; Ady;) = 0. Therefore,

n—1

w= Z dx; N dy;.

i=1

(v) For any 1 <i <mn, (*(dzy Ady,) = dv*zy A di*y; = dzy A0 = 0, therefore t*w = 0.

(vi) Since T" = (S')", we parametrize T" by (6y,...,6,). Then ¢ : T" < R?*" can be
represented by ¢(61,...,0,) = (cosfy,...,cos0,,sinfy,... sind,). Forany 1 <i <
n, (*(dz; N dy;) = dv*z; A di*y; = dcosf; A dsinf; = —sin6; cos 6;d0; N db; = 0.
Hence *w = 0.

2. (1) lp+tX,)? = (p+tX,, p+tX,) = |Ipll* +2(p, tX,) + t3|| X, ||* = 1 + ¢, since p L X,,.
Hence Image(f;) C S™(V1+ t2).

(ii) It suffices to show that f; is bijective, locally diffeomorphism and orientation-
preserving for sufficiently small . We see that for any p € S™, (dfy), = I + tdX,.
(df:), is continuous about ¢ and p € S”, and when ¢ = 0, det(dfy), = 1 > 0 for any
p. Therefore, we can choose small t and a small neighborhood U, of p such that
det(df;), > 0 for any p € U,. S™ is compact, then there exists a finite cover of S™,
thus we can choose a small ¢ such that det(df;), > 0 for any p € S™. Therefore f,
is local diffeomorphism and orientation-preserving.

We can show that X is Lipschitz continuous, precisely there exists a C such that

1 X, — Xq|l < Cllp—q|| for any p,q € S™. we choose t < 2, then there dosen’t exist
any p,q € S™ such that p+tX, = ¢+tX, (ie. X, — X, = %(q —p)). Therefore, f;
is injective for sufficiently small ¢.

ft is injective and locally diffeomorphism implies that S™ is diffeomorphic to Image f; C
S™(v/1 + t2). However, there is no proper compact submanifold in S™ which is dif-
feomorphic to S™. Hence f; is surjective for sufficiently small ¢.



(iii)
I(t) = / w= fiw
S (VIHE2) sn

n+1
=/ S (1) a0 fo)d(mi o f) A Adai A Ad(Tas1 0 fr)
" =1
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n+1
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(where X, = (X;, . ,X;Jrl))

We can see that I(t) is a polynomial of ¢ after expanding fw.
(iv) By Stokes’ theorem

I(t) = w

/ n(VIF)

= / dw
Br1(yI12)

(n+ 1)dzy A+ ANdxpi

/Bnﬂ(m)
= (n + Dwol(B"™H (V1 + 12))

(n+1)

= (n+ Dwol(B™H(1)(1 4+ t*) =

Therefore I(t) is a polynomial of ¢ if and only if n is odd.

(v) The contradiction of (iii) and (iv) implies that S™ admits a nowhere-vanishing
vector field only if n is odd. When n is odd, we can construct a nowhere-vanishing
vector field X (z) = 3@% — xlaim + -+ an% — xn%“ on R"*! 5 8" which
is also a vector field on S™ since (z, X(x)) = 0. Since every Lie group admits a
nowhere-vanishing vector field, there is no Lie group structure on S™ when n is

even.

3. Let F = (Fi(z,y,x), Fy(z,y, 2), F5(z,y,2)) and w = Fidy A dz + Fadz Ndx + Fydx A dy.
Let 7 = (n1,n2,n3) be the unit outward normal on 9M. Note we have that n;dS =
dy N\ dz,nsdS = dz A\ dx,n3zdS = dx A dy.



By stokes’ theorem, we have
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Now let w = Fidx + Fydy + Fsdz. By stokes’ theorem, we have
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For more details, please refer to Michael Spivak’s “Calculus on manifolds” p122-137.

4. (i) By Cartan’s magic formula

Lixw=d(trxw)+tpx(dw) = d(fixw) + fix(dw) = fd(ixw) +df AN ixw + fux(dw)
= f(d(txw) + tx(dw)) + df AN ixw = fLxw +df A ixw

(ii) Let Y3,...,Ys_1 be vector fields on M. Then by (iv), we have

(LX2£X1W)(Y1, S 7Yk—1)
- £X1W(X2, }/la cee 7Yk—1)

k—1
= Lx,(w(X2, Y1, Y1) —w(Lx, X2, Y1, Viot) = Y w(Xo, V0,0, Ly, Yo, Vi)
=1

k—1
= Lx, (tx,0(Ya, - Ye1)) = 3 (exw) (Ve £x, Vi, Vi) — w((X, X, Vi, Vi)
=1

= (»CXlLng)(Yh s ,Yk—l) - L[Xl,Xg}w(Yh e ,Yk‘—l)

Therefore ¢[x, x,jw = Lx,tx,w — tx,Lx,w.
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(iii) By Cartan’s magic formula and (ii)
E[Xl,XQ]W = d(L[Xl,Xg]W> + L[Xl,XQ](dW)
=d(Lx,tx,w — tx,Lx,w) + (Lx,tx,dw — tx,Lx,dw)
= Lx,d(tx,w) — d(tx,Lx,w) + Lx,tx,dw — tx,d(Lx,w)
= Lx, (d(tx,w) + tx,dw) — (d(tx,Lx,w) + tx,d(Lx,w))
=Lx,Lx,w— Lx,Lxw

(iv) By Cartan’s magic formula, we have
(E)ﬂd)(Xl, Ce ,Xk) = dLXw(Xl, Ce ,Xk) + Lxdw(Xl, c ,Xk)

We have
dLXw(Xl,...,Xk)
_Z VX (xw(Xe, . X X))
+Z D xw((Xs, X, X1, X Xy X
1<J
_Z DX (w(X, Xy, Xy, XR)
+Z DX, (X0 X5, X, Xy Xy X
1<J
and
LxdW(Xl,...,Xk.>
= dw(X, X1,...,Xp)
k
= Xw(X1, .., Xp) + ) () Xw(X, X1, Xy, Xy
i=1
+Z D) 20([X, X, Xy Xay o, X5
+Z D (X (X X)L X, X X X
1<J
Then
k —_~
(Lxw)(Xi,.. Xp) = Xo(Xq, ., X))+ (1) Pw(X, X, X1, X, ..
=1
k
= Lx@(X1,.. ., Xp) + > (1) w(Xy, . [X, X,
=1



