Math 3360: Mathematical Imaging
Midterm practice

1. Recall that an image transformation O : My, (R) = M, «,(R) is said to be separable if
there exist matrices A € M,x,(R) and B € M, xmnm(R) such that O(f) = AfB for any
f € Myxn(R).

Here O : M3«3(R) — M3«3(R) is an image transformation and the transformation matrix of
its PSF is

2 4 6 2 4 6 0 0 O
8§ 10 0 8 10 0 O O O
12 0 0 12 0 0 0 0 O
12 3 0 0 0 3 6 9
H=]14 5 0 0 0 0 12 15 0
6 0 0 0O 0O O 18 0 O
0o 0 0 4 8 12 1 2 3
0 0 0 16 20 0 4 5 O
0 0 0 24 0 0 6 0 O

Please determine if O is separable. If yes, please find the corresponding matrices A €
ngg(R) and B € ngg(R).

Solution: Let A = (aij)1<i,j<3, B = (bij)i<ij<3 and g = O(f) € M3x3(R), then we have

3 3

3 3
Ga,p = Zaam(z f(xvy)byﬁ) = Z Zaaxbyﬁf(xvy)a

y=1 rz=1y=1
Which means h®?(z,y) = aqzbys. Hence the transformation matrix

a11bir  aiebin  ai1zbir  anbar  aisbor  aizber  a1ibsr  aisbsr  aizba
a1b11  azebin  az3bir  ao1bar  asebor  asszbar  a21b3r  azebsir  assba
a3z1bir  azebin  azsbir aszibar  asabar  azsbar  asibzr  aszbsy  aszsbs
a11bi2 @b aizbia  a11baa  aigbas  ai3bar  a11bsz  ai2bza  ai3bs
H = | ao1b12  azebia  a23bia  agibaa  agobas  ao3baa  azibss  agzbzz  aszsbso
az1biz  azebia  azzbia  aszibaa  azabao  aszbar  azibsa  azabsz  assbia
a11b1z  aiebiz  a13b1z  a11baz  aisbes  aizbaz  a11bss  aiabsz  aizbsz
a1b13  azebiz  az3b1z  a21baz  azebas  ao3baz  a21bsz  azabsz  assbsz
a31biz  azebiz  azzbiz  asibaz  azebaz  aszzbaz  asibsz  azebsz  assbss
bi1A by A b3 A

bia A bygA b3 A | = BT R A.

b13A  bazA  b3zA

At the same time, it’s easy to notice that H is the kronecker product of two 3 x 3 matrices;

1 2 3 2 10
explicitly, let A = |4 5 0| and B = |2 0 4] then H = BT ® A. So the image
6 0 0 0 3 1

transformation O is separable and the required A, B are given above.

2. A matrix H € M,24,2(R) is called block-circulant if it has the form

[;[1 Hn H2
H2 I{1 H3

H = . . -
Hn anl Hl



where H; € M« (R) for i = 1,--- ,n. Given matrix k, f € May2(R), let the image transfor-
mation O(f) = k « f, please prove that the transformation matrix H of O is block-circulant.

kir o k1o

Solution: Let k=
olution e <k21 K

) and g = O(f) € Max2(R). Then we have

2 2
Ja,p = Z Z kafr,ﬁfyf(x’y)a

r=1y=1
which means h%(z,y) = ko—z g—,. Hence the transformation matrix

koo k12 ko1 ki
k1o koo k11 ko
ka1 ki1 koo k2
ki ka1 ko koo

_(Hy H»
=\m, H

) and Hy = (Zzl ZH> . Hence the transformation matrix H of O
11 ko1

koo k12
kiz koo
is block-circulant.

where Hy = <

r 2r u 2u

3. Let H= 33T g 3; 21)8 be the transformation matrix corresponding to an image trans-

9 3 3s s
formation O : Msyo(R) — Max2(R), where 7, s,u,v are all non-zero real numbers. Prove
that O is separable and if and only if u = v. Please explain your answer with details.

