
Note 8

§ Application II. Argument Principle
Given a map f :

6 >E
2- mrs W

curve 8 → F- f. 8

^ % Wife

"

zlb

)=ᵗz(a)⇒ I wwifczta"s
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E d) = e
"

.
0≤t≤ it

,
the unit circle

.

let fcz)=Z ? Then fort)=e "" traverse the unit circle twice .

(2) 8th = it .

- • <too
.
the y-axis .

1- it
Let fit)= ¥1 . f. 81-4--1%1=1+-6

Note that f- ◦ 81-1)=ffi)=¥ for (1) = fci )=¥
f. 8101=-1101--1 Jokes)=f(• i)= 0

^ ^

pti ) f F- f-8) is a circle
• i

z
÷Z of radius ±

•

0
gas

. ÷ '

geo)
>
w

•
- i fci)



Now
, Suppose W=fH) is theme and hunters on 8

i. e
, 1-181-41=17-41--0 tft

Let Llrargflti be the cohtinnknhangeninarg-R-almgr-nmt.tk
that is

, Gary -114=0-(61-06)

where 112th ) = Pts .ei°⇔ .

tea ,b]

and f. 0 are felines .

EI d) drag -112-1=417
(2) Suppose H-4-it.tc-t-l.it . OgargfAF - É .



§ Winding number/ index :

Let G be a ctnednure , p a point NII on C.

Define : Indic , P ) : = total # times C winds counter-clockwise around P
(Geometric )
Ex . tndCC.pd-2.tndCGfH-titndk.P3t-0.C.p@PaQ.p,Algebraic Definition :

>

theorem :
Indec

,
Zo ) = 21T¥ ¥2 dt (A)

This is essentially the Candy Integral formula .



Back to the map W = fits ,
F- C

,
F- f- (8) closed curve

winding number Indi T ,
Wo )

↳ ¥i /p# dw

Change of variable w=fH ,
then dw=f

' dz
.

f-{⇒⇒ Ind IT , Wo) = ¥i to fit, -w.DZ
In particular , when w◦=o

,
we have :

a-i-iorag-HFT-ndf-or.co/--aI--if
,
¥¥, dt



Def A function f- is meromorphic on D if f- is holomorphic on D.

except.fr/oIes-
☆Theorem (Argument Principle) : Suppose f- is meromorphic on D and has

\

Then
,

ᵗʰʰÉo on a timeshare C.

Ind Ifc.D= 2¥Uag -114 = 2%1
,
-4¥, dz = Z - P

where 2- = # of Zeroes of 5- inside C

p = # -
- Poles -

-
- -

- -

, ,
both countingmwkiplicitiesm .



Pf : We determine the singularities and residues of +
'

⇔

fit
.

• Suppose 1-12-1 has aged Zo of order M ,

then f-F) = (2--2-0)? got) .

↑

f-
'

A) M.H-Z.IM?gH)+l2--toim.9tH holomorphic, nonzero near to
☒

=

( Z - to)m . 912-1

= z¥z
.

+ 9b¥, ← holomorphic heart. Since 9411=0

Thus
,
Zo is a simple pole of ¥¥,-

and Rest¥¥→
,

Zo ) = M = Mutt ( Zo)



• Similarly , if JAI has a# Po of order n .

then fk-t-cz-p.J.ge,
↑

g-
'

ez,
- nlZ-P.TN?gctl-l2--P.j?9'A) holomorphic montero near Po

ITH
=

(2--17)
"

. guy

= ¥4 +994¥, ← holomorphic near Po

Thus
.
Po is a simple pole of ¥¥,

and Rest _¥¥-, , B) = - n = -Matty? )



• Lf 2- is neither a Zero nor a pole of fat ,
then ¥¥, is holomorphic at 2-

.

Finally , apply the Residue Theorem :

¥iJc¥¥dz = -2 Rest¥ )
sing. of¥
inside C

= I Mutt /ZH - [ Multiply
zero off
inside C

Pole off
inside C

= Z - P ☐



[ • f-(2) = 2-2 C. = unit circle

C enclose 2-0=0 a Zero of order 2 .

⇒ Indcfof , 01--2--17=2 .

☐

^

• f(2-1=2-2+7 = 2-(2-+1) ↑
,

( is G-- circle of radius £
.

Indlf.ci . 01--1-0=1

E) Cz=cirde of radius 2 .
Indlftr . 01--2-0=2

Liii) ↳ = unit circle .

the Zero Zo= -1 lie> on G
so argument principle doesipy!_



§ Rourke 's Theorem
.

*
them Let C be a simple closed curve . Suppose

(a) JT-4 and 912-1 are holomorphic inside and on G.

