
Note 7
§ Application I : Real Integral

• Definite us
. Indefinite Integral (Anti - derivative )

Jabfcxidx c-

← Stand✗ = Fix,
= Fcb ) - f- (a) Fund. -1hm of calculus

21T

1
Question : Evaluate definite integral without anti - derivative ? leg . f. tasinodo)
-

Improper Integral .

•

"

One- side infinity
"

:
[fixidx t.IE fabfixidx

^

1%-1×1 dx : = t.iy.dk fixidx"
"%



•

"

Two - side infinity
"

:)? tixidx := Iims :-/and✗ + limfobflxidx
a→ - is

this 117

= t.io#dx-J?flxidx

Candy Principal value : p.v.fffcxidx-limf.pk -1inch (2)
R→n

Question: Limit exist ?

Note if a) exists , then %fFtmdx-rt.imjlfi-mdx-ff-ix.ch]
= E. tixidxtfitixsdx

⇒ p.v.f.T-ixidx-f.FM dx
.



On the other hand
,

7- fan St . P.v.FI fix dx exists but 15 fcxidx not .

EE f.I xdx = [• xdx + Sixdx does not exist

P.v.IE/dx--hi;gfrixdx--1imlE.k--0.R-p
0 .

- Hence , when we compute improper integral from -• to •
,

we typically refer to P.v.fftmdx.ua#Phnripalva-u .

- Another common situation
: fix evenfunctimm .

then %flxidx = tcxdx
Cif exists)

⇒ [find✗ =L . P.v.fi fix DX



☆General strategy of computing P.vf%fi!
d) Find a complex function get related to fix leg . 91×1=1-1×1 txt ☒ )

(2) Take a closed curve C that includes the segment FAR ] in the real axis .

leg . C = ERR] vcr
.

where Cr top half of circle KKR)
^

1-
↳

-ftp.
>

(3)
.

Prove 1in )9Hdz = 0 .

R→o Cr

(4) Evaluate Jfk dz , by residue thin ,
etc

" ¥gtr9l⇒dt = t.r.tt fix> dx .



Ext :

P.v.LI#1dxEx2:fF*y-dXEx3iP.V.f?s-Egdx
b > 0

.

( trigonometric Integral )

E-✗ 4 : P.us?YIYzdx (Jordan's Lemma )

☒ 5 : If dx ( Dirichlet integral _ singularities)

Fxb : p.v.fi#?dxocaa1 ( rectangular countout

Eif. fi"¥sinod0 -Kast ,a≠o .
( proper definite integrals



Exam : t.v.fi ¥, dx .

^

Naturally .

Consider the complex function 914 = ¥1 .

•
2-
, 1-
(R

>• Evaluate J↳9l⇒dz=faz¥dz .

e

- R Z
} •

z

"

75 R
/ for ¥1 dzl ≤ Max / 2-1-71 . ( length of Cr) 4

2- C- Cpr

= 12¥ - TLR > 0 as Rico

⇒ dingle
,
91*47=0

.

• Evaluate Jq 9l⇒dZ=2ñi[ Res
Cru ER,R]



Note ¥1 = Ñ¥z, where Zn=ei"¥"
.

k=f

( z6= -Kei -≈ ⇒zg.li#Yk=o.n...;bTheburveC
enclose 3 singularities 2-0,2-1.2-2

⇒ fcgk-idz-2-i-IRescg.z-n-2-i.tt/.(eiF-eizIi-eiE#-bio WI-FI
( Compute Reslg .Zr)=(z¥yz⇒n= 62¥ = - f- Zr )

' O
' Thus r¥g%fwd✗ + m.sc#dz--Sc9Hidz--2--u

11

P.V.LT tixidx . ☐



- Decay of functions .

Tim
; suppose fez , is defined in the upper half-plane . If there is AI and Mao

sit
. 11-12-11 <¥a for large 2- (~ decay faster than ¥ )

Then Rting for -112-1 dZ = 0 .

where Cr is the upper half circle 12-1=12

Pf : tltidt I ≤ Max# I • ( length of G) < RR=¥E
ZECR

Since a > 1-
,
limit goes to 0 when R > •

☐



=E

LIE: Compute IT ¥ydx=¥= £ P.v.LI#xTdx - CR

↑
even function • i

Let fk-t-y-iz-I.fi#~z-a when 2- lage .

- R r

Hence
, Previn> than applies and P.v.to#idx--ffl4dt=2-ai.IRes .

1 a E- ÷
Compute residue : flztetijczii has singularities at ti .

( Sinai is a pole of order2. then Rest.z=i)=&É⇒=gwhere 912-1=(2--2-05/-12) = ¥1,2 .

⇒ g'A) = -2. ⇔¥s ⇒ gti ) = = - iz



§ Trigonometric Integrals .

In Fonrieranalysis , We often encounter integral of the form
fcxisinaxdx or 1%-4×2 cosaxdx (Fourier coefficient)

W . L
.

0
. G-

,
assume a >0

.