3 s 3 1

- )1(; )

for all f € May2(R). Hence O is separable.

<: If O is separable, then there exist A, B € Msx2(R) such that O(f) = AfB for all
f € Mayx2(R). So the transformation matrix H of O is given by

Solution: =: If u = v, we have H = <r u) ® (1 2), then

birai1 biiaiz bararn  boarain
- bi1azr biiazs barazr  barass
bi2ai1  bisaiz bapair  bazai
bi2az1 bisazz  bagazr  bazags

where a;; and b;; are the entries of A and B respectively and 1 < 4,5 < 2. Since we have
b12a11 = b12a22 = 3, then a11 = a92 75 0 and so u = b21a11 = b21a22 = .

2 4 a 6
4 2 6 1 . . . .

4. Let H = 16 2 4 be the transformation matrix corresponding to an image trans-
c 1 4 b

formation O : Max2(R) — Maya(R), where a,b, ¢ are all non-zero real numbers. Please
determine a, b, ¢ such that O is an image transformation defined by convolution.

Solution: We have proved the transformation matrix H of O is block-circulant if O is an
image transformation defined by convolution. So a =1,b = 2,¢ = 6.

1 030
5. Let f = (0 40 2).
(a) Compute an SVD of f.

(b) Express f as a linear combination of its elementary images.



Solution:

10 O
@ 1= (9 )
For \ = 20:
—-10 010 1 0|0
L al]~[a o)
which gives unit eigenvector @; = (0,1)7.
For A = 10:

2 .
1 0
@ 0 4 0
2 uip __ 1 _ 1 T
Then v; = 011—2\/5 3 0 (1)—\/5(0,2,0,1) , and
0 2
1 0
S fTa, 1 |0 4 Y T
V2 = 0.22 - Y10 3 0 (0 - T0(17073a0)
0 2
1 0 3 0
0 16 0 8
Ty _
U 3 0 9 0
0 8 0 4
For fTfi =0,
1 0 3 00 1 0 3 010
016 0 80| |0 10 Lfo
3 0 9 010 000 0|0’
0 8 0 410 0 0 0 010
which gives orthonormal eigenvectors U3 = \/%(—37 0,1,0)7 and v, = %(0, 1,0,—-2)T.
Hence an SVD of f is f = UXVT, where
0 1 -3 0
0 1 25 0 0 0 1 |2v2 0 0 V2
= X = -
U(10>’ (o moo)andv ol o0 3 1 o0
V2 0 0 —2V2

(b) The eigenimages are given by
- 0 0o 0 0
uﬁ{\}g(&(o 2 0 1)(0 25 |
L 1 V10
i =45 ()0 0 3 0= ("0

0 O
Hencef:?ﬁ(o 25 %
6
3
5
1

o
o

5

6. Let f =

= O ut
=N
D= OO

(a) Compute the Haar transform fyaa, of f.

(b) Suppose there is only enough capacity to store 10 pixel values of fiaar. Choose 10
entries to keep such that the reconstucted image differs as little as possible in Frobenius
norm with the original image, and compute the reconstructed image.

Solution:



1 1 1 1
. 1 1 -1 -1
— 1
WH=213 -v2 0 o
0 0 V2 V2
fHaar:: Eif}?T
1 1 1 1 5 4.6 6\ /1 1 V2 0
S1fr1 -1 —1|f6 16 3|1 1 —v2 0
T41V2 =V2 0 o0 1 2151 -1 o V2
0 0 V2 —v2/\6 46 1) \1 -1 0 -2
18 11 19 15 1 1 V2 0
1| 4 -1 5 3 I 1 =2 0
T4l -v2 3V2 0 3vV2[|1 -1 o0 V2
—5v2 —2v/2 —5V2 4f 1 -1 0 —v2
63 -5 TV2 4 8 5 2
1 52 V2
_1f 1 5 5v2 i T e
41 5v2 —v2 -8 52 _v2 9 _3
—8V2 —6v2 —6 —18 y 503 3 6
V2 B -5 3

(b) Since H is unitary, for any g € My 4(R),
1" gH — fllr = H" (9~ fiaar) Hllr = llg — fotaal| 7.

