
Note 2

§ Holomorphic/Analytic Functions
.

Right, speaking , fits is holomorphic /analytic if it has a complex derivative f-
'

G)
.

+↳ = Iim ¥ = lim*ᵗᵗ%¥É
understand this limit !

82--70 02--70
.

Def (Limits) : limfcay -_ Wo if for all E > ◦ .
there is 8>0

= 2-→ Zo S.tn/fc& ) - w. / < E whenever 0212--2-01<8
.
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• Limit of complex f " can be reformulated in terms of realf?

f- (7) = fcxtiyl-wx.yl-ivcx.gg
Suppose Zo=Xo+iyo , Wo = Uotivo

Then limfct, -_w . ⇔ Iim Ukip -_ no
2-→2- ◦ Mikko ,Yo )

and
Iim Vail)=Vo .

lxip-cx.it)



E. •

"

Obvious limit! fim→¥¥ = §
•

"

Two - path Test
"

: tim ¥ :

2-→0

Along real axis .

E- ✗+ oi
,
¥=¥=1 ⇒ t.im __ 1

*

Along imaginary axis E-oxyi , ¥=¥i= -1 ⇒ 1in = -1

⇒ limit does not exist
.



• Limit involving co : Extended complex plane -_ ① v90}
11

add one point at infinity

key idea :

"

5=0
"

• t.im/-cz)--I-l--1imfTz-- 0
2-→ Zo 2-→Zo

• Iimfct, -_ No <⇒ Iimftz)=Wo
2-→I

2-→ 0

,

• limfcz, = <⇒ Iim g-( ¥,
= 0

2-→ ¥ 2-→ o



Ex : t.im¥
.

Intuitively :
1in -_ 25=2

.

2-→a

= lim¥
2-→o -2-+1

= 1in
to

= 2
.



Def : . f- continuous at 2-◦ if 1in -114 exists and equals f-G.) .

2-→ Zo

• f continuous on a region D if it's continuous at every pt
TED

Likewise
,
fits = fcxtiy ) = Ukip + i. Ukip continuous
⇔ Ukip and VK.gs are continuous

.

Suppose fat and get continuous on D. Then
• fool -1-914 cent on D
• -112-3912-1 Cent on D

• f- G-✓get) Cmt
.

on D except (possibly) at Pt where 912-1=0 .

• If h cont . on f-CDI then fifth ) cent
.
on D

.



E± . et =e*Y=e±☐y + i.ee?siny- Cent
.

UH.y) VK.gg
• cent

.

• Cost = @"+e-
'%

• Plz) . Qcz, polynomials , Po¥⇒ Cent. except at roots of QQ) .

~

rational function



§ Derivatives

f-42-0 ) := limt¥¥¥?- .

derivative of fat to
2-→to

If the limit exists
, f- is complex) differentiable/holomorphic at to .

E¥ . for) = 2-2 .

flat=/ im ÉÉ = Iim 2-+2-0=22-0
2-→to 2--2-0

2-→ 2-
☐

⇒ -142-03 = 22-0
← No limit

• 1T£) = I
,

FH .) = Iim III. = Iim ¥
.

Cohere w= 2- - Zo
.

2-→to w→o

⇒ f- no -where differentiable .



Jenkins:

• Sun tale
:
¥ (Tft ) +gcz , ) = f-' + g '

• Product rule : d-dzltz.kz) ) = -5g + fg '

- Quotient rule : ddzlfczilgcz , ) = "9gi-É
- Chain rule : d-dzgtv-y-gl-cz-D.kz)
• Inverse rule : adz -5kt) =¥f-

Same as real-valued functions .



PJ :C
"

replace
"

thy ✗ in MATH 1010 )
d
d-ztzi.ge,)= Iim t↳9¥¥%9

2-→Zo

=/ im fl⇒9l⇒-f¥Y¥+fa→gw-fc£oiyz#
2-→Zo

¥1,1.tt#II-.gca-)-Iimfczoi . 9¥¥2--72-0

= f-
'

(Zo )
-gap + fczol.gl Zo )

.

☐



§ Cauchy - Riemann Equations .

☆Thm_ : If fk-5-UH.pt i.Ukip is differentiable at 2-◦⇒ ◦ tiyo

Necessary then partial derivatives of u and v exist at Ho
. Yo )

Condition
and satisfy the Cauchy Riemann equations : Ux=Vy , Uy = - Vx

"

Two path test
"

at lxo.io)

Moreover
, JKZO) = Uxlxoifjtivxlxo, %) ← horizontal path

= Vy (Xo . Yo) - Illy (Xo. Yy ← vertical path .



