
Lecture 21:

Image processing by minimization
( Variational approach )

⑦ Consider a minimization model ( usually in continuous

sense )

② Derive a PPE related to minimization model

③ Discreetly the PDE to get a linear system .

e. g .

Total - Variation ( TV ) demising
model

.

C ROF )

( Rudin -
Osher - Fatemi )



2D integration by part formula
Let f : La

,
b) x Ca

, b) → IR and g
: La ,

b) x Ca ,
b) → IR

.

Assume fca , y ) = fcb , y ) = fcx , a) = fix , b) = o .

9 C a ,y7 = gcb , y ) = gcx , a ) = gcx ,
b) =o

.

The "

abpfcx.gg . 71g ix. g) dxdy = -fab) !Afcx , y ) gex , y ) dxdy
o

Proof :

Jab ) !
ftp.qfydxdy-fabgabff#)gdxdytJabfEf)g/I

abdy

Tf . ag
-fabfat.CI#)gdxdytJab3IygfEiodx---faY!(3xIzt

3¥ ) sdxd .

-

Af



Also
,

Jab J! ( Kc x
, y ) Ff ex

, y )) . a g ex , y ) dx dy = -J!Jab A . ( kex
, y , a fix .gl/gcx.y7dxdy

where K : [ a ,
b ] x I a ,

b) → IR
.

Proof "

gab)! ( Kc ×
, y , 2¥ t kex , y , 2¥ Zyldi dis

=  Jabs! talk ex , y , 3¥) g dxdy t J!kcIx°g I ! dy

- S!J! FCK ex , y, II ) g dxdy + Jab
kcxf.gs#iglgEidx

=
- fab)! ⇐C kex , a If ) + Ig ( kex , It)j og d x dy

cx,yi



In general , we have :

-

Useful Tool : I Integration by part 't T.HN/ihiV2ygxyY?gy#
divergence

I

↳ Ff . 17g dxdy =  
- µ. I Tfl ) g dxdytfgrg I Af . F) ds ✓

where in = I n , ,
na ) = outward normal on the boundary .

or more generally ,

Jr kcx.gl If Cky ) . 178L x. yldxdy =  - J
,

17 . ( Klay ) Df Cx , y , ) gcx , y ) dxdy

+ Jg
,

gcx , y ) ( klx.ytflx.y.rs/ds



Another useful fact :

Ifi Jr Tex ,y ) Vix
, g) dxdy -

-
0 for  all Vimy )

then
,

we can conclude Tex , y , -

- o in r

Example :

Suppose we have the following integral equation :

Jab) ! ( fix ,y , - guy ) ) vcx.ygdxdttfafabxotfcx.yykcx.is/vcxisIdxdg
- o

for all vcx , y )
.

Then : we have :

Jab)! flfcxy, - g ex ,y ) ) + Klay ) 17 off Lxy ) ) Vix , y ) dxdy = o

for all Vlxcy )

We can conclude : ( fix ,y ) - gcx ,y ) ) t Klay ) T.7-fcx.gl = o

for all C x.g) Eta'LL?;]



Image denoising by solving PDE (derived from energy minimisation problem)

Consider the harmonic - L2 minimization model :

b b
b b

minimize . Elf ) =§aJa(tix ,y ) - )
'

dxdy dxdy

image domain

( Look for I continuous ) image f) Observed smoothness of f

Assume that fcx.yi-glx.gl = o on the boundary of [9,61×19,6] .

Suppose f minimizes Elf )
.

Let v :[ a ,bIxCa,bI→lR such that

VCX , y ) - o on the boundary of [ a ,b7× C a ,b7 .

Consider FE ft Ev : Ca ,b]x[ as b) → IR
,

which is another image with

f- EC X. y ) = o on the boundary of  [ a ,bIx Cash ) .

this ) - fuggy) ter y ) = o on 2 @as b) xlaih ) )
.



Consider s : IRS IR defined by :

SLE ) Ef  

Elf '
) = E ( ft Eu )

.

Note that Sco ) = Elf ) = minimum of E
.

Thus
,

s attains its minimum

at E=o .

,

'

. Ides lol = o .

Now ' ⇒ eagle
) =

ddzfz.ELftevj-ddzfe.no/4Jablfcxylteucx.yI-glx.yi)2dxdyy=g:S! . # x. www.n.sex.yyucx.naxay

+ SAY! !!!!!!!!?!!!!!? ,

+ fab )! ( 2 Df . pv
'

TZE

171471g! dy If . af  t 2C if . tr  t d au .tv

It

117ft 't ze af . put E' 1710/2
dxdy

= fab)! 2 I fix ,y7 - gum ) Vix
, y ) tJ://27flx.gl . Puking ) dxdy



s: sis.

'

. 5401=0--24(fix ,y , -gcx.gl/vcx.yydxdy +2 ( 3¥19) 8¥49 ) t ITCHY ) Eyck 's ))dxdz

for  all vcx
, y ) .

