
Note 4
§ Cauchy Integral Formula

☆Theorems : Suppose C is a simple closed curve and C

flu holomorphic everywhere inside and on C !Then for any 2-
◦ inside C

, =2⇒o¥¥- dz

q-uivaleuttg.fk-I-zi-tifc.tw??z-dwRmk:-Values of f- on the boundary C determine values of f- inside !



EI • f-12-1=1 : f- 2¥ )c¥z.dz
• Cauchy - G-oursat -1hm as special case :

Let fit, holomorphic , 941 = fit, .cz - Zo) also holomorphic
Then 0--9%1=1,9%-0 It = { fault .



• Compute [¥.dz !Two cases
: •_d) G does not enclose 2-0=2

.

Ca

Then ⇒ is holomorphic on and inside C ⇒ )dz=0
4

Iii ) Cz encloses 2-0=2
.

Let fit)=e"

Cauchy's Integral formula ⇒ fat_¥¥dz
Cz

⇒ ¥zdz = 2-ni.lt
.

-



Lemma (R¥qtEyImf : suppose C is a simple closed curve , Zo c-D
and g is a function S.e.sc

" holomorphic on D- { to }
⇔ continuous at 2-0

Then ⇒dz=o
.

P¥ Let Cr = circle of radius r around to inside C
.

Then 1912-1 dz = / 912-1 dzCr

since 914 cont
.

⇒ 19cal ≤ M inside Cr

⇒ 1) Ski dz / ≤ M - length ofG) = Maar .

→ when r→o
.

Cr ⇒ fglzsdz =0 ☐

Cr



Pf of Cauchy tntgrl formula :

'

f-(t) - foolLet got :={ z
- a 2- =/ to

-142-0) 7=2-0

Note : Glth} as -42-1 holomorphic on 2-

linga , = f-
'

Ho)=gao ) ⇒ g continuing at 2-◦Also
,

2-→ to

fiz, _ fczo) dz =DLemma ⇒ fc9GdZ⇒ ⇔ t.cz - so
⇒ [ dz = [¥÷dz= ftp./c-Ez-odz=2-ifC2-o)2- -Zo

☐



Thin (Candy Integral formula for derivatives )

same hypothesis on fit , and G. then f'
"

(E) = ¥÷{¥?+.dz
Equivalently . fiÉ = !¥f↓÷µdw

(Intuitive) Proof : Recall fin = ¥iJ¥⇒ dw

Take derivative fit, = ¥ t¥if¥⇒dw ) 2 concern ? %) =? Jada
= ÉIJ,ddzltwY-zldw-at-ifc.cn#z-dw General formula by induction on N

.



( Rigorous) Prof : f-
'

(e) = fin fitton - fits
Oo→o

OZ

Using the integral nep : 1-(2*7) -fix
=

¥. /i↓!÷→dw-%dw
OZ"

= ,¥Jcµ¥I⇒t%dw
In the limit Oz -20

,
f-
'

A) =ÉiJfᵗˢdwwwnoo→o .

CCW -2-12
"

Taking the limit under integral
"

: limy ?= Slim
a-→ 8t→o



Justification : If t" ' dw - / tcwtdw /
CIW-2--0-2) .tw-4 Ctr -Zi

oe.fm dw /=/ Jc µ _zj.cn - -2-02-1

≤É:¥.de#not4d=min1w-&
, may

> ° " OZ so
.

(
Let M=ma×lkwl once

⇒ lw - t - OH ≥ d- 104

☐



f-A)=L
Ed :

-

[%df-zgm.dz = 2-j.i.fi#
'

= { Hi n⇒
.

0 N = 1,2
,

-
- -

• [¥-1T = 2T¥ t.fi
'

/⇔ .

= 8¥
.

"

fit
. (e2Zj"= f. e2Z

±



§ Important Consequences of Cauchy Integral formula .

1) co - Differentiability
2) Fundamental Theorem of Algebra
3) Mean Value Property and Maximal Principle

1) Existence of derivatives . No simply - connected assumption
↓

☆Thm__ Suppose f is high on a region D. i. e
; Fits exists for x-D

Then f- has deriva-izn.ie, 5%, exists ttn
.

Pf : For all to .
take a small disk around Zoe D

. ;!Apply Cauchy Integral formula ⇒ -1%2=1 in terms of integral over C .



This :(Moreira's thin) : Suppose f- continuous on a domain D and

⇒ dt ⇒ for all closed curve in C

then f holomorphic on D
.

P¥ Equivalence of path - indy) ⇒ f- has anti derivative F :
Fix = fin

.
the D

Then F has derivatives of all orders ⇒ So is f-
.

☐



harmonic
t →

Tim : If 1T£) holomorphic , then Ukip and vk.gl are smooth f-
"
s ie
,

7- partial der . of all orders .

Pf : fl⇒=U×tiv×=Vy - iuy ,

then J"c⇒=U×✗tiv××=Vy×- illyx ,

etc
.

- .
.

☐

Rink : Related results for harmonic functions in real variable functions

Htxip harmonic ⇒ H✗✗tHyy=o

More generally .
Hix , .

. .

