MATH4240 Homework 1 Reference Solution

1. Let X and Y have the joint probability density function given by

6(1—y) ifo<z<y<l1
0 otherwise

fX,Y(m7y) = {

(a) Find the marginal density function fx(x) for X

(b) Find the conditional density function of X given Y =y
(¢) Are X and Y independent? Explain why or why not
(d) Find P (Y > 2|X = 1)

(¢) Find E (X — 3Y)

Solution:

(a)

fx () =/ Ixy(z,y) dy =/ 6(1 — y)Xo<z<y<1 dy
—o0o —o0
fe%s) 1
= XOSwSl/ 6(1 —y)Xa<y<1 dy = Xogzgl/ 6(1—y) dy

= 3(1 - il?)QXogacgl

(b) To find the conditional density of X given Y = y, we first compute the marginal density fy for Y. With the
same approach as the last part,

o Yy
fy(y) = / 6(1 — y)Xo<a<y<1 dr = Xogygl/ 6(1 —y) dr = 6y(1 — y)xo<y<1
—00 0

So the conditional density of X given ¥ =y is

_ ~6(1 —y)xo<a<y<t 1
Fxp (@ly) = fxv(@,y)/fr(y) = 65— Phrocyer g OSTSvS!

(c) To check if X and Y are independent, we compare the marginal density fx and the conditional density fx|y
given Y = y and check if they are equal on all z,y with fy (y) > 0.

By the previous parts, fx(z) = 3(1 — z)*x0<z<1 and Ixy(zly) = %XOSzSy which are two distinct functions,
so X and Y are not independent.

3 1 o0 1 > fxy (3
P (Y > ’X = ) =/ Xyz3frix(yle = 3) dy :/ Xy>3 51
o 2

! 1
= [sa-v =

(e) E(X —3Y)=E(X)-3E(Y) = [ afx(x) de -3/ yfy(y) dy = [}z 31 —=2)% dz -3/, y-6y(l —y) dy =
tsp=-

Alternatively, E (X —3Y) = [, (z = 3y)6(1 —y) do dy = -3




2. Consider two independent random variables X and Y. The pdf of X is given as
. 1 ,
P(X:z)=§ fori=-1,0,1

and the pdf of Y is given as

fyly) = 1 ifo<y<1
Y\ = 0 otherwise
Define Z =X +Y

(a) Compute P (Z < |X =0)

(b) Find the pdf of Z

Solution:

(a) P(Z<3|X=0)=P(X+Y <3|X=0)=P(Y <5[X=0)=P(Y <3)= [T xy<1fr(y) dy = 5 due to
the independence -

(b) We first consider the cdf of Z. The cdf of Z is

Fz(2)=P(Z<z)=P(X+Y <2)
—P(X+Y <z X=-1)P(X=-1)+P(X+Y <2X=0)P(X =0)
FP(X+Y <X =1)P(X=1)

:%(P(Yﬁz+1)+P(Y§z)+P(Y§z—1)):%(Fy(z—kl)—kFy(z)—&—Fy(z—l))

this means that the pdf of Z is

1
fz(z) = Uyz+1+ 2)+ fy(z—1)) = 3W%H%9+X%61+M94§ﬂ

1 % if —1<2<2
N X €252 = 0 otherwise

Note
3 ifze[-1,00U(0,1)U(1,2]

Technically, the pdf from this computation is fz(z2) = % ifze{0,1} . However, pdf is only
0 otherwise

determined up to a set of measure zero, so in this view this is the same as the answer given above.