- CA I

If we can formulate CA ) in the form :

fab)! Tex ,y ) Vex , y ) = o for all vcxy )
,

then we can conclude that Tex , y ) = o in [ a ,b3x Cab ) .

Remark :
 . First term is in the form Jab )! Tix ,y , vexing ,

• Second term is NOT .

Need to reformulate the second term .

Strategy : integration by part .



Second tem "

JabJab pfc×,y , you ,y , dxdy =

-2J
! fabAfcxiy ) Vlxcyldxdy .

All together , we have

0--5107=1!) !zffc×,y, -glx.gg/vcx.y)-2JabJabAfcxiy-vlx.y7dxdydxdy

.

"

' fab )! (C fix ,y , - guy ) ) - zafcx , y ) ) vlxia ) dxdy =o for

all Vlxiy ) .

We Conclude :

2 ( fix ,y ) - gu , y , ) - 2Afcx , y ) =o for IX. y ) e

[ a ,b7xCa ,
37

or fcx.gl - guy ) - Afcx ,y1=o ( converse of Laplacian
masking ? ! )



Remark: More generally ,
if we do not enforce fix , y ) = guy 7=0 on

the boundary of the image domain r .

Then
,

we do not enforce

VLX
, y ) =  o  on Jr

.

In this case
,

we have :

o = S
'

co ) = Jr 2 ( fix , y , - guy ) ) UHM ) tf
,

2 Tfc x. y ) . yucky ) dxdy
dxdy

= fentanyl - guy ))
ucx.y1dxdy-fn2AfCXiy1vcx.yjdxdy-fge@7lfcxy1.ncxxyDvcx.y

)
ds

Overall ,
we get : Jeff - g

- At ) v dxdy - fgrltfon ) Nds =  o for  an w

We conclude : {
t - 9 - Af  = o in r

a f. ri =o in yr
( PDE )



Example : Consider an image devising model to find fiala -7 IR

r

that minimizes :

Eff ) -_ Jab)! cfu.yi-gcx.us/tJabJabl7fcx.ysl4dxdy .

dxdy

Suppose f minimizes Elf )
.

Assume fix ,y)=gcx,y ) = o for all

( KY ) EID . Find a partial differential equation that f must

Satisfy .

Solution : Suppose f minimizes Elf )
.

For any u :D → IR such

that Vex
, y ) =o  on 3D

,
we

have =

{
f

' Et feer is an  image with

fecxiy) = fcx.gg -1 EVLX ,y)=o on
8D

.



Consider Silk -1112 where ScottElf
' ) = Ecftev )

Then
, Sco ) = Elf ) = minimum  of E

.

Thus
,

s attains minimum

at E=o .

.

'

i ddzsle.ro =o for all v :D -7 IR

Now ,

O=ddes/e⇒=dfe/§
,

Lfcx.gs?Evlxiy7-gcxysIdxdyJpl7Lftq,v1cximl4dxdy
)

(tf  team
' )

'

II

( ( Pf  tear ) . ( after ) )
'

" 2

( 7-f.7ftzepf.av-EXV.TV )
"

( 117ft 't 2E Ff . Xv + 5474212



.

'

. O = It lol =Jp2( fix , yl t EV ex
, Y) - g Lx , y)) vcx.SI/eaodxdy

+ Jp 2 ( I Df I 't 2E If . 17 v t I I put
'

) ( 2 Dfo 71 V t 2e ITV 12))

{ -0

dxdy

⇒ 0=1,2 C fix , y , - g ex , y , ) UH
, y ) dxdy tf ,,

4 ( IT f I
' ) If . 17 V d x dy

= Jp 2 ( f ex , y ) - guay )) vcxyldxdy - Jp ¢I . ( I af I
'

If ) ( x , y ,) Vix , yl DX dy

-+Jg
, ④( 171ft) Afc x , y ) oricx

, y ) ) vcygyldxdy
O



All together ,
we have :

O -

- J
,

¢I fix , yl - guy ) ) -
4 7. ( latex .nl

' 7fcx.gs/)Vlx.y7dxdy

for all VLX , y )
.

We can conclude that :

f Cx
, y ) - gu , y ) - 4 17 . ( ltfcx , y , f Hex , y , ) = O in D

.

( Partial differential equation)



Remain: . Anisotropic diffusion is related to minimizing :

Elf ) =)
,

kcx.gl/l7fcx,yl/2dxdy
• Energy minimization approach for solving imaging problem

is called the Variational image processing !

E ( ft Ev ) =) Ktx ,  y ) I Tf  te Pul 'd xdy

Adele
,

Effi EV ) = ¥kcx.gg ( Aft ear ) . ( A - ft  sav )

= Inklx.is/2l7f.l7v )

= "Sgnlklxyif.  E)v