Hence one should choose to discard the entries with smaller absolute values so as to
minimize the Frobenius norm of the difference.

: o , i 0 2 9
Hence the matrix that should be kept is either f{j,.. = # 0 Yoo |
3v2 3 9
N N -2v2 %2 -} -3
whose reconstructed image is given by H” ff,. H
11 V2 o0 63 0 72 0 1 1 1 1
111 —v2 o0 11 0 5/2 0 I B |
S16 (1 -1 0 V2 52 0 -8 0 V2 —vV2 0 0
1 -1 0 —v2) \-8/2 —6v2 -6 -18/ \0 0 V2 -2

84 0 44/2 0 1 1 1

1
_l]e4 0 202 0 11
1636 —12 —4v2 —18v2 | [v2 —v2 o 0

68 12 8&/2  18V2 0 0 V2 -2
23 19 21 21
92 76 84 &4 T3 11
_i 104 24 64 64| _ |5 5 4 4
16|16 32 12 84 |1 2 %3 % ;
96 64 92 20 6 4 2 2
S0 I o
i % 0 % 0
or keep fiaar = | 5y 0o -2 =3/
3V2 9
—2v2 _\Tf 0 -3

whose reconstructed image is given by H” fHaarfI



1 1 V2 0 63 0 V2 0 1 1 1 1
111 —v2 0 11 0 5/2 0 1 1 -1 —1
“16l1 -1 0 V2 5v/2 0 -8 -6 V2 —V2 0 0

1 -1 0 —v2) \-8/2 —-6v2 0 -—18 0 0 V2 —V2

84 0  4vV2 —6v2 1 1 1 1
164 0 20vV2 6v2 1 1 -1 -1
T16 036 —12 2v2 —18v2 | |vV2 —Vv2 0 0

68 12 2v/2 182 0 0 V2 =2

92 76 72 96 23 19 9 g

1 1104 24 76 52 4B L
“T6 28 20 12 84| | 8 4 A
84 76 92 20 2 % % %

7. Let H,(t) be the n'" Haar function, where n € NU {0}.

(a) Write down the definition of H, (t).
(b) Write down the Haar transform matrix H for 4 x 4 images.

(¢c) Suppose A = . Compute the Haar transform Apa.., of A, and compute

1 2
3 4
3 4
5 6

=N DN
[ SGVRNUL)

the reconstructed image A after setting the largest entry of Aggaa: to 0.
Solution:

(a) Ho(t) = 19,1y, and for any p € N\ {0} and n € ZN[0,2P — 1],

ya
H2p+n(t) =22 (1[2%7rn4519.5) — 1['7:.«;2.5’%)) .
1 1 1 1
1] 1 1 -1 -1
GVH=51vz -v@ 0 o
0 0 V2 =2
(c)
AHaar—ﬁAHT
1 1 1 1 011 2 1 1 V2 0
11 -1 =12 33 4|1 1 —V2 0
“1|lv2 =v2 0 o 2 3 3 4|1 -1 0o V2
0 0 V2 —v2/ \4 5 56/ \1 -1 0 -2
8 12 12 16 1 1 V2 0
N e T S S I 1 -2 0
T4l -2v2 —2v2 —2v2 —2v2] |1 -1 o V2
—2V2 —2v2 —2v2 —-2v2) \1 -1 0 -2

12 =2 —V2 -2

-4 0 0 0
-2/2 0 0 0
22 0 0 0



0 -2 V2 -2

4 0 0 0
: ;o _
Then the modified Haar transform Ay, is 93 0 0 0 , and thus:
-2v2 0 0 0
A=HT Ay H
1 1 V2 0 0 -2 V2 =2 1 1 1 1
_lf11 =2 0 -4 0 0 0 11 -1 -1
T4l -1 0 V2 |l-2v2 0 o0 0 V2 —vV2 0 0
1 -1 0 -2/ \-2v2 0 o0 0 0 0 V2 -2
-8 -2 2 -2 1111
_1fo -2 —v2 V2 1 1 -1 -1
Talo0 -2 V2 —v2[|Vv2 —v2 0 o0
8 -2 —V2 -2 0 0 V2 V2
-3 -2 -2 -1
-1 0 o0 1
-1 0 0o 1
1 2 2 3

