Math 3360: Mathematical Imaging
Assignment 1 solutions

. Prove or disprove if the following image transformation O : My n(R) = Myxn(R) is linear.

(a) Let a € R, A € Myxn(R). For any f € Mnxn(R), O(f) = af + AfT, where f7T is the
transpose of f.

(b) Let A € Myxn(R). For any f € Myxn(R), O(f) = fAf.

(¢) Let k € Myxn(R). For any f € Myxn(R), O(f) = k x f, where * denote the discrete
convolution.

Solution:

(a) For all f,g € Myxn(R) and «, 8 € R, we have

O(af + Bg) =a(af + Bg) + Aaf + Bg)"
=a(af + Af7) + Blag + Ag")
=aO(f) + BO(g).

Thus O is linear.
(b) For all f,g € Mnxn(R) and «, 8 € R, we have

O(af + Bg) =(af + Bg)Alaf + Bg)
=(af + Bg)(cAf + BAg)
=af(aAf + BAg) + Bg(aAf + BAg)
=a’fAf + aBfAg+ aBgAf + B*gAg,

but

aO(f) + BO(g) =afAf + BgAg.

Thus O is not linear.
(c) Forall f,g € Myxn(R) and a, 8 € R, we have for all 1 <m,n < N

O(af + Bg)(m,n) =k x (af + Bg)(m,n)

N N
— k(z,y)(af + Bg)(m — x,n —y)

TV
ZZ (z,y)f(m—z,n—1y)
+Bzzk(w,y)g(m—x7n—y)

=ak x f(m,n) + Bk * g(m,n)
=aO(f)(m,n) + BO(g)(m,n)

Thus O is linear.
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2. Let A = (aij)i<ij<2 = <3 4 and B = (bij)1<ij<2 =

mation O = Mayxs(R) — Moy (R) by O(f) = AfB. Let

H1,2 — hl’Q(la 1) h172(172)
ht2(2,1) hh%(2,2) )7

é 2 . Define the image transfor-

where h®?(z,y) is the point spread function of O. Compute H'2.

Solution: By the definition, we have

O(f)(1,2) = (fB)12 +2(fB)22 = 3f11 + 6 f12 + 6 fo1 + 1252,

2 (3 6
a _(6 12)

and B = (bij)lgi’jggg = 0 0 -1

SO

3. Let f = (fij)i<ij<3 =

O O =
_ o
OO =

(a) Compute f * B, where * denote the discrete convolution.
(b) Let g = f * B € M3x3(R), show that for all 1 <, <3

g9(a,B) =4fap — fat1,8 — fa—1,8 — fa,p+1 — fa,5-1,

where g(a, §) are the a-th row, -th column of g.

Solution:
(a) We have
[* B(1,1) = fi1bsz + fiz2bsa + fizbs1 = 4f11 — fiz — f13 =2
[*B(1,2) = fi1bs1 + fi2bss + fi3bsa + faobis = 4f12 — f11 — fiz — faa =1
[ * B(1,3) = fi1bsa + fi2b31 + fi3bsz = 4f13 — f11 — f13 =2
[*B(2,1) = fuubiz = —fi1 = —
[*B(2,2) = fiabiz + fazbas = —f12 — fz2 = —
[*B(2,3) = fisbiz = —fiz = —1
[*B(3,1) = fi1baz + fagbze = —f11 — fa2 = —
[ *B(3,2) = fiobas + faobsg = 4f320 — f1o =3
[*B(3,3) = fizbaz + fazbz1 = —f13 — fs2 = —
2 1 2
thus f*B=|-1 -2 -1
-2 3 =2

(b) This have been directly checked in (a), here we show another method.

3 3 3 3
Z Z T,y (x z,B—y — Z Z bw,yf(x—a:,ﬁ—y

a=1y=1 a=1y=1

*4fa B fa+1,ﬁ fa—l,B - fa,B+1 - foz,ﬂ—l-
4. Define a linear image transformation O : My« n(R) = My« n(R) by

f(O(—Fl,ﬂ)—FZf(Ol—1,ﬂ)+3f(0&,ﬁ+1)+f(0[,6—1)—8f(0476)
1 .

Show that O(f) = k * f for some k € Myxn(R) and find this .

O(f)(e, B) =



Solution: Let k(z,y) be the z-th row, y-th column of k,

N N
( +1

B)+2f(a—1,8)+3f(a,8+1) + fla, 8- 1) = 8f(, )
4

—N+1,B—N)+%f(a—1,5—N)+%f(afN,ﬂ—N+1)

f(a_Naﬁ_l)_Qf(O‘_Nvﬁ_N)v

then we have k(N —1,N) = 2 k(1,N) =1 k(NN —1) =3, k(N,1) = 1, k(N,N) = -2
and the rest k(z,y) = 0, which means

0 oo 1
00 00 0
k= :
00 -+ 00 0
00 - 00 1%
10 - 0 3 2

5. Compute the singular value decomposition(SVD) of

A:

SN N
SN N

0
0
1

Please show all your steps in detail.

Solution: we first compute the characteristic polynomial of AT A

ATA =

S oo 0o
= o O

8
8
0

hence the characteristic polynomial of A” A is given by

88—\ 8 0
det(ATA-Xi)=| 8 8-\ 0
0 0 1-X

= A\ —1)(A—16).

So the eigenvalues of AT A is A\; = 16, Ao = 1 and A3 = 0. The corresponding eigenvectors

1 1 0 1 1
are U1 = —= (1], % = [0] and ¥3 = — | =1 |. Since AT = A, we have @; = ¥; for
V2 0 1 V2 0
1 1
- ? 0 7% 4 0 0
1 <i < 3. Therefore, U =V = 75 0 v andX=10 1 0
0 1 0 0 0 O



