MATH4240 Homework 3 Reference Solution

1 Compulsory Part

15. Let y be a transient state. Use (36) to show that for all «,

S P wy) <> P(y,y)
n=0 n=0

Solution: It suffices to consider the case x # y. Then

S PMay) =Y Pey) = B(N(y) = 12— < —— =1+ 2 = 14 B,(N() = Y P"(y.y)
n=0 n=1 Pyy Pyy Pyy ors

18. Consider a Markov chain on the nonnegative integers such that, starting from z, the chain goes to state z + 1 with
probability p, 0 < p < 1, and goes to state 0 with probability 1 — p.

(a) Show that this chain is irreducible
(b) Find Py(To =n),n>1

(¢) Show that the chain is recurrent

Solution:
(a) Let z,y be two states. Then py > P(z,0)P(0,1)... P(y —1,y) = (1 — p)p¥ > 0. So z leads to y.
As z,y are arbitrary, the chain is irreducible.
(b) Starting from 0, there is only one path that goes to 0 only after n steps: Xg = 0, X; = 1, ..., X,-1 =
n—1, X, =0.So Py(Top =n) = P(0,1)P(1,2)...P(n —2,n — 1)P(n — 1,0) = p"~1(1 — p)
(c) Since the chain is irreducible, it suffices to show that 0 is a recurrent state.

By part (b), poo = >ney Eo(To =n) = > 0o p" (1 —p) = 1. So 0 is a recurrent state. Therefore the chain is
recurrent.

20(b). Consider the Markov chain on {0,1,...,5} having transition matrix

01 2 3 45
0f2 £ 0 0 0 0
12%0000
200%0%0
3l 4000 ¢4
400%0%0
slo Lo g2

Find pgo13(z), 2 =0,...,5

Solution: Asin HW2, the transition diagram is




and {0,1}, {2,4} are irreducible closed sets.
Easy to see that p(0,13(0) = po,13(1) = 1, and pg,13(2) = pyo,13(4) = 0.
By the one-step argument,

1 1
pf013(3) = P(3,0) + P(3,1) + P(3,5)p10,13(5) = 5 + 10{0,1}(5)

1 1 2
pf0,13(5) = P(5,1) + P(5,3)p50,11(3) + P(5,5)p10,11(5) = 5 + gp{0,1}(3) + gp{0,1}(5)

Solving this linear system gives pgo 13(3) = - and Pg0,11(5) = L.

Note
01 2 3 4 5
p{m}(x) ‘ 11 0 7/11 0 6/11
We can also reduce the chain as
{0,1} {2,4} 3 5
{0,1} 1 0 0 0
P {2,4}| O 1 0 0
o 3| 1/2 1/4 0 1/4
5( 1/5 1/5 1/5 2/5

which gives

SR S O e ) I G R )

24. Consider a gambler’s ruin chain on {0,1,...,d}. Find
P.(To<Ty), O<xz<d

Solution: Recall that the transition function for x € {1,...,d — 1} is

y=z+1
Plr,y)=qq y=z—1
other

3

o

with g =1 —p.
As the chain is just a birth and death chain with constant p, = p, ¢, = ¢, applying the formula gives
d—1
> y=a Yy
P, (To < Td) = %
y=0 Ty




Lot (2,

with vy, = p1 o »

o If p=1, we have v, = (1) =1, SOZy t'yy—d ,Zy O'Vy_d

x d _ _ d
o If p# 1 we have v, # 1 and so Zu Ly, = lam=(a/p) q;‘;/p) , ZZ:(lJ Yy = 711£qq//pp)
This implies that
1-2 ifp=1/2
P(Ty < Ty) = ¢
(Q/f’l(q/(;)l)/dp) lfp 74 1/2

26. Consider a birth and death chain on the nonnegative integers such that p, > 0 and g, > 0 for x > 1
(a) Show that if 777 (v, = oo, then pyo =1, z > 1
(b) Show that if 3372 v, < oo, then
Pz = %, z =1
Zy:() Ty

Solution: Since the chain has infinitely states, Ty < oo iff there is some state n > x such that Ty < T,, (where T,
can be infinite). This implies that {Tp < oo} = {Ty < T}, for some n > z} =, . {To < Ty}

