MATH3360 Mathematical Image Processing
Final Practice Solutions

Solutions prepared by TAs, for your reference only.

1. The Butterworth high-pass filter H with radius Dy and order n is defined as

1

) = DD

where D(u,v) = u?+v%. Given an image I = (I(m,n))o<m.n<an and N > 100, apply Butterworth

high-pass filter on DFT(I) = (I(u, v))o<u,v<2n then get G(u,v). Suppose

16 -

G(3,4) = =1(3,4) and G(2N —6,8) = 12N -6.8),

N =

where 1(3,4) # 0 and 1(2N — 6,8) # 0. Find Dy and n.

Solution: The given information implies

1 1
H(3,4) = 3 and H(2N —6,8) = l—g

After centralization, we have H(—6,8) = H(2N — 6,8) = 12 Hence

25" 1
Dy +25n 2 25" =Dy,
and thus
1007 16 {4ﬂ 25" =16D}.

Dy + 100" 17’
Then 4™ = 16. Hence n = 2 and then Dy = 25.

2. Consider a 4 x 4 periodically extended image I = (I(k,!))o<k,i<3 given by:

Qe o
SIS RN SIS

4 1 0 1
1110 00 S -
Let h = (h(k,1))o<ki<3 = slo o o0 ol which is periodically extended.
1 0 0 0
The Gaussian low-pass filter H of variance ¢ is defined by:
u? + 02
H(u,v) =exp (— = ) .

Let I (u,v) = Hy(u,v)DFT(I)(u,v), where the H; is the Gaussian low-pass filter of variance ab.
Suppose (2,2) = e" i DFT(I)(2,2) and h % f(2,1) = 6. Find a and b.

Solution: Since a # b,
DFT(I)(2,2) = & 5 b o,

Hence
exp(—5) =exp(—1) = ab=32
%(4a+4b):6 = a+b=12

Hence (a,b) = (4,8) or (8,4).

3. Compute the degradation functions in the frequency domain that correspond to the following
M x N convolution kernels h, i.e. find H € My« n(C) such that

DFT(h* f)(u,v) = H(u,v)DFT(f)(u,v)

for any periodically extended f € My« n(R):



(a) Assuming integer k satisfies k < min{&, &},

ha (2, y) = e if dist(z, MZ) < k and dist(y, NZ) < k,
0 otherwise;

(b) Letting r > 1,
71 if D(z,y) =0,

r+4
ha(z,y) = ﬁ if D(m,y) =1,
0 otherwise;

i if D(x,y) =0,
1 _

hs(z,y) = 81 ?f ba.y) =1,
16 if D(.’E, y) = 27
0  otherwise;

—4 if D(z,y) =0,
ha(z,y) =<1 if D(z,y) =1,
0 otherwise;

(e) Letting a,b € Z and T € N\ {0} such that |a|(T — 1) < M and |b|(T — 1) < N,

h5($,y) _JT if (x,y) S {(at,bt) :t=0,1, ,T 1}
0 otherwise.

Solution: Recall that for any f € My «xn(R), DFT(h* f) = MN - DFT(h) @ DFT(f); hence
H = MN - DFT(h).

(a)

k
S ux vy 1 VY
Z Z 727‘!‘](W+WJ) - - Z =27 47 Z 6—271—] vy
2
e ke 7k 2k+ (2k+1) = it
2mvy
(2k+1 1—1—22008 1+QZCOS I ]
(b)
r 1 w w v v 7+ 2(cos ZL + cos 23Y)
H. _ —2mj 57 275 a7 —2mj % 2T ) — M N
2(u,v) 7"+4+7°+4(e e T te ) r+4
(c)
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2 paw g gy

otherwise,
bv . au 4 bu
1 —‘n'](T 1)( b’u)eﬂ'JT( M Jrﬁ)_e*ﬂ'JT(ﬁ+ﬁ) if au + b ¢ 7
— T eI KR _ i (5D M ' N ’
1 otherwise,

{%eﬂj(T1)(!;;+gg)sin(7rT(‘RZ+§)) if 2 4 bﬁv ¢ 7,

1 otherwise.