8. Suppose the definition of the DFT on N x N images is changed to

N—-1N-1

f(m,n) = DFT(f)(m,n) = % Z Z f(kJ)ezﬂjmkNﬂz'

k=0 (=0

(a) Does there exist a matrix U such that f =UfU for an N x N image f7 If yes, derive
U and check if it is unitary.

(b) Show that the inverse DFT (iDFT) is defined by

£ 1 pangiis r . pm+gn
f(p.q) =iDFT(f)(p.q) = w5 D Y flm,m)e 57

m=0 n=0

[
=

Solution:

(a) The matrix U used to calculate the DFT of an N x N matrix is given by

1 s
U= (U(z,a))o<z.a<n, where U(z,a) = — 2w
suos VN

To check that U is unitary, we first denote the column of U indexed by « by #,. Then,
i. Forany 0 <a < N —1,

N-1
(Uoy Up) = U(z,a)U(z,a)
=0
N-1
= 71 e2ﬂj% . 71 6_27‘7%
~ VN N
1
=N.—=1.
N



ii. For any 0 < ay, s < Nj such that oy # as,

N-1
(Uoy s Uan) = Uz, a1)U(z, as)
=0
_Nilie 1
=0 \/N \/N
N-1
1 jrleazes)
=5 Z
_ 1. Nlnz(og —a2) =0
=N Nz(o1 2) =0.
Hence U is unitary.
(b) Forany 0 <p,g <N —1,
| NoIN-IN-1N-1 eyt
iDFT(DFT(f))(p, q) == Z f(k,l)e%r]if”
m=0 n=0 k=0 [=0
| NNl N-1 mic) i
jmb—p g =g
k=0 1=0 m=0
] N-oiN-d
- ﬁ f(k l) N]-NZ(k p) NlNZ(l 7q)
k=0 1=0
N-1N-1
= f(k,D)é(k —p)o(l —q) = f(p,q)
k=0 1=0
3 2 4 4
4 -3 4 0
9. Let f = 9 1 _9 3

4 1 4 =2

(a) Compute the discrete Fourier transform fof f.

(b) Compute the image reconstructed from f after removing frequencies in 3rd row and 3rd

column.
Solution:
1 1 1 1
I =5 -1 3
1
@U=1({;y 1 1 5
1 7 -1 —j
f=UfU
1 1 1 1 3 2 4 4 1 1 1 1
R D R 4 -3 4 0 1 =5 =1 3
161 -1 1 -1 -2 -1 -2 3 1 -1 1 -1
1 45 -1 —j 4 1 4 -2 1 5 -1 —j
9 -1 10 5 1 1 1 1
_i 5 3+4j 6 1-2j 1 -5 =1 3
16 | -7 3 —6 9 1 -1 1 -1
5 3—457 6 1425 1 5 -1 —j
23 —1+6j5 15 —1 -6y
_i 15425 5—-25 7—2j —7+2j
T 16 -1 —-14+65 —-25 —1-—6j

15-2j —-7-2j 7T+2j 5+2j



(b) The submatrix of f is

23 -1+6j 0 —-1-6j
f':i 15425 5—-25 0 —-74+25
16 0 0 0 0 ’
15—-25 —=7—25 0 5+2j
whose reconstructed image is
1 1 1 1 23 —-1+6j 0 —1-6j 1 1 1 1
= 111 45 -1 —j 15+25 5—-25 0 —T+42j 1 45 -1 —j
/ —_

(4U>f(4U)_16 1 -1 1 -1 0 0 0 0 1 -1 1 -1
1 —5 -1 g 15—-25 —-7—-25 0 5425 1 —j =1 3

47 49 59 57
1117 —-17 21 55
6|5 —-2v -9 13
25 39 29 15

10. Let f,g € Muxn(R) be periodically extended, please prove m = MNf® g, where f ®
g(m,n) = f(m,n)g(m,n).
Solution:

(a) Refer to DFT of convolution of Further properties of DFT in Section 2.3.

