
Note 3
§ Definite Integral

Let WK)=U¥ + i. ¥-4m c- ①
. Complex-valued real-variable function .

fabwtudt-fbutndt.li/hvtudt-aaTmFund.Thmoflaloulus-:Suppose WE, = UH, title, anti- derivative Wth
S.t. W 't , = U 't) + i Vct ) = UK) title, = wtf

then Jbawtdt = Mlb) - Wea]
.

EI f.¥e"dt .

Note ei-y-i.it
.

⇒ ¥1 ,É)=eit
⇒ f¥ei+dt= - f- = - if 'ñ+rÉ - 1)=É+(t¥i



§ Complex line Integral frflzidt
≈ line integrals in 2- Variable Calculus

Quick Review of MATH2020 :

1) Line Integral Definition : n →

• Parametrized curves in the plane Rtt . Ñ⇔=(✗to . yay
tangent vector ÑH=cx't . y't) a≤t≤ b

✗ •

pika,

>

Easy ,
• Vector field F)×.gs

= ( Mcnay ) . Nay ,>
"

Q

¥ .dr→=PÉñiy :*,dt=↓Md×+Ndy .

a ↑
dot product physically .

Work



21 Fundamental Theory for Line Integrals
- Function fix,y ) ; Pf :=<fxiy > gradient vector field

For Ñu=l✗tu . ytu) ,

chain rule ⇒ d = of •Fit,

☆Theorem : If E- of .

then / F.dr→=fcp%"ˢ
""

&
11 11 Fund

. Theory of calculus

f-Tiedt = J%¥%-u



37 Path Independence

Consequently , F-of

⇐ Etienne :

n r.

↑KIF?dr→= / E. dr→
G- Ku -81

⇔ §¥dr→=o foranycloedpathn



4) Line integral over closed path
- Vector field Écxip =L Mcxip . Nay,>

CurlÉ:= Nx - My

Green's Theorem : §
,

F. dr→= §,cureEDA

on equivalently . ¥d×+Ndy = f)☐Nx- My dxdy

Note : If F→=Pf=t×, -5g> , then curlÉ=-yx_-✗y=o .

⇒ §oF?dr→=o .



Back to complex line) integral : need not be ↳↳morph '
↓

D. Given = Why / + ivcx.gl Complex f-nation
2-(e) = XKI + iyty curve in complex plane .

AETEB

Deff Line/ Path / Contour tntyrelfy-12-idz-fab-G-H.tt)dt↑

complex product
E± . J ÉdZ . 81: straight line from 0 to lie

81

- Parametrize 2-1-4=1Hit ◦ ≤t≤1
.

2-4-4=1+1
'

then JyYdZ =)
'
dtiitlttidt = (Iti)? #-)! =

0



of z-dztj.am't circle Counterclockwise)
V2

Parametrize Zlt)= fit O£t<2I 2-4-4=1 . eit

then Jpzilz = e-it.ieitdt-ffi.es#dt---ej-J/Y=o
2

• / Edz
ra

rahnit circle .

fpidz-ffei-T.ieitdt-n.fi"_idt=2Fi2



2)
.

Theorem ( Fundamental -1hm of complex line Integrals )

If Fcz) is a holomorphic function on domain D.
and 8 is a curve in D from Z

,
to 2-2

Then Jr Find 2- = Fos) -

Equivalently , Lf f. has an anti-derivative F. i.e, F'=)
then fgfczsdz = Fly - Fez, )



17¥ Let 2-1-4 be the parametrized curve .

aEt£b
,

2-(a) = Zi , 2-(b) =Zz
.

By chain rule , dFd¥-" = F'CZKD . Ht)

Hence J
,

Éczidz =/
b

Fitted Étsdt = )bd¥¥dt
a a

= Fifty) / ab = Fool - For )
Redo E± Hdz = ¥1

"

.

= {5¥ for straight line K
Z
, o for unit circle ta



Some useful Inequality :

Thy :( Triangle Inequality for definite integral) ↑
b

suppose we-4 c-¢ concealed f
"

.

then want / ≤ Jalut > Idt
Pf : Suppose fabwtudt = A. e'% ⇔ fabwc-y.e-iadt-r.EE
Write wkie-ia-utu-i.ua, ⇔ /abut,d-F-rii.fi#d-i

Since Hey ≤ lwtu . e-
i " / =/ was / ⇒ tablet,dt≤ 1! lukildt

≤gilwtildt
☐
.



Thy :(Triangle Inequality for complex line integral)
≥ /Ékildt

/ fpfczidt I ≤ Sy tziltdzl . where dz= Étude , ldzl = Heidt

Pf . lfrtizidz 1=11! t±¥¥dt / ≤ fablfk-i-HI.lzi-H.dt-fr-KH.dkTweet ☐

Consequently , ifHIKE on V. then Sr """# ≤ M¥g%%¥¥\×,y±
;

⇒ lfrfczidzl ≤ M . length of 8)



3) Path Independence .

Tim : suppose Jai is fatigues in a domain D
.

Then the following 3 things are equivalent :

(a) f-E) has an anti derivative Fcz) in D
,
i.e.
,

F'(2) = fcz,

(b) ⇒ dz ⇒ for any closed path .

(C) fpfcz.dz is path indep -

Rmk
.

For multi-var
.
Calculus

.

F'= of ⇔↓F?dr→ path-indep ⇔ §F?dr→=o



Pf : (a) ⇒ (b) : immediate from the Fundamental -1hm of ffttdt
(b) ⇒ cc ) : standard argument

(C)⇒ (a) : Pick a baxpu.at 2-◦ c-D .

Let Fairfax dw , where taribitraryluwe from * to Z .

• F Kerwin since path- indep .