4. For any periodically extended N x N image f, define

Gal)(asy) = 37+ Ly) + 3 Fw9) + 1 fw ~19)

and Gy (f)(e,9) = (o + 1)+ 5 f(@9) + 3/ y — 1)

(a) Find an N x N image h such that for any periodically extended N x N image f,
hx f=GyoGy(f).
(b) Let H(u,v) be the LPF such that
DFT(h* f)(u,v) = H(u,v)DFT(f)(u,v),

where h is the convolution kernel from (a). Using H, perform unsharp masking (i.e. k= 1)
on the following periodically extended 4 x 4 image

0

—_— O =
S oo
S O O

0
0
0

Solution:

(a) Note that
Go(f)(@,y) = ha * f(x,y) and Gy (f) (2, y) = hy * f(2,y),

where
% if (z,y) = (0,0)
hy(z,y) = i if (z,y) = (—1,0) or (1,0)
0 otherwise
and
% if (z,y) = (0,0)
hy(z,y) = i if (z,y) = (0,—1) or (0,1)
0 otherwise.

Hence G4 (Gy(f)) = hy % (hy * f) = (hy % hy) * f = h* f, where

h(xvy):hw*h ( 73/)

Lif (z,y) = (0,0)

— % (:L‘, ) (07_1) or (_170) ’ )Or< )
+ 1f(x,y)—(—1,—1) or (1,—1) o ( 1,1) or (1,1)
0

otherwise.

(b) Recall that DET(h * f)(u,v) = N2DFT(h)(u,v)DFT(f)(u,v).



Hence to perform unsharp masking on f € Myx4,
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\J
-
s
1111
, |
—
N N
— o~ o~
/I\
N
TP AT P A=
e N O
1111
— o oo _ | v
/4101\1;_J_I_..]4323
— ~~ — |00
RN e R
S Sy~ |
— 1ﬂ — 1ﬂ — o= = O < AN <H
o000 FNOE
1.]1.
']l A~ © <<
o = O AN < 00 © <O
© © ©
=15 =15 =5
Il I Il
—~
S~
S~—
3

DFT(f)(u,v)[2 — H(u,v)] and thus

F(u, v)
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Wy ® Wi. Suppose N = 4, we have

7

for0 <n

nk
N

62#]

b
VN

following problems:

5. Let Wy (n, k)



(a) Prove that W1 = Wy ®@ Wh.

(b) Show that W=LS(f) = NS(f) for any f € My xn(C), where f = DFT(f).

Solution: Method 1 (for general N):

(a) Recall that the definition of Kronecker product is

allB algB
a1B  axB
A® B = ]
an1B anoB
We have
L 2mi . 1 2mj Ot
NS Wn NS W
TlﬁeQﬂ'JN WN LNeQ‘n"/N WN
W =WrnWyN = v
1 27Tj(N71)'0 . 1 27Tj(N;\71)'1 )
Tn¢ Wi Wik ~ Wy
And rewrite it as W = (%ezm el WN>
N 0<n,k<N—1
. —_— 1 nk
Since Wy = <e2”N , we know that
VN 0<n,k<N—1
1 727"]'M 1 727rju
—F€ . —e N .
VN Wy N N Wn
WyeTy me N Wy Jgen N Wy
NOWN =
1 —2nj D0 e o (DL
VN Wy \/NE Wi

And rewrite it as Wy @ Wy = (\/%6*2” K

Wn

Using block-matrix multiplication, we can calculate

W.(Wy©Wy) =

Wy -
p=0 \/N
N-1 o
— 76271'] ~ L WNWN>
N
p=0 0<n,k<N—1
== IN2
Therefore, W= = Wy ® Wy.
(b) Note that f = (fij)o<i,j<n—1 € Mnxn(C) then
S(f) = (foo fro fn=-1,0 fon—1 fin-1
From (a) we know that W~ = Wy @ Wy = (\;ﬁe*%a’%k W)
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VN
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eZﬂ]T

Wy
Wy

sL(N=1)
eQTrJT

S5t

o (V=1 (N=1)

Wy

—2mi O Ty

Wn

e

S1(N—1
67271’]7( ~ )

N

. ) P A —
N ~WN) (e TN Wy
0<n,k<N—-1 VN 0<n,k<N-1

1 e 2mi 5 VVN>

0<n,k<N-—1

fN—1,N—1)T € Mn2,,1(C)

