
Lecture 16
Method 4 : Constrained least square

filtering
Disadvantages of Wiener 's filter :

① IN cu
,

v 't
'

and I Fcu .us/2 must be known / guessed

② Constant estimation of ratio is not always suitable

Goal : Consider  a least square minimization model .
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Constrained least square problem:

Given of
,

we need to find an estimation of I such that it minimizes :

Elf ) = I Afcx.pl
'

subject to the constraint :
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A is the Laplacian in the discrete case



Let pIf= Slp*f) =L
, transformation matrix representing the convolution

Then : ECE ) -

- I LITTLE ) with p .

We will prove :

Theorem : The constrained least ssouare problem has the optimal solution

in the spatial domain that satisfies :

(
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for some suitable parameter V
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In thefrequency domain
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Remark : Constrained least square filtering :
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Compute Inverse DFT of I ( u
,

v ) .



How about in the frequency ( Fourier ) domain ?

Two important theorems

Notation : Let O be a linear transformation defined by -

-

U ( f ) = k * f for all f E Maxx ( IR )
,

where

K E MNXNCIR )
.

let D e Marine C Ik ) be the transformation matrix representing O
.

µ2
at is , Scoff ) ) =DScf )

. EIR

Here
,

S is the stacking operator .

SCI ) is the  vectorized image of I

( 1st cot of
I

becomes first  n entries  of ILL )
,

2nd Col of I becomes

Second n entries  of SCI )
, . .
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Theorem I : Let Is -

- DFT l h ) .

Then :
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Example :
 Let Off ) = ka* f where K= DFT ( k ) = ( Ibd )

MZXZ

Let D E M 4x4 L IR) be the transformation  matrix  of 6
.
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Theorem 2 : Let W = Wn ④ WN E Marx a
'

.
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Example : ssume that :
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Suppose D is the transformation matrix representing the convolution with h
.

( In  other  words
, if g=h*f ,

then : ifDate,
Let H = DFT L h ) E Man

Mixer

Diagonal izatim of D :
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Stack H to form the diagonal matrix .



Suppose L is the transformation matrix representing the convolution with p .

( In  other  words
, if g

=p
* f

,
then : gig;

info
,

Let P = DFT ( p ) E Max ,

Mixer
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Stack P to form the diagonal matrix .



Combining these information and substitute  into the
"

governing
"

equation :
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Combining these information and substitute  into the
"

governing
"

equation :
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Combining all these
,

we get for every ( u ,v )
,

•

,•
.

. go
Be

Summary : Constrained least square filtering minimizes :

Elf 's -

. LLIYCLI )

Subject to the constraint that :
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Image sharpening in the frequency domain

Goal : Enhance  image so that  it shows more  obvious edges .

Method I : Laplacian masking

Recall that  

: Afc x. g) = 3¥ -17¥ .

In the discrete case
, Afc × , y , a

fcxti , y ) t fix , ytilt fix , y - it tf ex - I
, y ) - 4 fix , y )

or Af  = p * f where p= ( I -I1)
We can observe that  - Af captures the edges of the image

add more edge!
leaving other region zero )

m

,

'

. Sharpen image = ft I - Af ) pxf

In the frequency domain : DFT ( g) = DFT I f ) -
DFTCAI)

= DETH ) - CDFTCP) .DFTHI
i

. DFTLG ) = fl- Heap, aciancu.us ] DFT (f) Cu
,

v )

IDF Tcp)



Method 2 : Uh sharp masking
Idea : Add high - frequency Component

Definition : Let f  = input  image ( blurry )

Let f smooth = Smoother  image

Define a sharper  image as :

Glx , y ) = fix , y ) t k ( fix , y ) - f smooth ( × , Y ' )

When k - I
,

the method is  called un  sharp masking
.

When k > I
,

the method is called high boost filtering .

In the frequency domain
,

let DFTC -f smooth ) in ,v ,
= Hulu ,

v1 DFTHILU
,

v )

F- pass filter

Then : DFT I g ) = It t kit - Hu.ca.us/DFTCf1cu.v )



Image devising in the spatial domain

Definition : Linear filter = modify pixel value by a linear combination of

pixel Values of local neighbourhood :
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Geometric  illustration



Commonly used filter ( linear ?
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