(b)

M—-1N-1
iDFT(MNf©§)(k.0) = MN > 3" f(m,n)g(m,n)e?™ 3 +5)
m=0 n=0
1 Nl il mk—k —k'") | n—1'—1"")
- - Z f(k’/ I )g(k//7l//)e27rj( o + ~ )
MN m, k' k" =0n,l’ 1" =0
M-1 N-1
— f(k/,l/)g(kll,l//)lMZ(k _ kl _ k//)lNZ(l _ l/ _ l//)
K ,k"=01",1"=0
M— N—-1

= FE Dg(K" U0k —K — K"+ 6(k — K — k' + M)]

k', k"=01",l"=0
6 —1 1"y +8(—1' —1" +N)]
M—-1N-1
= f(k/vl/)g(k_klvl_ll):f*g(kvl)
k'=0 I'=0

11. Let f,g9 € Mar«n(R) be periodically extended, please prove ]”/@\g = f*g, where f©g(k,l) =
f(k,Dg(k,1).

Solution:
(a)
Fnn) = i 3 3 SOl )5+
k=0 1=0



f*g(m,n) = f!,n)g(m —m’, g —g')

N 1 ’ ’ IAYU
_ Z Z fk e —2mj(mk 4 il (k/,ll)e_Qﬂj(i(mj/fn Dk | (n—nlLy

M2N2
m’ ke k= 'z,z' 0

MQN2
m’,k,k’'=0n'l,l'=0

M-1 N-1 k y

M S fk gk 1)e PSR )k — K61 - 1)
k,k'=01,I'"=0

1 M—-1N-1 /\

M—ZZMJ (k, e 3 +%) = F o g(m,n).
k=0 =0

(b)
) M—-1N-1 R . .
iDFT(f % )(k, 1) = > > fxg(m,n)e? 5 +x
m=0 n=0
—1 N—-1

= Fom',n)g(m — m!,n — n')e2I CRE+R)

N-1
1
T D D Y AT R
m,m’ k' k'""=0n,n’1"1""=0

271_]-( nL(kfk”)#]»\/;n,(kufkl) + n(lfl”)t\?/(l”—l/) )

M-1 —
_ Z Z fk/ / k// l")

k' k"=01",l'""=0
1MZ(]<3 — k”)le(k/ — k”)lNz(l — l”)lNz(l, — l“)
= f(k,D)g(k,1).

12. Let f € Mnxn(R) be periodically extended, and let f(k,l) = f(l,—k), please prove f:

Solution:

(a)

% 1 i ~ mA+nl
flmn) = =5 37 fkD)e
k,l=0
1 Nl —27i 7nk+nl
= m f(l7 _k) / )
k,1=0

.



whereas
f(mvn) = f(na _m)
1 = bl
_ 72 Z f(k,l) _271_]n m

k,1=0
| Moo o
=N Yo S k)R
I'=0 k'=1-N
1 = o
=— Z f(l/ 0 —27j B N + Z f 27er>
=0 k'=1—-N
;| Nl it
=z 2 JW k) = f(m,n).
k', l'=0
(b)
2 gt ktnl
ZDFT(f)(k,l): f(m,n)ezﬂﬂm n
m,n=0
N-1 k+ .
= f(n,—m)e*™ =N "
m,n=0
N—-1 0
_ Z f(m/7n )egﬂj—n k+m !
m/'=0n'=1—-N
= — k+ g
o m'l n m
= (f(m’,()) 2N 4 Z fm/,n' + N)e*™ = )
m'=0 n'=1-N
N—-1 e
= fm! )R = (1 k)
m’ ,n’'=0

13. Let f € Myxn(R) be perlodlcally extended, and let f(k,1) = f(k — ko,l — ly) for some
ko, lo € Z, please prove f = e —2mj (99 £

Solution: WLOG assume kg € ZN[0,M — 1] and lp € ZN [0, N — 1].