Pf : If %) = fit:¥+%z" exists

it's the same either approcking to Etsy or vertically .

D. Horizontal approach : ay⇒ .
07=4

5401 =
,fig, -11×0+1=+1%1%+1%1
=/imw-ox.YD-ivlggg.y.D-lkxiti-ivcxo.us#OX-o
=/ im W×+0✗il¥uHH# + 1inVK.to#f-VlHM-.j8X-so

ox→ 0

= Ux IX.if] + i - Vxlxo
. Yo )



(2) Vertical approach .
011=0 .

ot-i.oy-czoj-f.imµ%Yo+oY) + ivlxo.yo-oyy-lulxsyol-ivcxo.gs )
oy→o eioy

= him UHYoi-OYJ-UCXo.fi
+ himVK.if-oy-vlxo.li/.ioy-oiYoy→

i. ay

= vycx.io/-iUylXo.Yo)

comparing (1) and (2) proves the theorem .
☐



Ex :

. f-(2) =É=CX+iyi=×÷ -12¥.ir
Ux=2✗ CR equations hold
My --→y¥×=2yVy=2X

• f-(E) =E=✗- if
U×=t Uxtvy .

⇒ finis nowhere differentiableUy=ok=oVy -1 .

U V

- -112-1=12-1 '=zE=✗4y% "

o

U×=2X vi. ⇒ cprequations ⇒ f- is not differentiable
Uy=ayVy=o . except 4Lyf at 2-0=0



CR equationsasSufficientConditioni@im_iSwppoefct-Ucx.y)+ imy )

If ur satisfies Cauchy- Riemann equations

AII all partial derivatives Ux
, Uy , Vx, Vy are Gntinuousm at (Xo, Yo) .

Then f- is differentiable at to = Xo + i. yo ,
and

f-
'
(Zo ) = Uxlxo, f.) 1- jvxlxo, Yo) = Vylxoif ) - i. Uylxo, %) .

Note : UN differentiable¥ ¥ Yy exists + continuous



• 2--14=1×+0×1+4-ioyii
Pf : Tfztot) - flz > = UH-kx.yi-oyl-ivlxtox.Y-oyj.ly#'*ox.g,=

+
(✗tox,y, )

- Uki ) - iv. IX. y ) z-x-yicxz.ph/,,y,Z+0X--lX-t0x1+Yi
real part imaginary part

vlxtox.y-op-vlx-ox.gs/.j--Ulx-ox.ytoy1-UH+*.Y1)+&v1x+ox.y, -vk.gl/tUlx+ox.y)-Ulxiy)fMean-ValueThm)gy.Uyfx+ox,y
, )XEXi.X.EX-oxox.mx

, ,y , )
+ (4%+0×-71) .j for= ( + +

yeyiiksytoyIX. Vxlxz , Y)

t.im/Tt+0Yz-f#=fim0XlUxHD1+VxlkY1i)-oy.luylxip-Vylx,y)i )
G-→ o×→

0×-1 ioy 11 11 =Ux+V× - i

oy→o
-V× Ux

☐



Application
• Exponential Function et .= e*iY= ① cosy + i.effinga-

Ux = Easy
↳ =

- e.
✗

sing

-Helsing
Vy = ① cosy

⇒ et differentiable and Iet = ① cosy + ie! sing
= EZ

.



• Function> had expressed in terms of Z .

Z and F
.Ex : fct-si-yy-iasy.gg#f&hiteintermsofybut I is not diff .

U×= Cox . ashy V×= -Sinxsinhy Recall : Sinhy -_Ñ-zé_ Sinti -_ uh

Uy= Sinxsinhy Vy= asxcoshy cosh ✗ = eI cosh'=sinh

Hence , f is differentiable
* = Coxcohy - isinxsinhy



• f-
'

(2-1=0 on a disk <⇒ fits is constant

pf ;
Icts -0 ⇒ U×=uy=Vx=Vy=o

Cauchy Riemann of .

Multivariable calculus ⇒ V.V constant
.

⇒ f- utiv constant
.

☐



Def A function that is differentiable at every pt in the entire complex planed

is called an entire function .

Examples :
• f- (2) = Z

"

.

NZO integer . entire
f-
'

(2) = h.fm

• Plz ) polynomial = sum of monomials .

entire

• flt)=Én h2o integer . h¥ entire
.

Domain of Def __ G- { o}
JEZ)=fn ) ¥+1 FZ -1-0



• PETE
,

rational function .