€ My24n2(C)

0<n,k<N-—1



Then, W=S(f) € My24,(C), and its [-th entry is
(Wﬁls(f))l = Wﬁl(la :) . S(f)

1_,—2mj [&]o —opjmedN ()0 g
VN ¢ LLNJ vl
~]° . mod (1)1
: f1,0
I_%JO .modp (1)-(N—1)
1 -2 1 _—opimedn@®-(N—1)
Re TN g 1o
I_%J.(N_l) mod py (1)-0 f
1, —2nj 1 _opjmedn(®-0 0,N—1
e e Fuvo
1 —2mj L%J.(Nil) 1 _271—]‘%“)'1 T
71\/6 N .ﬁe N
: fN-1,N=1
L 27 L%J:,Nfl) 1 e—zij
N N
Nl 1 L J‘11+modN(l)P
— 76—271' ~
N Pyq
p=0 ¢q=0
Jio,o
f1,0
In-10
£ _ atqp o ]
From fp4 = 5= Zaﬁ o fap - €2 we have S(f) = : € Myz21(C)
Jon—1
fi,N-1
IN—1,N—1
| & |-atmodn ) -p
11— NS -
and (N.(S(f)))lfo(modN(l) { J) NZ Zq o e 275 - Foa

Therefore, W1S(f) = NS(f) for any f € MNxN((C), where f = DFT(f).
Method 2 (directly compute when N = 4):
(a) We can directly calculate that

11 1 1
R I A B
Wa=g1 51 1
I =5 -1
and
1 1 1 1
— 1|1 - -1
Wa=5 1 21 1 4
1 5 -1 —j

It can be checked that W,W, = I, which means W, = W4_1. Therefore
Wl=W; oW, '=W,cW,.
(b) By the matrix form of DFT, we have that

f = DFT() = 1 (2W2)f(2W3) = WL W

So it can be treated as a spearable linear transformation with transformation matrix

—T j — 1
W, W) = WL
4 ®(4 1) 4W

Then
WIS(f) =4 (iwls(f)) = 48(f).



6. Let f = (fij)o<ij<n—1 € Mnxn(R) be a clean image. Suppose f is blurred to g under a motion

which is given by:

3
gl y) =D fl@+ty)

t=

0
Show that DFT(g)(u,v) = H(u,v)DFT(f)(u,v) and find H(u,v).

Solution:

DFT(g)(u,v) =

Hence H (u,v) =

1 N—-1N-1 P
N? gz, y)e "N
r=0 y=0
| NoiN-1 o3 Cwnton
=Nz Y fla+ty)e TR
z=0 y=0 t=0
1 N—-1N-1 3 - w(@tt)+oy - —ut
_ ﬁ f(x_’_t’y)e—%rj#e—?ﬂﬂ N

8

i

o
TS
= o
+P‘~
=
2 o
|
N

Fa! y)e2mI =T 2w

[
-
NE

1—e8miw

t=0 a'=t y=0
3 ] NoiN-d L
TS —
t=0 z’=0 y=0
1—e8miw
———a DFT(f)(u,v) ifu#0,
=49 1—e"™nw
4DFT(f)(u,v) otherwise,
—  ifu#0,
N
otherwise,

7. Given N? x N? block-circulant real matrices D and L, N x N image ¢ and fixed parameter € > 0,
the constrained least square filtering aims to find f € My« that minimizes:

subject to the constraint:

E(f) = [LS(NHITILS(f)]

[S(g) = DS(f)TIS(9) = DS(f)] =¢,

where S is the stacking operator. Let W = Wy @ Wy, where Wy (n, k) = Tlﬁe%j%k, we have D

and L is diagonalizable by W, i.e. Ap = W™'DW and A, = W~LW is diagonal. Given that
the optimal solution f that solves the constrained least square problem satisfies

ADTD + LTL)S(f) = ADTS(g)

for some parameter A\. Find DFT(f) in terms of DFT(g), DFT(h), DFT(p) and A, where
LS(f) =S(p=f) and DS(f) = S(h* f) for any f € Mnxn(R).

