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Review:

Consider the heat equation on the circle

E-
, < + [0

,

1), t &*

[i(k , 0) = f(x) . (** )

. U = U <X,
t) denotes the temperature

at the point x and time -.

In the last lecture
,

we roughly derived the following formula of it

by using the superposition method :

to E
=4in't 2π

2i(x , t) = e
.

(***)
.

Proposition1 : Let f be 1-periodic function on RR
.

Assume thatI is Riemann integrable on[0 ,
1).

Then

U(xit=E E(n) e

-BπYn2t2T
on 1RX (0 , 0)

satisfies (* )
. Furthermore iff is its at

No
,
then Lim [T(Xo,

t) = f(X6. .

· m 10
3

- ..

t-o



Recall a useful result in Math2060 :

Thm . Let JERR be an interval. Let (fu) be a sequence
of diff functions on J.

suppose & EXOEJ such that fu(xo) converges as new

⑬ ( = g() on J
,

as n+ D.

Then · fn() = f(x) on J for some f as nzr
.

· f() = g(x) on J
.

Pf of Prop 1
.

Let to > 0. Notice that

* F(n) e
442425 25 in

e

converges uniformly on 1RX( to
,
0) Sby Weierstrass'

M-test (
Hence U iscts on RRx (to

, 0).

Using the same argument ,

we see that

E. +) Fin)
442n2t 2πinx)



converges uniformly on1RX (to
,
01

Thus

EUN=
I (FulRint2iin.

Similarly

-E* ) F(n) 4Matutti.

since (F(n) -
44tn't Linx

↳
= t (FCn)--44n g2Minx

=> E(n) . 7 442n4) -
4in't

2πinx
we obtain

= E on 1Rx (to, 0

since to is arbitrarily taken ,
soa satisfies **

on 1Rx (0 , 0).

To see the limiting property of U(x , +) as tto,



let us write

- 4 in't 2πinX
H : = 2e e on 1RX (0 , 0)

k= -1

We call it the heat Kernel on the circle

(Helts
,

is a good Kernel as +to in the following sense :

· JHt(x)dx = 1 for all +20. Ceasily checked)
· Ht( > 0

,
for all Aso ) will be checked in our

later classes)
· KS20

, 6'8 H(dX -> 0 as A to.

We claim that

u(x ,t = H- * f(x

= S
=

f(x - y)N+ (y)dy.

Notice that
-

H+
* -(n) = Fe(n) · Fin)

=> --
Pint

. (n)



-B(n) = g
- 44th2t

Fans

Since both UCo,t) and # * f() are its in *

and they have the same Formier series
,

so

U(x , t) = H+
* f(x)

.

Since (Ht)to is a good Kernel as too
,

so we get

him U(x , t) = f(x) provided that f iscts at

*



Chap 5. The Fourier transform on A.

A reasonable 24-perodic function on IR can

be represented by its Fourier series

Similarly a reasonable 1-perodic function on IR

can be represented by its Fourier series·

For instance
, if f is an e-periodic diff

function onR
,
then

f(x) = nee
inx

where n= fixe * indx.

· Do we have an analogue for non-perodic
functions onLR ?



3 5 - 1 Functions of moderate decrease

and integrations .

Def . A function f : 1 -> D is said to be

of moderate decrease if
① f iscts on1R

.

②I A <O such that

If</ for all xeRR.

For convenience
, we use MIR) denote the

collection of all functions of moderate decrease.

Then MCIR) is a vector space .

If f , g -M(RR) ,
then Gf + BgEM(IR)

for all 2
, p -> D

.



Def) Improper integration (
Let f EMC) .

We define

So f(dx = lim Sif(xdx.
Lemma 1. Let fEM(IR). Then the above limit

exists.

Pf . Write IN : = S FXdX
,

NEAT.

To show the limit exists
,

we only need to

show that (IN) is a Canchy sequence.

Let M >A
.

1 In - In) = ) Jafadx -SfRe
= /S

Ns(X) <
qf(x)dx)



E S 1 f(x)/dx
N < //<M

-> S
IIBN

&x

* A) Tdx
|x /N

I &* -0 as N + ↓

So (IN) is a Sanchy sequence.



Lemma 2
. We write

Lsf) = S fadx for fxM(IR).

Then
① L is Linear

,
i

.
e .

h(af + pg) = 2((f) + Bl(g)

for f
,
8tM(IR) and h

, BE D.

② L is translation invariant
.

& f(x + h)dx = [Bf(x)dx
,

f h - I

③ Scaling under dilation : 8830
,

6) f(6x) dx = ( f(dx.

④ Absolute continuity.

lim (o (f(xth) - f(x)dx



Pf of & .

Let 320. Assume that

t = -1 , 1).

Take a large number Also such that

S If<x/dx < 3
.

(x| 2 N- 1

Then for he 71 ,
1)

,
we have

Six(w/f(x+h)dx

- Six N If (x) (dx >9
.

Hence

)(f(x+h) -f(x) /dx

(w(f(x +h) - f(x)/dx
=

MIN

+ Six (f(x+ h) - f(x)
dX

YS(y
,
/f<x+h)/dX + S(XkN |f(x) /dx
+ (( ,/f(x+h) - f(x)dx



< 29 + S(xy/f(x+ h) - f(x))dx

for all he F1 , 1)
.

Notice thatf is uniformly its on

5-N-1
,
N+ 1 1

.

Hence = S20 such that

(f(x+h) -f(x)
for all xE EN , N] and (h/ > S

.

So forh with 1h/<8
,

SMEN If (x+ h) - f(x)/dx < 2N

= E

Therefore
(0 /f(x+h) - f(x) (dx < 35 if 12K

#


