2024 Spring Fourier Analysis

Midterm Examination

1. For n =0,
1 ™
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Forn > 1,
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Similarly,
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= §(a” + iby).

2. (a) Forn=0,
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For n # 0, then using f is even we have
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(b) By best approximation theorem (Lemma 1.2, Chapter 3), when P(z) = >~ <5 f(n)en=,
|f — P|| obtains its minimum. By Pythagorean theorem,

If = PI* = 1117 = 1P

1 2 ~ 2
= o _Trm dz—Z‘f(n)
[n|<2
B 2 2 8
3 4 72
_ 8
1 w2’
Hence,
T 8
_p=y =2
3. (a) Forn=0,
fo) = o= [ cos(aa) d
) cos(az) dz
_ sin(ra)
 ra

For n # 0, then using f is even we have

™

f(n) 1/ cos(ax)e” "™ dx

1 T lox —tax .
_ b e e ine g,

27 J_ . 2

1 /™ . 1 /™ .
_ = i(a—n)z - i(—a—n)z

i _ﬂe d$+47r/_7re dx

1 [sin(r(a—n)) sin(m(a+n))
=— +

27 (v —mn) (a+n)
_ (=1)"asin(ra)
— 7(a? —n?)

Hence,

f(z) ~ sin(ra) n Z (—1)"asin(ra) gine

2 _ 2
T = m(a? —n?)

(b) Since f is a C! function and its Fourier Series is absolutely convergent, we have

_ sin(7a) (=) "asin(ma) ;.
flw) = T +Z (a2 —n?) “
n#0
Putting z = 7, we get

sin(ra) = 2asin(ra)
cos(mar) = T ; T —a?)

Hence,
P S S
m(n2 —a2) 202 2atan(arm)’

n=1
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4. (a) If f is an integrable function on [—m, 7], then

1 [7 >
o 7ﬂ|f(x)l2 dr =

n=—oo

’ 2

f(n)

(b) If f, g are integrable functions on [—m, 7], so are f+g, f — g, f +1ig, f —ig. Using the
notation of the inner product

™ —_—

f(x)g(x) du,

—T

and the norm
IF1I” = (f, £),

by Parseval identity and linearity of Fourier operator, we have

/'f 9(@) dz = (f,9)

= 3 [0+ 0l — 15— ol + 15 + g — 117 — igl)]
- 3 il [ =oof (e - [ )
- ijﬂmmm

5. Suppose on the contrary there exists 0y € [—m, 7] such that f is continuous at 6y but
f(6o) # 0. Without loss of generality, assume 6y € [0, 7]. Then there exists ¢ € (0, ) such
that for any a € (6y — 6,00), | f(z)| > % |f(60)| > 0. By Parseval identity,

0= 3 |im)|

_ L 2

=5, | M@ do
1 (% 9

25— | @I de
T Joo—5

>*|f(90)\

>0

This gives a contradiction!

6. (a) Since Y 7, ﬁ < 00, we have > >, %\/ﬁem“ is absolutely convergent. Define f :
[—m, 7] — C by

1.
flx) = enr.
&
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(b) Suppose on the contrary there exists a Riemann integrable function on the circle with
the given Fourier series. By Parseval identity,

> o= X Jfof
—5- [ V) aa
< 00.

This gives a contradiction!