Furthermore, for n > x, you can only reach state n+ 1 after reaching state n, so {Tg < T,} is increasing. This means
that pro = Pp(To < 00) = Po(Ups 10 < Tn}) = limy, 00 Pe(To < Tp) =1 — (Zy 0 vy) lugo(zg;é vy) 7L

(a) If 32025y = 00, then poo = 1= (2575 ) lim (33775 ) "' = 1foralle > 1

x—1
(b) If Zy 0y < 00, then pyg =1 — (Zy_O Yy) hm (Zy_O ) h=1- Zﬁ’j?% = ZZ == forall > 1

y=0 Ty y=0 Yy

27. Consider a gambler’s ruin chain on {0,1,2,...}
(a) Show that if ¢ > p, then p,o =1, 2> 1
(b) Show that if ¢ < p, then pyo = (¢/p)*, = > 1

Solution: v, =[]Y_, L =(q/p)".
(a) If g >p, vy = (g/p)¥ > 1,50 32257y > 32 1 = co. By Q26(a), pyo = 1 for each 2 > 1.

(b) g <p, 3020w = Xy20(a/p)? = 1= < 00 So by Q26(b), pso = F&= 2t = W /e = (g/p)” for each
x> 1.

29. Consider an irreducible birth and death chain on the nonnegative integers such that

2
()
2 x+1

(a) Show that this chain is transient
(b) Find pgo, z >1

Solution:
(a) For each y > 1,

q. Yoo ? 1
T_ =
%_H }1x+1 (y+1)2

1 Pz

Then > 02 o7 =1+ > 02 ,n 2 =7m%/6 < co. So the chain is transient.




(b) By Q26(b), pzo = %;::: ;{y =1- %2:3 zy =1-5 “t1n=2 for each z > 1.
y=0 Ty y=0 Ty

Note

There does not seem to be a (simple elementary) closed form expression for this sum.

32. Consider the branching chain described in Example 14. If a given man has two boys and one girl, what is the probability
that his male line will continue forever?

Solution: Recall that in Example 14, every man has exactly 3 children, each independently has probability p = 1/2
of being a boy. From the textbook, the distinction probability is solved as p = v/5 — 2.

Therefore, P (continue forever) = 1 — P (both boys extinct) = 1 — p? = 4(v/5 — 2) ~ 0.9442

Note

For completeness, the extinction probability can be computed via the generating function of the offspring distribution:
(1) = S0 prth = Zi:o (2)2_315’“ =273(1+t)3. As ®(1) = 3/2 > 1 and the solutions of t = ®(¢) are t = 1,
t=—V5—-2<0andt=v5-2€10,1], p=V5-2.

34. Consider a branching chain with f(z) = p(1 — p)*, x > 0, where 0 < p < 1. Show that p = 1 if p > 1/2 and that
p=p/(1—p)ifp<1/2

Solution: The generating function of f is ®(t) = Y .o, f(n)t" = > p(1 — p)"t" = ﬁ with g = ®'(1) =
11
P
. przl/Q,u:%—lgl,sopzl
e Ifp <1/2, p = % -1 = 1_Tp > 1. As the equation t = ®(t) = ﬁ then has solutions ¢ = 1 and
t=1%€100,1], 50 p= £,

36(a). Let X,,, n > 0, be a branching chain and suppose that the associated random variable ¢ has finite variance o2. Show
that

E (X?H_IIX” = 33) =z0? + x2u2

Solution: Let & be the random variable denoting the number of particles that particle ¢ generates. Then
E (XT2L+1|XTL =z)=E((&+...+ &)%)
= > E(&&)

1<ij<z

DEE)+2 Y EEEE)

1<i<j<z

$(02+M2)+2(§>M2102+9§2M2

Here E (§€;) = E (&) E (&) for i # j due to the independence of the random variables.

Note

Alternatively, E (X2, 1| X, = 2) = Var (Xp11|Xp = 2)+E (Xpp1|Xp =) = Var (& + ...+ E)HE (& +... + &) =
S Var (&) + (OS E (&))? = xvo? + (xp)? as &1, . .., &, are independent and identically distributed.




2 Optional Part

17. Show that if x leads to y and y leads to z, then z leads to z

Solution: Since z leads to y and y leads to z, there exist n,m € Z* such that P"(x,y) > 0, P™(y,z) > 0. Then
Prz > PV (1, 2) > P™(y, 2)P™(z,y) > 0, so x leads to z.

