
Note b-

§ Taylor and Laurent Series

Def . For Znelc
,
the infinite series ÉZN Converges to the sun 2-

if the sequence Sw=É↳Zn of partial sum converges to 2-

( lim SN = z)N→o

• When a series does not converge , we say that it diverges .

• The series [ Zn Converges absolutely if É / Znl converges .

h=o ↑ h=o

E- :
1- £ + § -

'
allows

"

rearrangement
"

-4 +
- . - Convergent but not absolute convergent .



Properties :

• Suppose Zn=XntiYn and Z=X+iy
Then ÉZn=Z ⇒ É×n=✗ and ÉYn=Y

.h=o

• Absolute convergence implies convergence .

PJ : Élznl =É+yi
.

Comparison Test .

h=O h=0

t
As 1×4<-1%+4 and lynlc-E.in

,
⇐ Hnl and ¥4141 Converges

⇒ E. Xn and Yn converges



• Two standard tests on convergence of infinite series ÉZn Refined Version
:

4) Ratio test
: If L-fig.IE?lexists.then-limsupl%E1n-vo

• If L< 1
,

then the series Concretely .

• tf ↳ 1
,

- -
- -

-

- diverges

÷::: : :::: :÷±::÷(2)
.

Root test : If f- ftp./zn1'-nexis+s,-hen-limsuplZnFh-xo
• tf L > 1

.

- -
-

-

-

direyes.it/-L--l.---givesnoinformatim-



ELI Zn=Z
"

,
=ÉZn =/+ Z -12-42-3-1 . . .

= ¥

• By ratio test .

f- him /¥:/ = 12-1
. ⇒

14<1 .
abs

. converges .

nos 12-1>1 . diverges
• By root test . L= Iim Knin = 14

.

- .
-

.

his

p

EI Zn=¥-
.
ÉZn=¥¥

.

= 1+2-+4--1 ¥-1 . . . = et
.h=0

• By ratio test . L=IimY¥ / =/im¥"✓" =/ in ¥,-⇒
n→p

n→p
12-4 / n ! h→p

Hence
,
the series converges absolutely for all 2- .



limsup and liminf Recall for a sequence { ✗n }
,

Xnc-☒

Tinxn = limswpxn : -1in (Supan) = lnflsupxm )has has h→☐ MM Ho MIN

Lim Xu = liminfxu := Iim liafxm ) - suplinfxm )
h→• has mzn n ≥o myn including as

↓
• Unlike links magnet exist, limsupxn.liminfxndwaysexis.tnhas

h→p has

• When ↓I%Xn exists , limsupxu-limxn-lin.in/-xnh-uohis has



¥1 :
{ Xn } = 0,1

,
0,1
,
0,1 - - -

link does not exist
,
but 1in sup ✗ is = 1 , liminfxn = ◦

has a→ as

An ^Ex 2 :

••••;ᵗʰˢ%-
•••••1i#f



✓
Variable

§ Power series :

are series of the form Éra¥" ( or moregenerally , .É An 12--2-1
" )

Zn

☆Theorem_
: Given a power series flH=É an (2--2-0)

"

,
there is a number REIO , is]

,
ft

.

h=o

the series Emregesnabsottey if 12--2-01<12 = Him sup lank)
"

~

n→ is

and . _
-
- - - diverges . . 12-2-01 >R_

Def The above R is called the radius of convergence ( of the power series ) .

Disk 12--2-01 < R . _ disk of convergence .



( lineup version)
Pf : Apply the Root Test to the power series É an 4-2-01

"

.

h⇒

⇒ . Lf Iiwsup ME . 12--2-01<1 , then converges absolute .

h→w

( )
12-2-01 < ( limswp tank )

"

☐
h→☐

Rink :
. When 11--0 ⇔ limsup tank -- 0 : converges for all 2- .

When 12=0 ⇒ lineup tank -_ is : diverges for all 2- .



Important properties :

• Term by term differentiating. =% Nantz - Zo)
" '

.

radius of convergence -_RA- 1

-

- - - - integration : Jgflz)dz=E? fanlz-2-yndz.tk disk of coning
E± . Ez = [ Zn ⇒ -!(¥ = É n - z

"-1=1+22-+32-4 . . .

h=o h= /

. e:[¥
.

