—_—
e

S

Lecture 16

l‘_/le/ibvo( G COWS+YMM€A XQ&S{ S%MO\YQ. Skl*ngug
D}sadvan‘\ajts o‘? l/\)ie.v\er's ‘g’\\‘\qf:

® \N(V;'\”\z and \F('\A,v)\l mast be e /éuuseo*
@ COV\.S’('aw{ 64imw\m 6{‘ ro:h’o ]S V\d Q\wmls Sw'\‘}o\)o\e,

C’lO"J: COV‘S‘\AQV a l?“Y\ S%uam WMWéa*Vs\n ‘YVWM
[t g- ReS 4 n

de'pw{ajtbim e
) r WA q-=Df = 1 P 5
T wadhnx *Fo y ;] é(g)ﬂ\\ﬁtn) S \RN D \\/\Nwm
“S(j) . T %\*‘}
S ;man/o‘f % ’\'\(O\V\S'G‘?VM”\'WV\ YWO(\'V\X . 5)




—_—
e

Constrained least square problem:

Giver 3, e wad b Bk an eshivantin of 5 such Hat it weinimips
Mo N

_E(\S_) o Z— Z \ A:gb( ‘3)\ SMloJeC‘* o ’HAQ Qoms'\‘vwn-} :
o 13- p3|I°-

(ﬁ{ (X,9) & §(x+t, y) + $0x, 4+Y) A5x4y + 5()(,34) - ll-'g(x,j))

A (S "l"hﬂ LD“@[(?&U{AP\ o 'H/\L o(fSC"ChL cose




et pof < Shp #5 |
Pg gﬁ) ) ’Q_/—ﬁram{'wmerww etV ix YWWW\'\& Hre comahiction

i -9 5)
We will prove:

M _I'B\a Constrevmed leost S quare /on\oluvn ‘E\as Hre OP,\{MGJ/ SO’YWHM
w "H'\Q SPwhoJ., doWeum FHaat s L

(‘DTD + YLTL>;((= DTE
%Y Svm™Me SW'\O\L)(Q, Parmw\du y
IV\ "Hle 'FYG%MV!C)/ oo wiom y

l H(u v)
Tk (u,v)
N* [+ Y [P, )| G

(= DFTLR) 5 G = DFT(g) 5 Prww) = DFTLp)  whee

ve(i3) )

A

Flw v):=DFTE) (wv) =

o




faare §1Hu;na :

e G )
N ] Y [Pl
et Fruv) = Tow ) Gew,v)

Cﬂvw\mh Xnvu/m DFT O'/.T %('\)/'\T).

TL’\A, ‘\T) =



B i cios i i Sis ARie R R T R S e A T e T S R

[_[UV" Aot " -HAQ ‘Fral“cncy L Fb e ) d omain 7

l'wo imrov‘h\wf Fheovems

Notabiow: oy (9 be a linear L e o Al e neol | Oy
w(g) = kxf LEEein 00 ]C Y SR tohere
K e Muxn GR)
e D e Mype R be the bransfomadin  madeic representing 0.

B ooy - D eth . L RY
L(1) is e vectkrjul (wiage of T

F X(C1), v el 0f T becowmer

Ht'(/ g 'S ‘HAL S‘[Ackfmg UFUm-(—or i
([s\ cot of T becomes L n entrie o

Soeand n entre of SC1) , .. e




TR
&

PP T L e e

[_[UV" Aot " -HAQ ‘Fral“cncy L Fb e ) d omain 7

l'wo imrov‘h\wf Fheovems

[\1 0"0\{'{0\,\2

LC‘[ (9 [>€, [/ [fmzak ‘[’\'arlS'G:rma.Hnm de-{imed E) 2,

U= e LI e R e
K e Muxn(R) .

[ed D e Mg be the transfomatin  madic representing 0.