23. A certain Markov chain that arises in genetics has states 0,1, ...,2d and transition function

e = () o) (-5

Find pgoy(7), 0 <2 < 2d

Solution: Note that by the transition function, P(0,0) = P(2d,2d) = 1. So 0,2d are absorbing and thus recurrent,
and we can see that all other states are transient. In particular, p{oy(x) = pzo-

Let X, n > 0 be the chain random variables. By direct computation,

E(Xnu|Xn =2) = ZyP(x,y)
2d
- ()

2d— n! T T
y—1 P N\2d—y
xz 2d—piad) 3

=T

and so for k£ > 0

E (Xn+k:+1‘Xn = !L‘) = ZE (Xn+k:+1‘Xn = van+k = y) P (XnJrk = y|Xn = LL’)

= Zyp (Xn+r = y[ X = 2)
= FE(Xpti|Xn =)

Trivially, F,(Xo) = z. By induction, F;(X,) = E(X,|Xo=2) = z for all x and n > 0, which is a constant
independent of n.

Since all states y € {1,2,...,2d — 1} are transient, we have E,(N(y)) = >0, P"(z,y) < oo. This implies that
lim P"(x,y) =0 for all such y.

n—oo
As 0,2d are absorbing, for y € {0,2d} we must have hm P*(z,y) = lim P,(T, <n)=Py(T, < 00) = pay.
n—oo
Combined, these imply that for all z € {1,2,...,2d — }7
2d 2d
2d —z = nl;rréoE (2d—X,) = HILH;OZ (2d — y)P"(x,y) = ZO(Qdf Y) nlgr;OP (z,y) = 2dpzo
y=
and so pg0 = Q‘é;”” =1-3.

Note

The model in question is the Wright—Fisher model that describes the number of a specific type of allele at a given
locus on N diploids (or equivalently 2N haploids) in generations undergoing binomial sampling, assuming there is
only two allelic types. Please only consult the School of Life Sciences for what this means.




As shown in the proof, the chain is also a martingale. That E,(X,,) = « for all n is a result of this. The same proof
can also be used on gambler’s ruin chain with fair probability, which is why they have the same extinct probability.

If you are able to guess the form of the solution, you can verify it by checking the one-step argument equations

2d—1
pzo = P(2,0)+ > P(x,y)py0
y=1

2d—1
T 2d\  x T
=(1— )% V(] — —2)2d-y 1,....2d—1
(-2 +;<y)<2d>< LM, e {L..2d- 1)

As covered in lecture, the solution to this system exists and is unique since there are only finitely many (transient)
states. So the solution you guessed must then be the correct one. For this question, the solution can be guessed by
observing that, with pgp =1 and paq0 =0,

2d 2d\ , x T
_ E Y1 _ 2d—y
Pz0 < >(2d) (1 2d) pyo

2d —1)! Ty &

T v 2d
=1-5 2 y!(zd_1_y)!(ﬁ) (=33

2d—1—-y .
) 2d4__ypy0

Z
2d°

If you have another solution, particularly if you are able to solve the one-step system above without guessing the
solution, please share it with us.

and so if % pyo = 1, the equation simplifies to pzo =1 — and everything matches nicely.

25. A gambler playing roulette makes a series of one dollar bets. He has respective probability 9/19 and 10/19 of winning
and losing each bet. The gambler decides to quit playing as soon as he either is one dollar ahead or has lost of initial
capital of $100.

(a) Find the probability that when he quits playing he will have lost $1000.
(b) Find his expected loss.

Solution:
x _ d _ .
(a) By Q24, PlOOO(TO < TlOOl) = % = (10/9)1000(101/094%171 ~ 0.14+1.6 x 10~47 with p = %7 q= %7
x = 1000, and d = 1001.
Note
We can estimate this by Piooo(Zo < T1001) & (10/9)1000(11(%9% = %/99 = %7 which is quite accurate.

(b) The expected loss is

$1000 - Piooo(To < Tioo1) — ($1001 — $1000)(1 — Piooo(To < Tioo1)) = $1001 - Piogo(Th < Tioor) — $1 ~ $99.1

28. Consider an irreducible birth and death chain on the nonnegative integers. Show that if p, < g, for x > 1, the chain is
recurrent.

Solution: For y € N, v, =J[7_; &= > [[7_;1=1. So 3°72 ;v > 32,2 1 = co. By Q26(a), p1o = L.

