
Convolution
Definition : Consider k E MNXNCIR ) and f E MNXNCIR )

.

Assume k

and f are periodically extended .

That is :

kex ,y , = kCXtpN , y -18N )
where p ,q are integers .

f- Cx ,y ) -

- f ( x - IPN , y -18N )

The convolution L*f  of k and f is a NXN matrix defined

as :

k # fed, pi= ×¥
, , kex

,ysfcd - x
, p - y ) for II.PEN
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Example : Let k= µ,
494

"

tf )
and fe Ms ( IR)

.

Find k*f l 2,2 )

Yg Yg Ya

k*fC

2,21
= II

, §,

kcx.ylfc.ae
- x

,
2 - y )

= Iffy , 1) ttqfll ,
o ) -1 I f C I

,
- It ttqffo ,

1) tqtfco.at#fco ,
- D

+ gift - I
,

1) t Ifc -1,0 ) -11g f- Ct
,

- I )

=
.

- fu
,
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L ) tfcl
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3) t fc2.tl t fc2.tt ft 2,3 ) -1 AS

, 1) tfC3
, 2) tfc 3,3)

I

( Averaging the intensity values in the neighborhood of fi 2,2 ) )

Remark : Averaging is commonly used in image processing ,
which is related

to convolution .



Theorem : Let he MN CIRI
.

Define 6 : Mnxns l IR 7 → Maxwell ? ) by =

Ulf ) = k # f for  all f E MNXNCIRI .

Then : 6 is linear .

If : Followed from the definition of convolution .

Theorem : Let he MNXNCIR ) and f E Mnxn CIRI
.

Then : k # f  = fak
.

Proof : Assuming d
, f 71

,

kxfcd.pl = II
,

Ej
,

kex , y ) fix - x. p - y )

=

n

kid - I p
- 5) fix ,5 ) C let I -

- a- x. 5- -

p
-

y ,

,

kid - I
, p - 5) fix , 5) = fx-kca.pl .



n

kid - I. p
- 51 fix ,5 )

=

E.in/Ei.n-kca;Y.p-5ifha5DiEfEzi.n-kca-x.p-5ifcx.5I
)

kid - Eth , f - 51 fifthly )
( periodic extension )

= ftp.n-kca-x.p-5ifcx.51/-gEifjzi.n-kca-x.p-5ifcx.5I)

= ftp.E.n-kca-x.p-5tflx.51/=E.Ig.kca-x.p-5ifcx.5
)

= faked ,p )

The case when 2=1 or p
-

- I can be shown similarly .



Geometric meaning of convolution

Consider k E Msx , C IR ) and ft 143×3 C IR )
.

Consider : Life 2,2 , = ¥2
, §,kl2

- x
,

2 - y ) fix , y )

=
fell

,
1) fu ,

, ) + fall ,
o ) fcl ,

2) t Lcl
,
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1)fc2.IT/-klo,oIfL4z )

+ kco,
- 1)fcz , 3) t htt

, 1)f C 3,1 ) t htt,
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,
- 1) fl 3,3 )

Geometrically ,
it can be visualized as dot product :
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and take dot product .¥3#fc3#
k
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Example : Let O : MNXNCIR ) → MNXNCIR ) be a linear image transformation

defined by : Off ) cap , = fate ,p ) t 2 fed , p
) - zfld - I

, f) tfcd.pt ) - 2fk.pt )

for all led,PEN and fEMµ×w ( IR ) .
Show that O can be expressed

in terms of a convolution .

Suppose Off )=L*ffor some he MNXNCIR )
.

Then ,
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/
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,
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+ kco ,
1) f Cd , p - 17 t

. . .

"
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We set felt ,
o ) = LCN - I

,
N ) = I

,
Leo ,

o , =L C NIN ) -_ 2
,

fell ,
07=14 ,

N ) = - 2

k ( 0,11 = KIN
,

1) = -2 and kex , y ) =  o

k ( o
,

- it = k CN ,
N - 17=1

,
otherwise .

Then . Off ) = k # f .



Definition : The point spread function h
" Pex

, y ) of a linear image

transformation  is called shift - invariant if there exists a function I

Such that
Lap ( × ,y , = In ( a - x

, P - y )

for all I ex, y ,
x.PEN .

Remark : Given he Max ,
CIR ) .

Let 0 be a linear image transformation

defined by : Off ) = k * f for all f E MNXN ( IR )
.

Then i the point spread function of O is shift - invariant .
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