Qo) - D Ay R
Here / g s the S{ACEI.IAJ UFUM-(—W A g(l‘ (S e v&d'vv{é“(_ "‘”’“‘32 O_G T
( [s) cobl of T becomd Fd w entries o g(,l)/ 2udl el 0f T becowmer

Soeand n entre of SC1) , .. e




il eee s L T ) T

T

D: N‘/\,D\/\]—l ond Dii= LJ.[TD \/\)" w\/\ﬂ/"ﬁ i

]_<(0,0) 2nd colof
Ko K becoms L"A
I dinguad entries

KCO,}‘/\

Cr,0)

KON, 0

\ l% vvm)
W\/\QYG \/\)H = T‘“ e

Klo,N-1)

~

K (A, A

R SV, NV (C)




SRS TS S —————

Bl e (9(’3)2%*@ e G (‘* ‘>)

RS
Mazx2
LC“ D S M‘-H('-(— UK\ b( H/LL ‘f'YAnS‘FDrMn oV M’L“er oé‘ (Q A
SPion o
vre % Sl AR v ‘/Loz 4 O
b
2 2l
ad - W= W2 ®We (K/\/z = ﬂ— Jz
Hplin s
L(Xz v&\ T é)
e V &l
L AER \rz' .—J{,V
z
rz_ —JA—T, \Fb é_‘; /)f




T'B\CUYQM 2: LQ"’ \/\) e WN® l'*)N = MN T

G

B 0. € Mgy Comsident SCT) -Fe

A Flo,0)
[’B\L & F ) IS“ CV{
- Sy of F

Mf‘f =[d F(i-,0)

FLo,D ol T
8 [l e FoRICE
F(l\;—i,l)

F(;’/"‘") N ot
FLl/.N"’ J 0{ F

F(N;,N")




™

W._S.aﬂs 1%._3.
6_6 L v L oo

L B B e TR o B B e TR o R |




3

(Lio)
(9)

2

OF

-

3+ gxme
€

2mj

=3 G e,0)

2+ goo + grae”

_ _2mj
3+ gne 3

2+ go1 + gue

_2mj
3

N
N
>
+
(2]
—
>
lT
N
.
[
|T
i
N
(=)
|+|
..H..,
SV
+
S
(S
IT
[=}
N
D
IT
=8
>
|+|
(=1
(=}
D

3+ g€

.W_S ) .W_3 : .M_no :
« a «
| | | |

) O C v

2mj

R TR o T o TR TR o T e R e R B |

— ™

9oo + g€
1
3

I
1>
|

=




PSP ’I’LW’T»-..

Su,”osc Piis -H\e, /{‘rmsformwl'm wd'nx mt)rasevr\mg —H\e, mvolw4m with A,
(lnu%u words, J, D ‘?LJC Hen : j D¥ )

T
B B DETLA) € Muxo "
Dlag«m«l 5a'lm O‘F D
R, O)\
i ‘\]‘F { (HU, o)[ W
D D"’ N lHLN-‘ 0)‘ _
[H (o, |)l \/\J
|H(N—wl1
N Rl
[\HUH, |

W

Sheck H 4o form e cliagoal werx .




TR TS _‘ﬂw—m’f»--- —

Suﬂmc 1 ‘H\e, ’*‘nns&rrmvl'm wd'nx m?nsevr\mg J.L\& mv,,[w_}m with
(lY\ O‘H\Lr wou\s, J} 3 'P f -ann: 3 L«F )

"

[ef P=DFT(#) € Muxa R o
D‘law.l'-}a'}kﬂ of | ,}

r R, o)‘
- W\} (Pu, o)l
el AN i £

\f’two)[l onl \/\]
‘F(N"M\L
\ |(’ w0,M) [:L\ !
| P (n)]

W

Sack Pt form Hhe diagmd wedrix




R e —————

Com\;\mng -Hi\ue vw%rmfl'm and Sulas\v\wte. wr\’ —I&L 3"’"“”"”3 Q%uorlum:

L e W(A’BAoJr*YA*LAL) = WA WG

(Ve can check Hhods
@ N*H(0,0)

Nphy = NYH(N —1,0)]2

NYH(1,0)

NAH(N —1,N — 1)

@ NP(0,0)?
NY|P(1,0)]*

NYP(N = 1,0)]?

NYP(N —1,N —1)]?

NS(F),W~1§ = NS§(G) where F = DFT(f),G = DFT(g).