(b) tail > 19*1 for 2- c- C .

Then -114 and f-A) +912-1 have the same number of Zeroes inside C. counting multiplicities
More generally , suppose f- and g are thematic &KEEL .

Then Zs - Pt = Zf+g - Psy
.

Ind¥ ,
°) Ind g) ◦ C. °)

f-12-1-19#Y > $+9) of



Pf : Note that fail >19*170
tzec

/ Tangail ≥ Heal -1912-4>0 .

⇒ Neither JTZ) nor fiztgcz, has Zero on .G

By assumption , i , _ , pole on C
.

Thus
,
we can apply the argument principle on J and

ftp.Indlfoc.D-I-dcarg/T4--zI-TiJc-I-dz=Zg-Pg- (1)

T-ndllf-igoc.co/----uhkarg-k-H9AD=ziT-iffg-#jdt--Z-+g-P--g. 14



• Compare t.ndf-i-gtc.io ) and t.ndcf.co)

Note that f-ig-f.lt#--!--f.F
Computation shows $+91

'

f. F)
'

f
'

-1+9 f. F
=

f- + ¥
⇒ [ndlt-gtc.oj-Indf-oc.y-IndlF.C.co)



atif
^

• Prove
:
Indi F.C. 01=0

Note 117*-11--1%-7,1<1 ftec Fca

⇒ FMapsthecurvecinsidethedisk.tw-11<1 .
④ >

From geometry , itis clear that winding number is 0
.

☐



✗ PHI

EI Find the distribution of roots of 24+32-3+6=0 (counting multiplicities)

Sol : . Let G : 12-1=10 . f-A) = 2-4 , 914=32-3+6
On 12-1=10 . 1912-11 ≤ 3006 < 10000--1-112-11
As Jai has a riot of multiplicity 4 inside G

Roache's -1hm ⇒ 4 roots of 5+9 inside 4 .

• Letts : 12-1=2
. fcz, = 32-3 . glz, = 2-4+6

On 12-1=2
,

1912-11 ≤ 22<24 =/ fat
.

As
, fits has a root of multiplicity 3
Rourke's thin ⇒ 3 roots of ftg inside Cz

.



• Let ↳ : 12-1=1
. f-A) = 6

, 912-1=74+32-3 .

On 12-1=1 . 1gal ≤ 4<6--11-12-11
Roache's thin ⇒ no root for fig inside ↳

.

• Finally , Complex roots come up in

conjugate pairs .

G

Cz
↳ ✗⇒ 2. real roots and 2 Complex roots ✗ ✗
×

Indeed
,
Ptt )=4>0
Pf4= -2<0
PC-37=6 > 0 ☐



Yet another pf of EÉebra

Assume Plz ) = aota, 2- + .
. . + Ant

"

Can -1-01 degree n polynomial .

Let fcz ) = an Z
"

. 912-1=90+92--1 -
-

- +An-12-4
.

Consider circle 12-1=12
,
where R large enough ( Max { 1%1-1 -

" 1-19-11
,
I })tant

Then on 12-1=12
, 196-1 ≤ lad -1ktRt . . . + land . R

""

< It . - - Han -d) . Rn-1

< Ian I. Rn = I 5-12-11
Ronchi 's -1hm ⇒ fig and f has same number of Zeroes f- n ) inside 12-1=12 ☐



☆Def : A map is open if it maps open sets to open sets
.

For the complex function W = f-G) ,
this means if 1-12-01 = Wo,

then there's E >°
.
St

. for any 1W - Wo / < E
,

there is 2- s.to fit)=w .

In other words
,

Becwo) { 1W - woke } a Image of f- .

"

i. BECwo)
•

Zo
.

Emf Open mapping theorem ) : If f- is holomorphic and non-constant

on an open domain D
,
then f- is open .



← to be specified later

Pf : For w
"

near
"

Wo
,
let 912-1=172 ) - w .

Want to show 912-1 has a Zero
.

Write 912-1=(1-4) - wd -1 µ. - W)
"
172-1

"
G-*,

"

const
" ¥

•

{ ◦ fix

since FEI has a zero at 2-◦
,
and zeroes are isolated

,

!

there is 8>0 St
. Fez, -1-0 in 0<12--2-01 ≤ 8

.

In particular , on the circle C : 12--2-01=8
.

assume I Fail > 8>0
/ f-A) - Wo / .

Then for any 1W- woke ,
I Fail > E > 19-12-11 .

> t
.

Rouchéthm ⇒ 9--1=+4 and F have same # Zeroes inside C.
☐



☆Corollary .

(Maximal modulus Principle)

If f- is holomorphic , non-constant on D
.
then Ifl cannot attain

a maximum in the interior of D .