Solution:

Let f=8(f) and §=S(g). It’s easy to know D = WApW ! and L = WA, W . Hence

(ADTD+ LTL)f = (A\D*D + L*L)f

on the other hand,

= (AWARW P WARW ™ + [WALW T WALW L
= A\WALARW ™+ WASALW Y f

= WAANHAD + ALAW L

= W(ANHAp + A AW INS(DFT(f));

ADTG=\D*§
= A\WALW g
= AWALN S(DFT(g)).



Hence (MM, Ap + A5 AL)S(DFT(f)) = AMALS(DFT(g)).
From Theorem 1 in lecture 16, we know that for any k,l,z,y € {0,1,--- ,N — 1}

N2DFT(h k) ifk=1land z=
AD($+kN7y+lN)={ (h)(z,k) i and = =y,

otherwise

N2DFT if k= —
AL(x+kN,y+lN):{ (p)(x,k) ifk=1and z =y,

otherwise
By comparing each pair of entries, we have
(AN*DET(h)(u,v)[2 + N*[DFT(p)(u,v)2) DFT(f)(u,v) = AN*DFT(h)(u, v) DFT (g)(u,v),

which yields
ADFT(h)(u,v)DFT(g)(u,v)

DET() ) = oS DT (), 0) 2 + [DFT (), o))

. Given g € My« n(R), block circulant D, L1, Ly € Mpy2yn2(R) and € > 0, we aim to minimize
IL1f13 + | L2f]|3 subject to [|§ — Df][3 = € over f € Mnxn(R), where f = S(f) and § = S(g)
vectorized by the stack operator S.

Given Lagrange multiplier A for the equality constraint, show that if f is a minimizer of the above
constrained minimization problem, then

(ADTD + LTL, + LY Ly) f = ADT§.

Please prove your answer with details.

Solution:

Fra or 7 P AT
Please check that o7 ¢ _ a, ob _,f =b and of flf = (A+ AT f.
of of of

We know the minimizer must satisfy

= —

p:;f[fTLlTLlf’+FL2TL2f+/\(§—Df)T(ﬁ—Df)] =0

where A is the Lagrange multiplier. Therefore,
D=0
= 2L Ly + LY Ly) f+ AM(=DT§— DTG+ 2D"Df) =0
= ADTD+LTLy + LI Ly)f = AD"3.

. Given a 2D simple connected domain D and a noisy image I : D — R, we consider the following
image denoising model to restore the original clean image f : D — R that minimizes:

E(f) = /D (F(z,y) — I(z,y))? dedy + /D VIV ) + ¢ dady

where small parameter € > 0.
(a) If f minimizes E(f), show that f could satisfy the following conditions:
Vf(z,y)
IV f(z,y)]? +e
fiy = 0 for (z,y) € OD.

2f($7y) _21(3773/) -V (
Vi, y)

VIV y)P +¢€

where 71 is the outward normal vector on 9D.

) =0 for (z,y) € D,

(b) Derive an iterative scheme, which updates f,, to f,+1 with time step 7 > 0, to minimize

E(f).

Solution:



(a) Suppose f minimizes E(f), then for any v: D — R,

d

__/'i
p dt],_g

:/ 2(f — v + 2tv* +
D

t=0

{(f+tv—])2 +VIV(f +tv)|? —i—e] dxdy

(Vf+tVv) - Vo

VIV VO + e

dxdy
t=0

Vf-Vu

:/D _2(f—I)v+7ﬁvf|2+€

I P A .
—/D_Q(f -V (W)] vdxdy—k/eaD(\/m,n)vds

Since the above equation holds for any v, it could be

dxdy

B o Vi(z,y) ~ 0 for
2f(a:,i) 2I(z,y) =V ( |Vf(x,y)2+e> 0 for (z,y) € D,
|Vf{:ixg;§/|)2 — €,ﬁ> =0 for (z,y) € OD.

(b) Based on the derivation above, dropping the assumption that f is a minimizer of F, we have:

%E(f+tv):/jj%[(f+tv—l)2+ |V(f+tv)|2+e}dxdy

(Vf+tVov) Vo

xd
VIVi+tVu2 +e

Vf-Vou

VIVIE+e
I P S TR Y
_/Dl2(f I) V(W)]ddy+/aD<\/IVfiQﬂv>d

For v to be a descent direction, we need £ E(f + tv) < 0.

