
Homework 1

1. Denote the three sets in (a) (b) and (c) as A,B and C respectively. Note
that a set is convex (affine) if and only if its convex (affine) hull is itself.

(a) For any x, y ∈ A, let x = x0 + θxv and y = x0 + θyv. Then,

(1− α)x+ αy = (1− α) (x0 + θxv) + α (x0 + θyv) = x0 + (1− αθx + αθy) v.

Since 1− αθx + αθy ≥ 0 if 0 ≤ α ≤ 1, A is convex.
The affine hull of A is{

x ∈ RN : x = x0 + θv, θ ∈ R
}
.

Hence, A is not affine.
(b) ∀x, y ∈ B, since ∥x∥, ∥y∥ ≤ 1 , we have

∥(1− α)x+ αy∥ ≤ |1− α||x||+ |α|||y|| ≤ |1− α|+ |α |≤ 1.

Hence, B is convex.
The affine hull of B is

{(x1, x2, . . . , xN−1, 0) : x1, . . . , xN−1 ∈ R} .

Hence, B is not affine.
(c) Pick any x, y ∈ C, we have

A((1− α)x+ αy) = (1− α)Ax+ αAy = (1− α)b+ αb = b.

Hence, C is convex and affine.

2. Let {Cλ}λ∈Λ be convex sets and set C =
⋂

λ∈Λ Cλ. For any x, y ∈ C. We
have x, y ∈ Cλ for any λ ∈ Λ. Since each Cλ is convex , we have (1−α)x+αy ∈
Cλ for any λ ∈ Λ. Hence, (1− α)x+ αy ∈ C =

⋂
λ∈Λ Cλ.

3. (⇒): Suppose the cone C is convex. Pick any x = x1 + x2 ∈ C + C for
some x1, x2 ∈ C. We have x1+x2

2 ∈ C. Since C is a cone, we have

x = x1 + x2 = 2 · x1 + x2

2
∈ C.

(⇐) : Suppose C + C ⊂ C. Pick any x, y ∈ C. Let α ∈ [0, 1]. Since C is a
cone, we have αx, (1− α)y ∈ C. Then αx+ (1− α)y ∈ C and C is convex.
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