⇒ e)
'=e±É%÷=-É¥÷:=Éᵗ÷

h=0

Consequently , far n-E.hn/Z-ZoY with 4-2-01 < R is h



Pf of
"

term by term differentiation : Consider / im f-G-+02-1-44
=

oz→
• 2-

Suppose at is small enough st .
both Z and 2-1-07 lie in the dish of cow.

6

Then flt = É Ault - ton , flt-ot-Ianlz-ot-z.in
⇒

Using
"

absolute convergence
"

⇒ fH+ot-t¥Éz . [ an.( e-+at- %)" -4--2=1 ")6-2 no

= ¥ -[an.# (4-+02--2-0) 7- (2-+02--2-0)
"

:{2- -%) -1 . . . + (2--20)
""

)
A- 0

⇒ fie , =/ im f-""⇒ - &"
= [ an.n.H-z.it

'

☐

82-70 0-2 n=o



Conversely , holomorphic function fcz ) no power series ?

Def : Taylor series about to : fk-oltfltd.lt -Zo) +t It- 2-◦it . . -

D

Maclaurin series when 2-0--0

☆-ay : suppose fiz , is holomorphic function in a region D. 2-◦ c-D.

Then fcz, = É An / 2- - Zo )
"

,
where an = #

"
⇔
= 2Éif¥⇒n+ , dz

h⇒ n !

C

Concert on any disk 12--2-0 /<RoGntainedinD_.



EI (1) d- = 1+2--1 #+ - . . = -ÉÉ: Has

(2) f(z1=Z?e"
:
As e3EÉ%É

.
f-czi-E.sn?-.z-n+3

(3) f-(2) = Sinz 13-1<0

• Method 1 : f-
'"

G) = Sin
'
"cz, / =

{ (4)
m

n=2m+ ,
7=0

O n even

• Method 2 :
Sint __eiᵗ¥
=É(É¥!-É⇒ᵗ¥ ) ← i

"

- c- is:{ 0
never

2in nodd

Imm
= -5 ftp.EI?i---z-&- + ¥

.

- -
-

.

M=o



(4)
. f-(2) = Ez = 1+2--1 . .

. + 2-
"

+
"→
To for 12-1<1

⇒ Ez = 1+2-+2-4 . .
. = .ÉZ"

In general , consider f-A) = around

titch!
- Method 1 : &"(Zo) = ( c- 2-1-11 É %

⇒ fTH=Ét% ( z - z,"=ÉE
h=0 h=o

(C- to) "-11

Domain off :
6- { c }
⇒ It - Zo / < / C- 2- ol disk of convergence .



• Method 2 :
¥

,

¢-70)- (2--2-0)
I

¥2 .

1-

Ez:(HEE , "%+ .

. . )
co

÷
Converges when / ᵗz

.
/ < 1 ⇔ 12-2-01 - 11-2-01



• ( Intuitive) Pf of Taylor's Theorem : D

Let Cr.={ 1W - torn }
.

ro-Ro

V-ti-Ero.TH-E-ih.tw#zdw
ro

"

\

,
-

Cauchy integral formula
h

Recall w÷z==É%?+ for 17-2-01 -1W-2-1=8
-

Thus 1-12-1=214-1 [ fcw, "- -201
"

dw
G. h=o µ -2-1

"" Cauchy Integral Formula
exchange lands? % .cz-zo↑É¥M=↓f%¥=anneed justification



• ( Rigorous) Proof :

Rewrite : ¥z=w¥it%
I= Hat . - - +Ant

↓ 1

=w→lHE⇒+ . . .+(¥÷yv+%÷Y
"

1- %:* )
=É (1--2-0)

" (Z-z.INT/h=o(W-Zo)ntl+(W-Z).(w-2-o)N-t
Finite sum

,

do integration term by term :

few , #" (2-0)
. (2--2-0)

"

• 2¥ ) µ - z,)n+i€ - Zo )
"

dw
n !

Cro



• The last integral is 2¥;) -1m .fi?z-jYYw.z-.@+dw-
◦ when →

Go

( Justification
: Let Max l¥¥ ! = M

then I . . I ≤ ME! length ( Cro )Wtcro

max I:-#1--0<1 ,
we-Go → 0 when N→)

Limit ⇒ when N→• .

tim Éanlz - Zo)
"

= f- (Z) .

Thus
,

µ→
"⇒

☐



§ Zeroes

suppose fizs holomorphic on 12--2-0 / < Ro and f is not identically 0 .

