1.

Math 3360: Mathematical Imaging
Assignment 2 solutions

(a) Let A, B € Myx4(R) and the image transformation O : Myy4(R) — Myx4(R) is defined

by:
O(f) = AfB,

please show that the transformation matrix H of O is given by:
H=B"®A.
(b) (Optimal) In more general cases, let A, B € M, «,(R) and the image transformation
O : Mpxn(R) = M, xn(R) is defined by:
O(f) = AfB,
please show that the transformation matrix H of O is also given by:
H=B"®A.
Solution: Here, we only need to prove the general situation (b), then (a) is just a special
case for n = 4. Let A = (a;;), B = (b;;) and g = O(f) € M, xn(R), then we have
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Which means h®?(z,y) = aqzbys. Since the transformation matrix
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2. Compute the singular value decomposition(SVD) of



Please show all your steps in detail.

Solution: We first compute the characteristic polynomial of AT A
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the characteristic polynomial of AT A is given by

T N T=A 0 B
det(A A—)\z)_‘ 0 91\ =A=-1)(A-2).
So the eigenvalues of ATA is A\; = 2 and Ay = 1. The corresponding eigenvectors are
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3. Let H,(t) be the n-th Haar function, where n € NU {0}.
(a) Give the definition of H,(¢).

(b) Write down the Haar transformation matrix H for 4 x 4 images.

5 4 6 6
(¢c) Suppose A = (13 ; ? g . Compute the Haar transform Aga,., of A, and compute
6 4 6 1

the reconstructed image A after setting the two smallest (in absolute value) nonzero
entries of Agaar to 0.

Solution:

(a) Haar function is defined as

Ho(t) 1,0<t<1
0 0, otherwise ’

L,0<t< 3
Hi(t)=4q-1,3<t<1,
0, otherwise

V2 5 <t < mofDd
Hy () = Hovgno (1) = § —v2", 20502 < ¢ < ngtl

0, otherwise

where p=1,2,--- and ng =0,1,2,--- ,2P — 1.

(b)
Hl(%) Hl(%) Hl(g) Hl(g) 1 1 1 1
ﬁzi Hg(%) HQ(%) Hg(g) Hg(g) :1 1 1 -1 -1
V4 H3(%) H3(%) H3(%) H3(§) 21v2 —v2 0 0
Hy(3) Ha(y) Ha(3) Ha(y) 0 0 V2 —V2



(c) We have
63 -5  TV2 42

-~ 1 11 ) 572 2v/2
T -
AHaar = HAH® = 1| s5v2 V2 3 6

-8v2 —6v2 -6 —18
Then we set the two smallest entries to 0 and get

63 -5 V2 42
, 1] 11 -5 5/2 0

Haar_Z 5\/§ 0 —8 -6 )
—8v/2 —-6v2 -6 -—18

and the reconstructed image is

82 66 90 98

- ~ 1 194 14 94 54
_ T A/ _ -

A=H Ayao H = 16116 32 20 76

96 64 100 12

4. For an n x n image g of real entries, let g = U fV7, where U, V, f € M, xn(R).
(a) Show that

n n
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QZE § fijuiv™,
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where

(b) Show that if f is diagonal, then the trace of g is given by
tr(g) = ngk = Z Z futrivi.
k=1 k=11=1
Solution:
(a) Let f = >, ;;:1 fi;Eij, where E;; € M,x,(R) is 1 only in i, j-entry and is 0

elsewhere, then

g=UfVT=iifijUEijVT

i=1 j=1
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(b) Since f is diagonal, f;; = 0 when i # j and

n
S ST
g= E fuwr .
=1
Therefore

n
Gkl = E futkvw
=1



and

tr(g) =Y =D futkivw
k=1 k=11=1
1 0 0 0
01 1 A
5. Suppose J = 011 ol Compute J = DFT(J).
0 0 0 1
Solution: The DFT matrix for n = 4 is

o 1 1 1 1

e 2T 111 — -1

Us(— =711 1 1 -1

1 ¢+ -1 —j

Therefore
6 —1—1 0 —141
. 1| -1—3 ; _

JoUJU = = 1—1 21 1—1 4

16 0 1—1 2 1414
-1+ 4 14+7 -2

6. (Optimal) Programming exercise: Compress a digital image using SVD, please try to
show the rank-k approximations with k£ = 5,10, 50 respectively.
Hint: You can use any programming language (python, matlab, R and so on) with any third-
party library, you DON’T need to implement the SVD algorithm yourself. Please submit the
following as your solutions:
1. your code,
2. original image,

3. rank-k approximations for £ = 5,10, 50.

Solution: The codes(Python and MATLAB versions) have been upload to course website.