Assume P,Q have no common roots
then Donor.ofDef= e- { roots of Q}

g-
'

(⇒
=P quotient rule )

• foo)=et exponential entire
f-
'

CZ)=et .

• sinz-eit-e-itcosz-e.it#-i22i entire
sin'z=cosZ Cos'z= -Sint

• sinhltt-et-L-itcoshtt.lt#-entireSinhlz1--Cosh(Z) cosh '(z)= Sinha
.



• log 2- = lnlzltiargcz) Mwltivalued

LogZ= lnlzltiltglz Domain ofdef=①- {0}

(Even ) hot continuous ! ^

zw=Logk ) ^

→

Recall -ñ<Ag≤Tv At:9-
"

÷¥i
""

s
'¥"

t

can solve the problem by
"

shrinking
"

the domain ( branch cut )

IogZ=É .



• zc CEE
.

É=eᵈ9⇔ . Same problem

After branch cut , dfzzt-dq.etoyt-ec.bg?c.tz--c.zc-l
.

• Sin"z recall for real- value function
Y=sin"✗ MYER

⇒ ✗ =sinY
⇒ dx-iosyc.ly
⇒ ( sin"x ) '=-=¥y=¥✗

In the complex case, Siri
'

-2 -_ - ilogciz -14-2-442 )
d I

⇒ d-zsiiz-iiz-g-zyyz.li -1 ¥11-2-25%(-21-1)=(1-2-2)
- ±

.



Appendix I 13Th and Branohcut
✗ y

• A function in the classical sense is singled . 9=4×1 µ•aʰ"I 1

⑧D

• Yet
,
a multi-valued function

"

arise naturally . a.writ •
- Inverse -5

'

of a function that is bet injective ,

e.g .

inverse of ✗
2

.

i. e.
,
Fx

,

• A branch of

amdtiealuedf-uetie-isannd-vlede-iets.t.FM
is one of the values of fan .



Graph :

It × , a brand



• ✗ = Ty 70 is secretly a branch of the inverse f
"

of y=x
'

•

Arg : G- { is → ☒ is a multi- valued function .

"

By choosing - it - arg a-sea .

We obtain a principalb-ran.tn Arg HI .

In general , V0 c-☒
, if we require Q < argue o tae

or -0 £ argot) < 0 -121T

then we can obtain another branch of arg .

• Correspondingly , each branch of arglt ) gives a branch of the log function
log# In 12-1 + iag(⇒_



Often , a branch F is not continuous/differentiable .

everything in its domain of definition .

Branch Cat
:

"

Cut
"

points out of domain to remove

ptso-disntninuitylnon-d-feretiabdiity.E-x.li) Arg :
G- {o } →R (2) arg : G- {o }→ An
N branch Otay 2- < 21T

•agro

Ag=ñ¥-÷÷. s
→ ago7 •

arg~~2ñ
branch cut brnuhcut

Arg continuous on 6- { negative real axis } continuous on ① - {positive real axis }
= { tea / - it < Agzit} 4- c- a / ocargz < 21T }



Appendix -1 Differentiable v. s Analytics us . Holomorphic
- For real function Y=fcx , , MyoD

f- differentiable = t
'

exists

f twice - differentiable = T
'

and -5
"

exist
.

f k- time differentiable = F. T
"

,

-
. -

.
-5
""
exist

f smooths differentiable = flk' exist ttk .

f- analytic = f- smooth at f- = Taylor series

i. e.
,
fat#+ftxoi.H-x.it#-H.cx-xoi-i...NearXo.--



EI fix> = { e-
±

× > ◦

0 ✗ ≤◦
.

• f- differentiable : Ttx = { e-
÷
. ¥ × >0

.

0 ✗≤ 0

Note
: f-

'

6) =/ ime = lim Y - e-' =1imL→=o
✗→ 0-1 y→cs Yes

• f- Emek : Induction
: -54×1 -_ { formula ✗ 20

0 ✗≤ 0
.

• In particular , Taylor series near ✗=o : fast -5cg .✗+f"¥.it . _

. ⇒

⇒ f- Landini at 0 .



- For complex function W=fcz ) Z
,
W c- ①

.

Can still talk about complex differentiable
,
twice differentiable .

. - - analytic .

Amazingly , as we'll see in MATH 2230 :

f- is differentiable (⇒ fish - differentiable (⇒ f- is analytic !

To avoid confusion , we'll use the terms : holomorphic := Complex differentiable .

In a month
,
we'll prove holomorphic = analytic .