As the chain is a birth and death chain on nonnegative numbers, P(0,0) + P(0,1) = 1. So by one-step argument,
poo = P(0,0) + P(0, 1)p1o = P(0,0) + P(0,1) = 1

Hence 0 is a recurrent state. As the chain is irreducible, the whole chain is recurrent.




Note

The converse does not hold: consider a chain with p1 = 2/3, ¢1 = 1/3, ps = 5257, ¢o = 2%
Pe > gy onz>1buty, =T1Y_, Z—i = i on y > 1 which gives ZZO:O 7y = 00 and so the chain is recurrent.

30. Consider the birth and death chain in Example 13.

31.

33.

35.

(a) Compute P, (T, < Tp) fora <z <b
(b) Compute pgo, x >0

Solution: Recall that the chain has transition probabilities p, = 2(76 +1) and q, = ﬁ for x > 0. As computed in
the textbook, v, = Z(Jzi+1 — —) for z € N.

For ¢ < d, Zz oYz 22 (m—m) 2(7 — #7)- In particular, Y777 4, = 25 and D gm0 Vy =2 < 00

ZS z'VU _ 2(?**) (b—x)(a+1)
(a) Fora <z <b, P,(T, <Tp) = S, T 2(%*%) =a)(z+1)

D=z Vy z
(b) By Q26(b), for x > 1 we have pyo = > zy = 2/et) _ =

Consider a branching chain such that f(1) < 1. Show that every state other than 0 is transient

Solution: Note that 0 is an absorbing state. To analyze the recurrent probability, we will consider the following
two cases:

e If f(0) > 0, then pyo > P(x,0) = f(0)* > 0 for each x > 1. This implies that p,, < 1 and so z is transient for
all z > 1.

e If £(0) =0, then for each x > 1 and > y > 0, P(z,y) = 0, which implies that p,, = P(z,z) = f(1)* < 1 and
thus z is transient.

Consider a branching chain with f(0) = f(3) = 1/2. Find the probability p of extinction

Solution: The expected number of particles generated is F (§) = 0- f(0)+3- f(3) = 3/2 > 1. So we need to consider
the generating function ® of the distribution of offspring.

The generating function is ®(t) = Y f(n)t" = 1(1+¢*), and so ®(t) = ¢, or equivalently (t — 1)(t* +¢ — 1) = 0, has
solutions t = 1, t = %‘/5 €0,1],t= ’1%@ < 0. Hence the extinction probability is p = %‘/‘F’ ~ 0.618

Let X,,, n > 0, be a branching chain. Show that E,(X,) = zu”

Solution: We will show by induction on n that E,(X,) = zu™ for each n > 0. The base cases n = 0 and n = 1
hold trivially. Suppose now that E,(X}) = xu* for some k > 1. Then by the law of total expectation,

Ey(Xkt1) = E(Xpa1|Xo =) = Y E (Xpp1| X =y, Xo = ) P(Xy, = y|Xo = @)
y=0

=Y E(Xen|Xx = y) P (Xi = y|Xo = 2)
y=0

= yuP (X) = y|Xo = x)

= pE (Xi|Xo = 2)
— bt




So by induction E,.(X,,) = zu™ for all n > 0.

36(b, c, d). Let X,,, n > 0, be a branching chain and suppose that the associated random variable £ has finite variance o

(b) Use Exercise 35 to show that
EI(XSJrl) = ap"o® + PP EL(X7)

(¢) Show that

2

E (X3 =xo?(p" 4 4+ 20Dy 222 p>1
(d) Show that if there are x particles initially, then for n > 1,
2 n—1 1*#") 1
Var (X,) =4 0 # ( i) k7
nxo? w=1
Solution:
(b) By part (a) and Q35,
EZD(X721+1) = ZE (X’I’2L+1‘X’I’L = y) Pw(Xn = y)
y=0

oo

=Y (o + 12 p*) Pu(Xn = 1)
y=0

= U2E:1:(Xn) + /’LQEI(XTQI)
= oZap" + By (X7)

(c) By part (a), B,(X?) = E (X?|Xo = ) = 20?4 2?42

$2N2n.