(a) Refer to DFT of a shifted image of Further properties of DFT in Section 2.3.
(b)

M-1N-1
iDFT((zTr7 St (IJ\In)f k1) Z Z Fm,n)e 27r7(m(k k) 4 nli=lo)

m=0 n=0

- f(k — k07l — lo)

14. Let f € Murxn(R) be periodically extended, and let ]‘E(m7 n) = f(m —mo,n —ng) for some
mo,ng € Z, please prove f: DFT(e 27rj(kmo+l”°)f)_

Solution:

(a)

n) = f(m — moy,n — ng)
M—-1N-1

B MlN ST Flk, e

k=0 [1=0

}:n
3

ngl

— DFT(X™ 3 %) £) (m,n).

10



_ M—-1N—-1 _
iDFT(f)(k,1) = > 3" f(m,n)e2m i +5)
m=0 n=0
M—-1N-1
- Z Flm —mo,n — ng)e*™I Cif +5)
m=0 n=0
:M 1 "‘Oleno f(mﬂn’)eQWj(7<7'”VL°)k+7("/fv"°)l)
m/=—mg n’=—ng

_ eQﬂ'j(mokanJSl f(k, l)

15. Please prove that the rank k approximation is the optimal approximation for rank k matrix
in sense of Frobenius norm. That is, given a rank r matrix A € M, x.,(R), for any rank k
matrix B € M, xm(R), we have

|A—Bllr>||A— Akllr,
where A; = Zle o0, is the rank k approximation of A = 2;1 o0l and k =
1,2, .7
Solution:

This proof is updated to be the proof in Tutorial 6.

Before proving the desired result, we first prove a result:

[[A— Agll2 < ||[A - Bll2

where || - ||2 is defined to be
Cx
ICllz = sup L2
zer™ 1|22
= sup ||CZ|2
zeRN
[|Z]]2=1
= 01(0)7

where 0;(C') is the i-th singular value of C.

Note that since B is of rank k, we can rewrite B as XY7, where X € RM** and Y € RV*F,
(You may consider the SVD of B = PSQT, take X to be the first k& columns of PS, and take
Y to be the first k& columns of Q.)

Let v1,- -+ ,vpt1 be the first £+ 1 columns of V. Since the span of these vectors has dimension
k+ 1, and the Y7 is of rank k, there must be a non trivial linear combination @ = v197 +
-+ + Yp41vis1 such that YT = 0. Assume further that |||y = 1.

Then
|A- Bz = sup - [[(A — B)#lf;

FeRY
[1Z]]2=1

> [|(A - B)a|f;

= |lUSVTw — XY T3

= IZ(méi + -+ mrrento)ll3
=0T+ + Vo411

>op (R + - +741)

= [|A = A3

Then back to the proof for the F-norm.

11



Suppose A = A’ + A”. Note by the triangle inequality for matrix 2-norm,

o1(My + M) < 01(My) + 01 (M?)

Then for i,5 > 1,

oi(A') +0;(A") = 01(A" = Aj_)) + o1 (A" = A]))
>o(A - A +A" — A;-/_l)
>o1(A—Aigj-2)
= Uiﬂfl(A)

where the second inequality makes use of the fact proved in matrix 2-norm.A; ; + A7_; is
a matrix of at most rank 7 + j — 2. So the rank ¢ + j — 2 approximation A;;;_o of SVD
minimize 0.

Then take A’ = A — B, A” = B. Choose 1 < i <min{n,m},j =k+1,
0i(A = B) + 0p41(B) = 0i(A — B) = 01k (A)

Then

min{n,m}

|A=Bllz= Y oi(A-B)

i=1

= ||A — Axll%

which is desired.

12