:/ 2(f — v + 2tv* +
D

dxdy  for small ¢

z/DQ(f—I)v—F

So choosing v = — [2(]"—[) -V <\/%>] on D, v = —(ﬁ,ﬁ) on 0D, the

integrals will be both less than 0. Hence a descent direction is:

B _ Vi, y)

Qf(x’é)f? ﬂg%y) B ( Vi@ P +e> i Ep
_ LY —»

( ST €,n> for (x,y) € 0D

and thus E(f) can be iteratively minimized by updating f:

gy = 2f<x,y>—2f<x,y>—v< i ) i (2,) € D
fn ! z,Y) = T, €
n . Viz,y) 2 if (o
f™(x,y) ( ST Y if (z,y) € OD.

for a small time step 7 > 0.

10. Given a noisy image I : D — R, we consider the following image denoising model to restore the
original clean image f: D — R that minimizes:

E(f) = /D (f(9) — I(z,9))? dady + /D IV f(z,y)? drdy.

where |V f(z,y)|> = (%)2 + (35)2_



(a) Derive an iterative scheme, which updates f™ to f"*! with time step 7 > 0, to minimize
E(f). This is the same model as discussed in the lectures. Please show all your steps with
details, including detailed explanations on why F is iteratively decreasing. Missing detailed
steps will result in mark deductions.

(b) If E is modified to E defined as follows:

E(f) = /D V(@ y) = I(z,y))? + € dady + /D IV f(x,y)]? + € dedy,

where € > 0 is a small parameter bigger than 0. Derive an iterative scheme, which updates
f™ to 7! with time step 7 > 0, to minimize E(f). Please show all your steps with details,

including detailed explanations on why F is iteratively decreasing. Missing detailed steps
will result in mark deductions.

Solution:

(a) Suppose f minimizes E(f), then for any v: D — R,

t=0

d
[(f +tv— 1)+ (V(f+tv), V(f —|—tv)>] dxdy

_/i
pdt|,_,

_ / 2[(f = Dv+ 10 + (Vf, Vo) + (Yo, Vo]

dxdy

t=0

:/D2[(f*I)U+Vf'Vv]dxdy

:/ 2[(f*I)7V~Vf]vd:rdy+/ 2V f, A)vds
D o

D

Since the above equation holds for any v, it must be

f(-T,y) —I(l‘,y) —Af(l',y) =0 for (.f,y) € D7
(Vf(x,y),n) =0 for (z,y) € ID.

Refer to the argument in 9(b), a descent direction is:

—2f(z,y) + 2I(x,y) + 2Af(z,y) for (x,y) € D,
—2(Vf(x,y),n) for (x,y) € 0D

and thus E(f) can be iteratively minimized by updating f:

() {f”(x, y) =27 [f(w,9) = I(w,9) = Af (2, y))if (v,9) € D
’ fn('ray) —27'<Vf(a:,y),ﬁ> if (x,y) €0D

for a small time step 7 > 0.

(b) Suppose f minimizes F(f), then for any v: D — R,

d -
OZ%E(f"‘t’U) .
:/ i {\/(f+t”*1)2+62+\/|V(f+tv)\2+52} dzdy
pdt|,_g
[ (f-Dv+t? (Vf+tVv)- Vv
= dxd
/D _\/(f+tvff)2+62 * VIVE+tVol2+e2 | |1 B
[ (-Ip VS
= d
/D V(-1 +e * VIVF2 +e i
-1 vf Vi
= —F— V- Y vdxd — <  wvds
/D_ (f =12 +e ( IVf|2+e> y+/£3D< Vi +e )

10



Since the above equation holds for any v, it must be

I et SRS SR 7 N N .
\/(f_]{w v <\/m>—0f0 (z,y) € D,
v

( ny = 0 for (z,y) € OD.

VIVIE+€

Refer to the argument in 9(b), a descent direction is:

f—f+v.<Vf
T_DPie VIVIE -«

—<W,ﬁ> for (l’,y) € 0D

and thus E(f) can be iteratively minimized by updating f:

> for (z,y) € D,

n f-1 .
fn+l($,y): f (x,y)—T[W—V~<\/lvvffﬁ)]1f(x,y)ep
fn(x,y) _T< Vf ,ﬁ> if (,7;7y) c oD

VIV +e

for a small time step 7 > 0.
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