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Cha() 4. APPll‘Cuffons of FOUM‘CV' Senes.

We are 30...,\3 to %Ne tha a‘)i)(m‘c@hr‘n 0'} Fgwﬁr senes  in

qeometry | number theory , ahalysis and PDE.

$ 4.1 Isof)e,n‘mafn‘c lirlec,uuufj_

Thm 1. Let [ be a ¢t sl‘mt)[e Closed Curve th the Plane[

et L denote tha lensth 0} r; let A denote the
Area OEF the region boundled h)f |~ Thei
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Morover =" holds .‘S— aunck only ;‘g [ s & Circle.



A= Area()
R = length (T)
Tl\m A < "Ql
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Dp_{l A Paranwha‘zed curve n RT s a Tnufpw;g
¥Y: [a,6] > R

The image of ¥ { Y@: telobl | i called o
Curve, clenoted by [

DeF. We Sovy Y: }(d—,)/ te(a,bl, (s Ci ,‘?
t > Yo i O oon (2], Y20 on [ab]

More precisely  wwtiy Y= (x®, yeto),
Y oo (2 & both X@)ond Y) are C* on [a,6],
and (X)), Yl) ) # (0,0 on (ab]



Foct : Tha lehgﬂn Gjr a C! Famm{'vx‘leol curve Y
IS Grven by
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length () = L Y| dt
Whoee l Yo = xw+ yer

gnr YCH = (Xd‘;), H(t) )) te Cq/b] .
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where .
<$,95= 37 5; L&) g dx

PF. T)u‘s resw(t 1s Q ‘}eheh‘zd*ow e} the Pwswaﬂ s‘clenh‘fyl
Indeed i§ ?: $  than (¥) becomes tha Parseruad dancbity

To prove @), let w use the folloniy identity

4.9 = + ( 81 5317+ (151315497
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<L 9>= 4( Z [Fangcn)I -H?cn) gch)[
( [ f(h)—l- | g(n), = ‘ ?(m 90\)[1))
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Proof of the I\Sof)em‘ metic lI?\QTuJ-\‘,fJ;
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(x,y) = (sx,s5y)
fg» hecessary  we Mmay Gssums that

£(M) = 2w
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To estimate A= Area(Q) et ws wse Green Thim:
(rreen Thin : For c* ‘Fuhd“l;:n_s PO‘/‘:I) and @.("IU)/

§5 Poxiy) dx + Q) dﬂ = f % - %jﬁ dxdy
r i

In thes ‘t‘leomm/ 'f:wklv% chlﬂ)io ound| @,(";fj)Z'X ‘}il}e;

§ xdy = qud&dj = Area() = A
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A= ﬁ_ xdy = go X&) Ya) dt

Next we need to show that

1T ) bR
L _ @)t
A= 50 X Y@ dt < TER7E i T,

Under the condihon  X'et)™+ Yer™ =1,



For this PW'POW, we ext)avxcl X(t), Y@&) nto their F"Wﬂer

femes ow [o,2T]
% int = int
xt= Z,_ W€, Ydr- Z, bne™
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2T X(t) dt = Z l n anl = Z n lanl
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Also by the %ene.muli.ztd Pauvse\.lau(. iclentH-y ,
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2T go X(’b) 3 (Jc)d‘t =2 ( X(t) 3’({) dt

= Ax), Y'r)

N N

= 2 xe- Y
h=-w
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