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(1) Verify that f(x) = einx (n ∈ Z) is periodic with period 2π and that

1

2π

∫ π

−π

einx dx =

{
1 if n = 0,
0 if n ̸= 0.

Using this fact to show that if n,m ≥ 1 (n,m ∈ Z) we have

1

π

∫ π

−π

cosnx cosmx dx =

{
0 if n ̸= m,
1 if n = m,

and similarly

1

π

∫ π

−π

sinnx sinmx dx =

{
0 if n ̸= m,
1 if n = m.

Finally, show that

1

π

∫ π

−π

sinnx cosmx dx = 0 for all n,m ∈ Z.

(2) Consider the Laplacian △u ≡ ∂2u
∂x2 +

∂2u
∂y2

= 0 on the disc {(x, y) : x2+y2 < 1}.
(a) Show that in polar coordinates U(r, θ) = u(x, y) satisfies

(0.1)
∂2U

∂r2
+

1

r

∂U

∂r
+

1

r2
∂2U

∂θ2
= 0

in {(r, θ) : 0 ≤ r < 1, θ ∈ R}.
(b) Show that all solutions of the form F (r)G(θ) to (0.1) are one of the forms

rn(An cosnθ +Bn sinnθ), n = 0, 1, 2, . . ..
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