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Homework 5 solution

1. (i) dw = 0 since d(dxi ∧ dyi) = d(dxi) ∧ dyi − dxi ∧ d(dyi) = 0.

(ii) ωn =
∑

1≤i1,...,in≤n
dxi1 ∧ dyi1 ∧ · · · ∧ dxin ∧ dyyn . After changing order, we have

ωn = n!dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn.

(iii) For i ≤ k, ιX(dxi ∧ dyi) = dxi(X)dyi − dyi(X)dxi = dyi.

For i > k, ιX(dxi ∧ dyi) = dxi(X)dyi − dyi(X)dxi = dyi = 0.

Therefore, ιXω =
k∑

i=1

dyi.

(iv) For 1 ≤ i ≤ n− 1, ι∗(dxi ∧ dyi) = dxi ∧ dyi. For i = n, ι∗(dxi ∧ dyi) = 0. Therefore,

ι∗ω =
n−1∑
i=1

dxi ∧ dyi.

(v) For any 1 ≤ i ≤ n, ι∗(dx1 ∧ dy1) = dι∗x1 ∧ dι∗y1 = dx1 ∧ 0 = 0, therefore ι∗ω = 0.

(vi) Since Tn = (S1)n, we parametrize Tn by (θ1, . . . , θn). Then ι : Tn ↪→ R2n can be
represented by ι(θ1, . . . , θn) = (cos θ1, . . . , cos θn, sin θ1, . . . , sin θn). For any 1 ≤ i ≤
n, ι∗(dxi ∧ dyi) = dι∗xi ∧ dι∗yi = d cos θi ∧ d sin θi = − sin θi cos θidθi ∧ dθi = 0.
Hence ι∗ω = 0.

2. (i) ‖p+ tXp‖2 = 〈p+ tXp, p+ tXp〉 = ‖p‖2 + 2〈p, tXp〉+ t2‖Xp‖2 = 1 + t2, since p⊥Xp.

Hence Image(ft) ⊂ Sn(
√

1 + t2).

(ii) It suffices to show that ft is bijective, locally diffeomorphism and orientation-
preserving for sufficiently small t. We see that for any p ∈ Sn, (dft)p = I + tdXp.
(dft)p is continuous about t and p ∈ Sn, and when t = 0, det(df0)p = 1 > 0 for any
p. Therefore, we can choose small t and a small neighborhood Up of p such that
det(dft)p > 0 for any p ∈ Up. S

n is compact, then there exists a finite cover of Sn,
thus we can choose a small t such that det(dft)p > 0 for any p ∈ Sn. Therefore ft
is local diffeomorphism and orientation-preserving.

We can show that X is Lipschitz continuous, precisely there exists a C such that
‖Xp−Xq‖ ≤ C‖p− q‖ for any p, q ∈ Sn. we choose t < 1

c
, then there dosen’t exist

any p, q ∈ Sn such that p+ tXp = q + tXq (i.e. Xp −Xq = 1
t
(q − p)). Therefore, ft

is injective for sufficiently small t.

ft is injective and locally diffeomorphism implies that Sn is diffeomorphic to Imageft ⊂
Sn(
√

1 + t2). However, there is no proper compact submanifold in Sn which is dif-
feomorphic to Sn. Hence ft is surjective for sufficiently small t.
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(iii)

I(t) =

∫
Sn(
√
1+t2)

ω =

∫
Sn

f ∗t ω

=

∫
Sn

n+1∑
i=1

(−1)i−1(xi ◦ ft)d(x1 ◦ ft) ∧ · · · ∧ d̂xi ∧ · · · ∧ d(xn+1 ◦ ft)

=

∫
Sn

n+1∑
i=1

(−1)i−1(xi + tX i
p)d(x1 + tX1

p ) ∧ · · · ∧ ̂d(xi + tX i
p) ∧ d(xn+1 + tXn+1

p )

(where Xp = (X1
p , . . . , X

n+1
p ))

We can see that I(t) is a polynomial of t after expanding f ∗t ω.

(iv) By Stokes’ theorem

I(t) =

∫
Sn(
√
1+t2)

ω

=

∫
Bn+1(

√
1+t2)

dω

=

∫
Bn+1(

√
1+t2)

(n+ 1)dx1 ∧ · · · ∧ dxn+1

= (n+ 1)vol(Bn+1(
√

1 + t2))

= (n+ 1)vol(Bn+1(1))(1 + t2)
(n+1)

2

Therefore I(t) is a polynomial of t if and only if n is odd.

(v) The contradiction of (iii) and (iv) implies that Sn admits a nowhere-vanishing
vector field only if n is odd. When n is odd, we can construct a nowhere-vanishing
vector field X(x) = x2

∂
∂x1
− x1 ∂

∂x2
+ · · ·+ xn+1

∂
∂xn
− xn ∂

∂xn+1
on Rn+1 ⊃ Sn, which

is also a vector field on Sn since 〈x,X(x)〉 = 0. Since every Lie group admits a
nowhere-vanishing vector field, there is no Lie group structure on Sn when n is
even.

