2023 Fall Real Analysis I 1

Midterm Examination

Answer four questions. Do not do all five. Notations in Lecture Notes are in effect.

1. Let (X, M, u) be a measure space.

(a)

Let A, B € M. Show that
n(AU B) = pu(A) + w(B) — p(AN B).
Solution
W(AUB) = u(AU (B A)) = p(A) + u(B\ A) = u(A) + u(B) — (AN B).
Let Ay, € M, k> 1. Assume that > 72, u(Ax) < co. Show that the set
E ={x € X : x belongs to infinitely many Ay} ,

is a null set. You may assume E to be measurable.

o oo
Solution Since ZM(Ak) < 0o, we have Z w(Ag) — 0 as n — oo. For any n€ N,

k=1 k=n
we have
AC LJ Ap
k>n
and so

A) <> (A
k=n

Taking n — oo, we have u(A) = 0.
This result is called Borel-Cantelli lemma.

Let f, g be two measurable functions on a measurable space (X, M). Show that the
sum f + g and the product h = fg are measurable.

Solution It suffices to show

(f+9) Hao0)= | £t 00) Ng(s,00)
t+s>a
t,s€Q
Let’s consider a point z satisfying (f + ¢)(z) > a. We can always choose two rational
numbers t and s such that f(x) > ¢,g(x) > s and t + s > a. It follows that = €
f(t,00) N g (s,00), and we have one side inclusion. The other side inclusion is
immediate.

From
1

fo=71[F+9*=(f -9,

we conclude that fg is measurable.
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(b)

Let f : R — R be continuous and injective. Show that f(B) € B for any B € B,
where B stands for the Borel o-algebra in R.

Solution Let F:={E € Pr: f~}(E) € B}. We first show that F is a o-algebra:
e Since f}(R) =R € B, we have R € F;
e If E € F, then f~}(E) € B, whence f"}{(R\ E) =R\ f~}(E) € B, which shows
R\ E € F;
o If B, € F, then f~(E;) € B for all 4, whence f~ (U2, E;) = U2, f1(E;) € B,
which shows (J;2, E; € F.
Since f is continuous, F contains all open sets in R. As B is the smallest o-algebra

containing all open sets in R, we have B C F. Consequently, for all B € B, we have
B € F, whence f~1(B) € B.

State the dominated convergence theorem without proof.

Solution Let f, fi, & > 1, be extended real-valued measurable in X satisfying
fr — f a.e. and |fx| < g a.e. for some integrable g. Then f is integrable and

i [ 1~ sl =0.
k—o0

State Egorov’s theorem without proof.

Solution Let f, fi, kK > 1, be extended real-valued measurable functions in X which
are finite a.e.. Suppose that pu(X) is finite and fy — f a.e. as k — oo. Then for each
e > 0, there exists a measurable A, u(A) < e, such that fy — f uniformly on X \ A
as k — oo.

Let f be an integrable function on a measure space (X, M, u). Show that for each
€ > 0 there exists a number § > 0 such that

/Wﬂdu<e

E

for each E € M with pu(E) < 4.

Solution. Assume on the contrary there is some g9 > 0 and Ej, u(E;,) < 27", such
that [ [fldu > eo. Let Ap =, Ej- Then

j>n

1 1

p(An) < ZM(EJ’> < 9 = gn-1 -

jzn Jjzn

Let A=nN,A,. As {A,} is descending and p(A;) is finite,
p(A) = lim p(A,) =0,

that is, A is of measure zero. On the other hand, we have |f|xa, < |f|, by the
dominated convergence theorem we have

[ 1stdn =t [ (fidnz 0> 0,
A n—oo An

contradiction holds.
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4. Let E be a Lebesgue measurable subset of R and ® : R — R.

(a)

Suppose that ® is continuous on R. Is it true that ®(FE) is always Lebesgue measur-
able? Prove this or give a counter-example (and prove that it is a counter-example).

Solution.

The answer is no. To construct a counter example, let h : [0,1] — [0,2] be the
function given by lecture notes Ch3 section 3.2. i.e. h(x) := x + g(x) where g is the
Cantor function. Define ® : R — R by

T ifx<0
P(x) =< h(z) f0<z<1
r+1 ifl<a.

Using the property of h, we see that ® is an injective and continuous function on R.
Denoting the Cantor set by C, we have L(®(C)) = L(h(C)) = 1 by the property of h.
Therefore, by lecture notes Ch3 Proposition 3.3, there exists some non-measurable
A C ®(C). Since ® is injective, E := ®71(A) is a subset of C. As C is of measure
zero, F is a measurable set, while ®(E) = A is not measurable.

Suppose that

for some positive constant L. Show that ®(FE) is Lebesgue measurable.

Solution. Assume that F is compact first. As the image of a compact set under a
continuous map is again compact and so is Borel, we see that £"(FE) is also compact,
hence measurable. Next, let £ be a bounded measurable set. By inner regularity
we can find a set F' C E which is the countable union of compact sets satisfying
L"(E\ F) = 0. Hence the set N = E\ F is null and ®(F) = ®(F) U ®(N). We
have ®(F') = [J; ®(K;) where K are compact, so ®(F) is Borel (hence measurable).
Therefore, things boil down to show that the image of a null set under a Lipschitz
map is a null set. This is the key point, and the proof is not difficult. Finally, we can
write a measurable set as the countable union of bounded, measurable sets.

5. Let p1 and pg be two measures on a measurable space (X, M). Define

p(E) = inf{p (ENF) + pe(E\F): F e M}

for E € M. Prove that p is a measure on (X, M).

Solution. Plainly p is a nonnegative function on M and u(@) = 0. Let {Ej} be a
countable collection of mutually disjoint sets in M. Writing E := |J,, Ej, we would like to
show that

W(E) = 3" ulEy).
k

On the one hand, given Fy € M, we have

> w(Ey) =) inf {u(Ep \ F) + po(Bx N F) : F € M}
k p

< [1(Ex \ Fo) + p2(By N Fy)] = pa(E\ Fo) + p2(E N Fy),
k
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whence >, u(Ey) < p(E) by taking inf over Fy € M on the R.H.S.
To get the reverse inequality, let € > 0 be fixed. For each k, there exists F, € M such that

£
s (Bx \ Fi) + pa(Bx 0 Fr) < p(Br) + o
Let F:= J,(Er N Fy). Note that F C F and E\ F = J,(Ex \ Fi). Hence

p(E) < m(E\F) 4+ p(ENF)
=Y m(E\Fy) + ) na(Ep N Fy)
k k

= [ (Ex \ Fr) + pa(Ex N Fy)]

k
<Y ul(Er) +e.
k

Since € > 0 is arbitrary, we finish the proof.