.
✗a smooth f) ÉÉ-- o

f- 1

Tim : A harmonic function is smooth
.



2) Cauchy 's Inequality / estimate

Thyme: Suppose flz, is holomorphic in Cr :={ IZ -⇒ f- R} .

Let Mr= Max 11-12-11
2- c- 42

Then IT"'A.) I ≤ n!rMnˢ

Pf : Recall f-
'"

Hot = 1¥ )q¥⇒n+idz
Note / ¥÷µ . / ≤%÷ kata

211-12
"

⇒ IF"⇔ , / ≤ 1¥ .HN?.-.lkngthofCr)--n!pn- A



-1hm ( Liouville 's -1hm) If tis entire and bended in the complex plane,

then f- is constant .

1¥ Suppose # Is M the 6
.

(bounded]

Apply Candy 's tneq ⇒ 1T¥ , / ≤% so when R→o

But R can be as large as we like ⇒ Hanko .

(entire)
⇒ f- is constant

.

☐



☆Corollary .C Fundamental -1hm of Algebra)

Any polynomial PCZ)=a◦+aZt . _ . +anZ
"

.

an -1-0 of degree#
has exactly n roots

.

=

P-f.li/Pofdgreen--1 has at least one root :

Pf by Contradiction
: Suppose Pcz) does not have a rot

.

Then
• f-It, = ¥ , is entire .

• f-(⇒ is bounded :
- I ¥-1 goes to 0 as 12-1 goes to •

•
R

C 1Pa , / ~ antti→ • . refer to textbook far details)
' I ¥+1 is bounded in any disk 12-1 ≤ R

↑

Compact domain



Liouville's -1hm ⇒ f-At const ⇒ pets const .

Contradiction !

Iiit P has exactly n roots
:

Let Z
,
be one Zero

,

Factor PG) -12--41.042-3 .
QQ) has degree n-1 .

If n- i ≥ 1 . 042-1 has at least one root 72
,

then factor out 2--2-2
.

And continue this process .

At the end
,
can write PA, = an 12-2-11 . . _ .CZ -Zn) ☐

Rink : Non - Constructive proof , didn't give an algorithm for finding roots
.



3) Maximum (modulus) principle :

Recall Extremal Value Problem for reattain 7- fix .

Max/min fcx ) at critical points : fix, = 0

Different story for contention W=fA) :

Roughly speaking , *⇒ I has hot-Water in the interiors of D

Consequently , Max 11TH Can only be found onKday of D .

2-ED



☆hm ( Mean Value property 1 : suppose 1T£) is holomorphic on closed dBKH-z.fr.

Then flzo ) = ⇒¥ flzotreitt) do ¥ Cr
"

Mean value
"

on Cr

Pf : Cauchy's Integral forma ⇒ f⇔=¥i↳¥⇒dz
Parametrize Cr : 2-101=2-0-1reit, 0<-0 ≤ 21T .

dZ=ÉNd0= rieittdlt
2--2-

◦
= reio

⇒ f⇔=¥*¥%.fi#d0--2IT-JF-lZo-reitt)d0-
.



D

-1hm ( Maximum modulus principle , €Éim )

Suppose f- is holomorphic in a domain D
,
and Zo is an internet in D .

If 11-12-11 has a relative at to ,
then Tf⇒ is constant in a nghd of Zo .

Pf : Suppose Azul rel . maximum .

So there exists a small circle Gr IZ -% / = r

St
. IfHoll ≥ I fcz , I b- 2- inside Cr

.

By mean value property and triangle inequality :



mean value prop .

Hk→|=↓ftp.o-reio/d0-1triayIeineqf-HF-Ho+rei9/do (1)

Max . assumption -'
≤ ¥1? / fast do (2)

= 11-12-01 /
Thus

,
all inequalities must be equalities .

Ineq (1) ⇒JHo-ireiolsamearg-men-tneq.la) ⇒

lfczoi-re.iq/=lfHy1i.e-,SameModwlnsHene.fcon-sta1ongCr.As-cz.)=É÷d0 ⇒ fc⇒=fk→mCr
☐



Thin :(Maximum modulus principle ,
GÉ

If f- is non-constant and holomorphic on D ,

then tail has no global maximum value inside D.ie, there's no intern to

se . I fail ≤ fcVzeD D

"

☒
"

by picture

Constant in each nghd .



Corollary : Suppose 1T£) is entire . If limfcz)=0 , then 172-5=0 .

2-→b

Ff : Fix 2-◦
.

Let Cr large circle containing 2-0
.

CR
: 12-1=12

Maximum modulus principle ⇒ Max /Jail = Max / flz , / •

Zo
IZKR Zeca

0
In particular , / f-Aoi / ≤ Max Had = : Mr

ZECR

This is true for all large enough R ,
As m.fk-FO.lim Mr⇒ .

⇒ 1-12-01 = 0 .

R→• A



Rmb
. d) No

"

minimum modulus principle
"

in general : may have fool = 0 .

On the other hand , if f- to in D , minimum modulus principle holds
.

(2) Harmonic functions also satisfy :

• Mean value property

. maximum principle

• Liouville's theorem
.