JTZ) = [ Gnlz - Zo)
"

Taylor's thm :

n⇒

Def : Zo is a Zero of f- if fHo)=0 .

the order of the Zero of fat to is k .

tf Ao=a ,
= -

-

-
= ar-Fo

,
Arto .

Then f-A) = (Z - Zo )k . Captain , (2--2-0) -1 . _

. )



☆Theorem : If -1=10 holomorphic , then the Zeroes off are isolated . ¥r.
i. e
,
f Zo Zero , there's no Zero in 0 < Iz - Zo / < to

Pf : Let

glt-ak-AK-dt-2-ol-r.gl#--ant-0
.

⇒ glzi-toinasmallneig-hbn.hn
A

Corollary : If two holomorphic functions 1-12-1=912-1 over anopenset_
on D or, in general , a set with

then -1=9 throughout D accumulation pt .

( Local determines Global ! )



§ Laurent Series

- Power series Éanlt - to)
"

runs -112-1 holomorphic in disk of convergenceh=o

--

I ¥ :
12--2-01<12

- Laurent series :

Éanlt - to)
"

-1 ÉtE→→ → Titi holomorphic in Annulus
hm

Eye Is /2--2-1<12

Converge : 1-2-2-4<12 ¥ ,
< r / =

⇔ 12--2-01 >¥ =



☆Thin :( Laurent Series) Suppose JT# is holomorphic on the annulus-A.RS/Z-zokRz .

for 2- c-A ;
-

-

-
"
-

Then fat = ÉganH - Zo)" -1 É;e¥→n .

.

- " ÷ :
i ci

where the coefficients an = 2¥
,
n+, dw

VGA
'
-

.

_
.

.

_
.

-

"

and bn = go.flwkw-z.it
' dw

In particular , Def: analytic/regular part of Laurent series
•

Frank- Zo)
"

converges to an analytic function for / Z- Zo / < R2
A-0

Def : Singular/principal part of Laurent series
• É;cb¥,n .

. . _

-
- - - - - -- -

- 12--2-01 > R ,



Examples :

(1) . 174 holomorphic th¥t¥ It- to / < Pz

then an-ai-I-if.TK#.-n+idw=n!-f'Yto1.bn--2tT-i)cfcw).(w-2-yn-'dw--0

So Laurentseries-Taylorser.es#



(2)
. flzt-z.cz#- Singularities at 0

.
± i

✗
0

Al : 0<12-1< 1- : ¥ = 1-2-42-4_ .
. . = É- 1) "- z"

,
12-1<1

n=o
✗
- i

so JTZ5-n-E.fi?z2n-'=L-z-E-i)nz2n-1oaHk1
principal khanates

- 2-

2-41

A2 : l < 12-1<0 : ¥za=¥(¥ , )= ¥11
- ¥ -1¥ - - - . ) .

12-1>1

So f-(2) = ¥ . ( I - Ézt .
. . ) = [ ⇔?"z2¥
Fwm principal

Note : Laurent series depends on Zo ANDt !



•

2-

PKThm : suppose G : 12-2-01 -_r ,
C2 : 17-2-01 __k

"

a

St
.
Richer <Rz

,
C. Z in the annulus tick - Zo / < A

f-(W)claim : -114 = '⇒ae
,w.zdw-ai-I-ifc.tw?zdw--!-ifqfw#zdwPf:TH=I-!ifr--w-zdw

,
0=Éi dw

↑

Caiiihy theoremCauchy integral formula
8, uh = Csu -4 . ☐

K



- For integral over G. 1ÉÉ- 1<1
Write

wt-z-lw-zy-l-z-zg-w-tz.it#w----z..--E:i:-.:;n+.-
Hence

, _
,.tw??-dwyEe--zj.'T-.iJf'" dw

cdwj%↑"_
cauuhythmjustification needed an :=☒f¥qn+idw



- For integral over G.
,

11%-1<1

Write =

µ - zo)- Cz -Zo)

I
= Ézi %z◦ - l

co

= -[ É%¥i- =
( w -⇔

""

( 2- - Zo)
"

h=0

Hence, -q¥÷dw -É, 4-2-05" ' ¥iki""YY"dw_
cauiythm

justification needed bn :=) fcwtlw-%)
"_ '

dw
C A