• Want Fez)=f⇐,
,

,ÉÉ+oZ
By definition , Fez -102-1 - Fez)=w)dw



Also
, fgflzidw-fczyf1.c@rwFt-ot.Z

cast? F

= fc2.DZ
Hence

. FlZt%¥-F - f-☒ = Éz )wtfczDdw
Since f- is continues , V-E.IS S.t. Hwi -fake whenever 1W-2-1<8

Tringeteqnaity ⇒ / Hm -ties)dw / ≤¥.IE/leng+ktofYil--E-sog-
as 8<-102-1→ ◦

⇒ t.im Flᵗ%¥ _ fcz, = o i.e
,
F'(4--172) ☐

a-→



E . fEdz is not path- indep ⇒ E has no anti-derivative
.c.

• dz Gunit circle
.

c) Anti -derivative
: Fez)= - É . F'G) = ¥ . defined over G- { o} > C
⇒ f Ézdz ⇒
a

G. Direct calculation : Z-t4-e.it 0≤t≤ 21T
.

JÉDZ e-zit.i.eitdt-ffi.e-i-d-w-e-i-Y.IOC ☐



4) Complex integral over closed path :

Recall
: Suppose I:-( M , N > iscontinuousbdiff-reutiakeCG-re.eu's Theorem)

i.e
,
Mx
, My ,Nx , Ny continuous

then §
,

F. dF=$curlÉdA .

D

Equivalently , ¥d×+Ndy =D# - My DA .

In particular : tf curl# = 0 ,
then ftp.dr-s-ot-pathindep ⇔ . .

.



☆hm :(Cauchy - Goursat Theorem -Version 1)

If f- is at all points i±igEand÷gaEEʰʰEhC .

then fcfcz )dZ=o .

Pf : Suppose . fk-5-UH.yi-ivcx.gs , G. 2-1-11
. a≤t≤ b

fofdzfc.tk/dz--fab-JlZc-u)zt-udt--fu+iv(dx+idy)--fab(UHtu.yc-u)tiVHl-i.ytuD.cxi-u-iy.tn)dt



=/Mdx-vdyj-iludy-ivdxl-fabki-gdt-efabcvx-uysdt.ccI
Greenthm :

Re : Let F' =<u, - u>
.

= ftp.tvx-uy/dA then JOE?dr→=f!<u,- v>.<i. y
'

> d-i-fablux-vy.de
- a-"

o Cauchy - Riemann G¥§wreÉdA=ffEEEdA=° .
D D Cauchy Riemann

+ rM×ÑdA Im :
Let E- < v.v> b

then 1¥.at
' -1km>hiii>d-v-fj-x-y.de

= 0 É%urlG→dA=±EdA⇒ .

D
☐

"
0 Cauchy Riemann



Note : Green's -1hm fcMdx+NdY=$CNx-My )dA
requires M.lv have continuous partial derivatives .

Thus
, VK.Uy.lk , Vy are cont . <⇒ 5-

'

(z ) continuous
.

☆
GIE: The assumption

"

f-
'

continuous
"

can be dropped !

Def A region Dic is called simply - connected if theinteriorofanysimpbdoxdcurve
"

no holes
"

in D is also contained in D.

% ÷;☆
Simply - connected NOT simply -Connected ① \ { z. } i.



ÉE: If f is holomorphic in a simpleton region D.
(General Version )

then Jia doo⇒ FILLE C in D
.

⇔ tis path - indep in D

⇔ f- has an anti-derivative in D: fat = Écz)
.

Pf : Apply Version 1- of candy-Goursat -1hm ⇒ fcfk-idt-OV-I.pk closed curve

For general closed curve , break into a sum of simple closed curve
LJcfdz = fatdztftdz = 0 a 4

a
☐

.



Multiply - Connected Region ?

☆This
. If f- is holomorphic in the domain

inside C and exterior to Ck
,

K
.

then ⇒ dz = IÉ fcilzidz
.

Kuk = Gu -Gu -4
Convention : All closed curves are counter-clockwise oriented .

Pf : Decompose D into smaller simply connected regions .

then apply Candy - G-oursat -1hm ☐

a
specialise ¥"¥th%m7h

"
⇒ ⇒

dt-f-a-idz.sk



EI Evaluate fcztzodz for simple closed curve Cin the plane .

50¥ Note that-z-z.is defined and holomorphic on 6- {Zo}.
Two cases :

(1) Chat around to

candy -1hm ⇒ 1
,-%¥ⁿᵗ¥o

(2) Garand Zo
.

Let Cr small circle inside C %
of radius V.

2-It)= reit -12-0 .
0≤t≤2T

⇒/É.dz#--z.dt--JFr!ei+-.p.i-.idt--21Ti . ☐

C r



Summar
:

healthier Compkxlineintegraln
P
?

↓F?dr→
#

fdz
F→=< Mary,Ncxy,> "

"

fk-t-lkxip-i.vlx.gg
Ñt4=(✗to,yt,>

'

p , z
, ZKKXKII-iy.lt)

b

JE?dP:=f¥cr¥;Ñtdt fttidz :-) -14kHz'⇔dt↑8 a
dot product

✓ a

complex product

t"of Calculus :
JF?dÑ=fcPd -1-471 Srta)dt=F(E) - FCZD✗
where Pf=F→

.

Where f-
'

(2) =fcZ)



pat-h.gg ; E- of f-G) = FEZ,

E) §F?dr→⇒V- closed C (⇒

fcfk-idz-OV-dosedc.ES/j=-?dr-'pa-ih-indep
.

E) frtzidzpathindep .

✓
Onsimplytonnatk ↑A

domain : ✓

CurlÉ=o f- is holomorphic .