3. Let ~F = (F1(x, y, x), F2(x, y, z), F3(x, y, z)) and ω = F1dy∧ dz+F2dz ∧ dx+F3dx∧ dy.
Let ~n = (n1, n2, n3) be the unit outward normal on ∂M . Note we have that n1dS =
dy ∧ dz, n2dS = dz ∧ dx, n3dS = dx ∧ dy.
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By stokes’ theorem, we have∫ ∫ ∫
V

(5 · ~F ) =

∫
V

(
∂F1

∂x
+
∂F2

∂y
+
∂F3

∂z

)
dx ∧ dy ∧ dz

=

∫
V

dω

=

∫
S

ω

=

∫
S

(F1n1 + F2n2 + F3n3)dS

=

∫ ∫
S

~F · ~ndS

Now let ω = F1dx+ F2dy + F3dz. By stokes’ theorem, we have∫ ∫
S

(5× ~F ) · ~ndS

=

∫ ∫
S

(
∂F3

∂y
− ∂F2

∂z

)
n1 −

(
∂F3

∂x
− ∂F1

∂z

)
n2 +

(
∂F2

∂x
− ∂F1

∂y

)
n3dS

=

∫
S

(
∂F3

∂y
− ∂F2

∂z

)
dy ∧ dz −

(
∂F3

∂x
− ∂F1

∂z

)
dz ∧ dx+

(
∂F2

∂x
− ∂F1

∂y

)
dx ∧ dy

=

∫
S

dω

=

∫
C

ω

=

∮
C

~F · d~r

For more details, please refer to Michael Spivak’s “Calculus on manifolds” p122-137.

4. (i) By Cartan’s magic formula

LfXω = d(ιfXω) + ιfX(dω) = d(fιXω) + fιX(dω) = fd(ιXω) + df ∧ ιXω + fιX(dω)

= f(d(ιXω) + ιX(dω)) + df ∧ ιXω = fLXω + df ∧ ιXω

(ii) Let Y1, . . . , Yk−1 be vector fields on M . Then by (iv), we have

(ιX2LX1ω)(Y1, . . . , Yk−1)

= LX1ω(X2, Y1, . . . , Yk−1)

= LX1(ω(X2, Y1, . . . , Yk−1))− ω(LX1X2, Y1, . . . , Yk−1)−
k−1∑
i=1

ω(X2, Y1, . . . ,LX1Yi, . . . , Yk−1)

= LX1(ιX2ω(Y1, . . . , Yk−1))−
k−1∑
i=1

(ιX2ω)(Y1, . . . ,LX1Yi, . . . , Yk−1)− ω([X1, X2], Y1, . . . , Yk−1)

= (LX1ιX2ω)(Y1, . . . , Yk−1)− ι[X1,X2]ω(Y1, . . . , Yk−1)

Therefore ι[X1,X2]ω = LX1ιX2ω − ιX2LX1ω.
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(iii) By Cartan’s magic formula and (ii)

L[X1,X2]ω = d(ι[X1,X2]ω) + ι[X1,X2](dω)

= d(LX1ιX2ω − ιX2LX1ω) + (LX1ιX2dω − ιX2LX1dω)

= LX1d(ιX2ω)− d(ιX2LX1ω) + LX1ιX2dω − ιX2d(LX1ω)

= LX1(d(ιX2ω) + ιX2dω)− (d(ιX2LX1ω) + ιX2d(LX1ω))

= LX1LX2ω − LX2LX1ω

(iv) By Cartan’s magic formula, we have

(LXω)(X1, . . . , Xk) = dιXω(X1, . . . , Xk) + ιXdω(X1, . . . , Xk.)

We have

dιXω(X1, . . . , Xk)

=
k∑

i=1

(−1)i−1Xi(ιXω(X1, . . . , X̂i, . . . Xk))

+
∑
i<j

(−1)i+jιXω([Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk)

=
k∑

i=1

(−1)i−1Xi(ω(X,X1, . . . , X̂i, . . . , Xk))

+
∑
i<j

(−1)i+jω(X, [Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk)

and

ιXdω(X1, . . . , Xk.)

= dω(X,X1, . . . , Xk)

= Xω(X1, . . . , Xk) +
k∑

i=1

(−1)iXiω(X,X1, . . . , X̂i, . . . , Xk)

+
k∑

i=1

(−1)i+2ω([X,Xi], X1, . . . , X̂i, . . . , Xk)

+
∑
i<j

(−1)i+j+1ω(X, [Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk)

Then

(LXω)(X1, . . . , Xk) = Xω(X1, . . . , Xk) +
k∑

i=1

(−1)i+2ω([X,Xi], X1, . . . , X̂i, . . . , Xk)

= LX(ω(X1, . . . , Xk)) +
k∑

i=1

(−1)2i+1ω(X1, . . . , [X,Xi], . . . , Xk)

= LX(ω(X1, . . . , Xk))−
k∑

i=1

ω(X1, . . . ,LXXi, . . . , Xk)
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