
Lecture 11:

Recall :

DFT of a rotated image
#

Consider  a NXN image g .

Consider  a rotated image Jcr , OJ = gtr ,
OtOo ) where .

④ is defined

between  
- Oo to % - Oo

.

.

'

.  image g is rotated clock wisely by Oo
.

Then :

⑤ ( w , 9) =

'

g' ( w
, 4+0 . )

.

( 4 is  also defined between - Oo to % - Oo)
11

DFT ( 5)
"

DFTLG )



Example: Let g- - f ! ! : !) .

Then : g=f¥÷
.

too! )

Note that g
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Note that indices  of g- are taken as -

-
 - sets o ~

{ o
shes

.
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Now , DFT of g~ = § ( given by : 3.E.IE,j( a e) e-
52T 'lkmT# )

=t!Iq÷÷¥iDti:
i. see::

4
.

DFT of  a shifted image

Let g= ( g ( k
'

,
l

' ) ) be  a NXN image ,
where the indices are taken  as :

- k
.

Ek's N - l - ko  and - to -< b's N -
1 - to

Let g~ be  shifted image  of g defined as :

g~ ( k
,

l ) = g ( k . ko
,

l - lo ) where o she N - I

0 s l E N - 1
.

Then : Elm,n)=µ÷[Eoe¥j
'

g ( k . k
.

,
e. b) e- j2Mkm+# )

=n÷¥Ehi.FI#ogisi.eyeialhYIleizatromtfhy
÷mm )



.

'

. Elm ,n ) = §( m ,n , e
- jzA( homed )

Remark : g^( m - mo
,

n - no ) = DFT ( g × ej "(M°kI,n=)) with carefully chosen  indices !



Note :

( Spatial domain ) I * g ( Linear filtering :

Linear combination  of

| Dff
neighborhood pixel

values )

( Frequency domain ) MN I O g
"

( Modifying the

- Fourier coefficients
pixel - wise by multiplication )

multiplication



Image enhancement in the frequency domain:

Goal : I
.

Remove high-frequency
( low - pass

filter ) for  image devising .

noise

2
.

Remove ngntsC high - pass filter ) for the extraction

of  image details
.

nm - edge

Let  E be the DFT of  an Nxne image F. ( indices taken

from 0 to N - I )

Then : for all o Em,
n EN - I

,

j ( hmtlnl

Ecm ,m=÷z
.

Eth .me
i cement

,

'

a
Elk

, l ) is associated to the complex function gcm ,n)=C

Goal : Remove
"

jumpy
"

components by setting Suitable Fck ,d ) to zero
.



Mhm -

- a
+ BM

" MMM

To remove noise
,

truncate c ( let c
-

- o )



Observation:
I

.
When k and l are close to O

,

Fck
,

l ) is associated to gem .nl = e
'd ( hmu "

= e
JET Com  ton )

; .
Fourier coefficients at the bottom Left are  associated to

z z ( constant

low frequency components ! ( Not
"

jumpy
"

)
2- When k and l are close to N ,

Elk .lt is associated to

gem , n ) =

e
j Ckmtln )

I e
IET l Nmt Nn )

= et
" 'm " '

= I ( Not
"

jumpy
' '

)
; .

Fourier coefficients at the bottom right  are  associated to low frequency components I

2
.

Similarly ,
we can  check thatFouriercoefficients at the 4 corners

are associated to low frequency components .

3
.

Fourier coefficients in the middle are associated to high - frequency
,

components =
I

,

When h and I are close to Nh

⑤
,

i

'

. High - pass filtering
It

Eck
,

l ) is associated to :
I

gem , ng = ej Ckmtln )
= ej C

Izmit'T i)
- - -€¥¥-

-
- -

Xyz
Remove coefficients  at 4 corners

I Low - pass filtering
= ejclmtn '

= C- Dmt
" you

Ifor
Remove

"

coefficients at the center

( must jumpy
"

) I
Nh



Image enhancement in the frequency domain:

High/Low frequency components of 

Goal : I
.

Remove high-frequency
( low - pass

filter ) for  image devising .

noise

2
.

Remove ow.fr#yqntsC high - pass filter ) for the extraction

of  image details
.

nm - edge

A

F

Let F be  a Nx N image ,
N -

- even
.

Let F' = DFT of F
.

.
: Eiffel= FE Femme

- i'Timken"

Fourier  coefficients  of  F  at Ck
,

l )

Observe that  
: for o Eh

,
l ' I - I

F- IF -1k
, I + e) = ,÷ II Femme

- JENN# th 's 't n # tell

-
-

= # Eto Fcm
,  nyc-pm

 

the
- j IF Cmt - hunter )



=N÷n£I¥IFcm,n)eJ¥lml¥hItnl¥=

=Fl¥=,¥-e )

Yk
,

'

. Computing part of F can determine the rest ! !
I

, *%We have :
- - -

- ¥- -→lnyz
i%%

- -
i :

÷
-



Centralisation:
Assume periodic  conditions on F

.

We can let F- luv ) = Flu- Ia ,
v - Iz ) where OEUEN - I

0 EVEN - I

Then
,

High - frequency components  are located at 4 corners  of Flu ,v ,

Low - frequency components are located at center  of  Ecu ,r )

Let F  be an image whose indices are taken between - I to

Then
,

DFTLF ) is a matrix whose indices are also taken

between - Nz to I
2 .

In this case
,

Fourier coefficients located at 4 corners of DFTLF )

are associated to high - frequency components ( jumpy )

Fourier coefficients located in the middle of DFTLF ) are associated

to low - frequency components C less jumpy )



Procedures for  image processing by modifying Fourier coefficients

Given an image I =L Iij ) # i. jet .

Compute DFT of I ( Denote I -_ DFTCII )

Then : obtain  a new DFT matrix
,

I new

, by :

a
A

In "

= H ① I ( Here
HOIcu.vi-HCUNIIcu.us

)
T

pixel - wise

H is a suitable fitter .
multiplication

Finally
,

obtain an improved image by inverse DFT :

Ihew .

- iFT(I new )
inverse DFT



Note : Let h = ILITCH )

inverse DFT

a

H ① I
inverse DFT

, C h * I

T
Normalizing

constant



Example of Low-pass filters for image denoising
Assume that we work on the centered spectrum !

Thatis
,

Consider I C a
,

v ) where - there E Mz - I
,

-NIEWE Nk - I
.

Ideal low pass filter ( ILPF ) :

Heun , = { !
if Dcu ,

v1 :
-

- litre D .

'

if Dcu ,
v1 > Do

"

In I - dim cross - section
,

IDFTC
Hours ) looks like :

h*ICx , y )

= In.
hcx - um - v )

Icymi
every pixel values of

I has an effect  on

hx It x. y ) ! !



Good : Simple
Bad : Produce ringing effect !

2 . Butterworth low - pass fitter ( BLPF ) of  order n ( n ? 1 integer ) :

HCU ,v ) =
1-

1 + ( Dcuvypojn

in 1- dim
f-

 '

( Hmm ) in 1 - dim" " "

Il
,

Good : Produce less / no visible ringing effect  if n is

Carefully chosen ! !



3
.

Gaussian low - pass filter

t.mn?iIetaIEIEI.fh#.
F. T

.

of Gaussian is also Gaussian ! !

Good : No visible ringing effect ! !