S —
- s e

Comb.mng Hhese vw—\:arma+mawi Sulas\v\ wr\? 4%“ 3""’”"""3 Q_%uo«’lum :
( D S A L)f

'3 36{‘- W (A Ap +YNLA)WLf = WAL W15

F("l")
lH[o 0| +Y [Pto,on o
\Ha, 0l +1<(P(l,o1\ ;
Nq’ I H (NA,0) |l+ 3P (N, m\1 Fliv=,9
( §
Lal )
H(o,ﬂH( ) G 4o
0
N'L . H(NA  ©) Cl(N \0)




RGNy TSI L

Comb.ming al\ ‘H?\Q,Sg_, e je-‘- ,(_‘Or u{vy (’\,("\}‘) ;

N H (u,v)|* + 7|P(u,v)|2]NF(u,v) = N?H(u,v)NG (u,v)

w2 H(w 0)[* + [P (u,0)
H(u,v)

=

| F(u,v) = G(u,v)

Smmmrg‘- Cl)ny)-vweol least S%MMQ, {iH,_,;Ka YWinimiyes -
E(5) - (L)
5\”&66*’ J(/v Ahe Cowsﬁw’«vﬂ_\ ;\/E\cﬁ(
| 5-H5ll-¢

R

( oMow S\xe,o\ amsunt of Y\o'\se>




e fhisiaans Ee— e e

lwmge S‘?«M!)ang w +he ‘rveguwcy ot

C’(oul" E nhance imMage  So Had it shous Wore obvious eo\gu.

Method 1: Lou‘)lﬂo{om mo«sfaiv\a
Rec«(l Hhat : A‘F(Y,S): %:(ia*g?—j;

Tn he discrele case, Afxy) = Soxst, g) £ $ox, g0+ Souy 5 (x-, 9) - dSouy)
(
or Af ~ ,9*5 where {):((-(4.)

l/\)q- Can olosarva -HAA‘\' —A{' c_au‘;'\ur(s +l'\¢ 20‘32.5 o](\ 'H'\L 'Ww.o.je,

add wore 943%5( y‘“"""@ other Feguon Z-e/w)

i S%\wfw image = SRR (AL pxf

Tu Fhe frequoney domew: DFT(g)= DFT(S) - DFT(AI;‘)
- DET(S) - ¢ OFT(pY.DFTH)




l‘_‘!e-l’e\od EE UV\S‘BIN'P YV’&&;VI
Tdea: Add tigh- ‘Fre%uuucy C,ovaov\ewl'
DQ&'IM_.\'W“ : LQ{—’ 5: (,v;\)vd iMage (blurry)

Led -?;m.,.w = Swoother 1Mage

De-‘:'me a Se\o\r‘)er iMmage Os:

guy = o g+ R fix,9) - § ¢ ok O )
{/\I’g\tn = | ) ‘H«L wetho d (s called umsth yv\as%-i“g,
\/\I\/\Qv\ %?l/ 'HAQ VV\Q'}’BND( 1 Ca“‘{d l’\'ijl'“o“s* éthrinJ.

P(uv) DFT(§)ew, v)
s i Low- pAsstu
[’e\tvp D"T( j) 7 [__[ + 'FL( I- HLP('”,"T)} DFT(’}') (u,v)

J__V\ 'HAQ 'Fro_?)uchcy o\ovwou:w/ l&‘f DFT(—K‘S‘V\A H,.)('M v) =




e —— ] SRR ST T T

1 moge deno ising wm +he spatiad dlewmam

Deiiw{"\m: Linew 5|Hu = VVl°°U'€y Pixt\ value (07 o Livear Cowbinadum o‘?
P\\(d \IA.(LM; og locJL V\(ish\)ou\r‘e\i’oo}\.

Example 1: Let f be an N x N image. Extend the image periodically. Modify f to f
by:

This is a linear filter.

Example - 2: Define

f(xay) = (f($+1>y)+f($_ 1,y)+f(:v,y+1)+f(x,y—1))

= =

This is also a linear filter.




m=—M n=—N

(Linear combination of pixel values around (u,v))

Therefore, Linear filter is equivalent to a discrete convolution.
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o Mean filter:

(Here, we only write down the entries of the matrix for indices —1 < k&, < 1 for
simplicity. All other matrix entries are equal to 0.)

This is called the mean filtering with window size 3 x 3.

e Gaussian filter: The entries of H are given by the Gaussian function g(r) =

2
exrp (— ), where r = /22 + 2.
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