Consider now the case that p < 1. By the result of part (b),

—_ 1,0_2('“7171 4. +'u2n72)

_ x02u”*111%’2” if pu#1
nro? ifpu=1

Eo(Xp) = ap"o” + p° By (X7)

2 2
I-(n+1) (2 _ rom l-np (x2) _ ro
Iz o (Xny1) Tk +(X7) -
L . zo? . ro?
which implies p' " E,(X2) — T =t <Ez(X12) — 1 M)
:'un 1<IO'2 1% +I‘2,U,
1
E,(X2) = zo?un! - H a2l
:$J2(/Ln_l + +M2n 2)
Note
Alternatively this can also be done by induction.
(d) By Q35, Ex(X,,) =zu™. So
Var (X,,) = E,(X2) — B, (X,,)?
— ZCO'Q(,U/H_l + o +M2n—2) +$2M2n _ (xun)2

If p =1, then by part (b) E,(X2,,) = z0® 4+ E;(X2) and so E,(X2) = nzo® + 2% = zo?(u"* +...

)

+ lu2n72) +




37. Consider the queuing chain
(a) Show that if either f(0) =0 or f(0) + f(1) = 1, the chain is not irreducible
(b) Show that f(0) > 0 and f(0) + f(1) < 1, the chain is irreducible

Solution: Recall that the transition function is

ifr=0
P(z,y) = 7) :
fly—xz+1) otherwise
fory>ax—1and y > 0.

(a) If f(0) =0, then for x > 1, P(z,x — 1) = f(0) = 0 and so P (X,,+1 < X,,) = 0. This implies that x does not
lead to x — 1 for all z > 1, and thus the chain is not irreducible.

If £(0)+ f(1) =1, then P(z,x+k) = f(k+1) =0 for each k > 1, so P (X,,4+1 > X,,) = 0. This implies that =
does not leads to x + 1 for all z > 0, and thus the chain is not irreducible.

(b) Suppose f(0) >0 and f(0) + f(1) < 1. Then there exists k > 2 such that f(k) > 0.
Let £ > 0. Then

e poo > P(0,0) = f(0) > 0, so 0 leads to 0
o if x>0, pyo > Plz,x—1)P(x— 1,z —2)... P(1,0) = f(0)* > 0, so x leads to 0
e With n > % sufficiently large,

poz > P(0,k)P(k,2k —1)P(2k — 1,3k —2)...P((n—1)(k—1) +1,n(k—1)+1)
x P(n(k—1)+1,n(k—1))...P(x+1,z)
= f(k)"F(O)" DT > 0
so 0 leads to x

As x is arbitrary, every state leads to every other state, and thus the chain is irreducible.

38. Determine which states of the queuing chain are absorbing, which are recurrent, and which are transient, when the chain
is not irreducible. Consider the following four cases separately:

(a) f(1) =1

Solution:

(a) Since f(1) =1, the transition diagram is then

1 1 1
@) é
Easy to see that for each x > 1, x is an absorbing state and thus a recurrent state.

Since f(1) = 1, we must have f(0) =0. So pgp = P(0,0) = f(0) =0 < 1 and thus 0 is a transient state
By Q37(a), the chain is not irreducible.

(b) The transition diagram is




As no state satisfies P(z,z) = 1, the chain has no absorbing state.

As {0,1} is irreducible closed, 0,1 are recurrent.

For each © > 2, pge <1—poy(z) =1—P(z,z—1)...P(2,1) =1— f(0)*~! <1, so x is transient.
Since f(0) + f(1) = 1, by Q37(a) the chain is not irreducible.

The transition diagram is

As P(0,0) = 1, 0 is absorbing and thus recurrent. For x > 1, pyo <1 —pgoy(z) =1 - P(z,2z —1)... P(1,0) =
1—-1% =0, so z is transient.

Since f(0) = 1, we have have f(0) + f(1) = 1, by Q37(a) the chain is not irreducible.

o
) 1x OfornyZO
fly—xz+1) ifz>1

As no state satisfies P(z, ) = 1, the chain has no absorbing state.

As argued in Q37(a), pzy = 0 for y < x. Furthermore, as f(0) + f(1) < 1, there exists k > 2 with f(k) > 0.
This implies that pgo < 1—P(0,1) =1— f(1) < 1, and foreach © > 0, ppy <1—P(z,z+k—1)=1— f(k) < 1.
So every state is transient.

Since f(0) = 0, by Q37(a) the chain is not irreducible.

The transition function is P(z,y) = {

10