To do such integral , we may consider )o¥ʰᵈʰʰÉᵈ
htard to control the size

Problem :

sinat-ei.at#e-iaz=e-aY+ia:.,e9-iaxCEx.1/Sina2-/~eYas y→ + is



Remedy : Consider instead [ f⇔eEdz
Note that Kiat / = / e-at"" / = e-AT ≤ 1 on upper half plane .
In favorable case , can prove him for -114 . eiaᵗdz=o

R→w

⇒ fine"ʳdz=¥%f! fcxieiadx
=P.V

.)! fan . cosaxdx + i. P.V.FI -11×7 SinaxdxCompute this by
residue thin

. TF Imax



Examples : Suppose b > °
. Compute P.it?s#dx

Let gcz, = ?i¥
/ eiextiyy

For 2- = ✗+ iy with yzo
.

19cal = *+ by = decays ~ ¥ .

Hence t.im ) get > dz ⇒
Rvs Cr

Note that guy has two poles ± bi , among which bi lies inside G.

Rest 91-21 . bit = 2ej÷
⇒ fog A) dt-2-ni.pesc9.b.ij-%eb-p.v.gs -¥. ☐

⇒ t.IE#.dx--o.5..EGdx-- "÷



To motivate Iordache , look at the following example .

Example : P.u. f. dx

By previous discussion .
We consider 912-1=-2%-3 .ee:* .

Note 1¥, e"" / = 1¥31 . e-21 ~ ¥,

It does not decay fast enough to apply the earlier thin .

-
<

L



☆Thin ( Jordan's lemma ) : suppose
(a)

. f is analytic on { ZEE : Im -220 . 12-1 ≥ Ro } for some Ro > ° .

(b) . For each R > Ro ,
there's a positive const . Mr St .

Max 1ft ≤ Mr
CR

and ftp.Mr-o .

Then for every a > ° , tim ftp.t.ei#dz=o a

R→b Cpu

Ro
i



Back to the previous example : Az) - ¥-3

(a) Poles at tri
,
sofa is analytic for Ro=2 >B

(b) Max# I ≤ Mr=r¥} for R≥R◦ > 53
ZECR

Clearly ,
limMr=o

Apply Jordan's lemma :

"→

⇒ pfig.fr/Tz).ei-22-dz--o
.

Hence sofas.e"ᵗdz= 2-aikes-E.li#,Bi)=2-ai.(IE.-.e-2r)
= e-ÑTI

So P.V.LT#3Sin2Xdx--e-2?-L
. ☐



Pf of Jordan's lemma : For a>0
,

R > Ro
,

2-101=128
= bsotisino

fcn-fczs.eia-2-dz-JF-cr.eigeiak.eu?.Riei0-do--iRfF-(R.eioye-ars.in?eilaRwo-oIdg
Th"

/ futz, .eia"dz / ≤ R . )? / ftp.eiq/.e-arsinod0-

≤ R.MR.fi?e-aRsin0dg
.

% y=¥

Ke→ Observe Sino ≥¥ for 0£ -6 . ¥]



Then Jie
-amino

do = 2.)¥ e- amino do

C- arsinoe - 2¥11 ≤ 2 . 1¥ é¥ᵈ do
= a. c-÷.ie#q:--aE.(1-e-ar

)

≤ ¥2

Therefore , I fgiczteiatdz / ≤ * MR . EH → 0 as R→

☐



• Dri¥ÉtiiÉ+egrae : f ;ˢ dx = 's P.v.li " dx

Consider [ e¥dz ,
which has a pole at 7=0 .

We introduce another type of improper integral .

Def suppose fix , has a (possible) singularity at ✗1. then the Cauchy principal value is :

P.li/abfcxidx:--limfa
"-"
txidx + fb fcxidx

✗ith

•

✗' -%
,,,

'+4
•

a X
,

b



R

P.V.fi?fcxidx:--limf
"-" fcxidxtfx

,+r,
-11"dx

Rio -R

T, -70 .

Nott tf fix is continuous Cat xD
,
then 41%1×44

"

-1k)dx=o

⇒ p.v.fi _ixd✗= fabfcxidx "

proper
"

integral .

More generally , if there are multiple pints of discontinuity . Xian - :<✗n

w

R

P.V.f.jkxdxi-t.im /""tixidxtf
""

-1inch -1 .
- - +f✗n+rimd✗

k→
-R Mr,

h , - - .

. rn-30

✗in ✗MY Xin Xin Xu-k Xntrn

""%
""""" """' '"""' FF

'

✗ i ✗ i Xn



Important : Intervals around each ✗i are SYMMETRIC !

Basically , Want to
"

cancel
"

the contribution near singular points .

Ex : P.v.fft-dx-limlf.it/dx-frRtxdx)=oR-or-o
WITHOUT the symmetric assumption :

- ? ° ¥

[ ⇒ dx + ↑ ⇒ dx = Inis ) -☒+
- Intl

-R t

does not have a limit when 5. t →0



Back to Dirichlet's Integral . I ˢi¥ dx

By our earlier method
,
consider instead the integral of { ¥?dz

- e¥ has no pole inside C. ⇒ )ce¥dz=o r

a-• The funutim ¥ satisfies the condition of Jordan's lemma
:#⇒ p.E.hn#di---0

• We are left to find out Iim for¥ dz
A→ 0



In general, we study integral overmatched ;£r
☆Tha : Suppose ITZ) has a fickle at Zo -

Zo

Let Cr be the circular arc ZCO-t-o-r.e.it
.

With 0-0<0-1-0 . -1A
.

Then g for fault = d. i. Rest, Zo)

Pf :
Taker small enough , 5.t.no other singularities in 0s / z - z. / < r .

Laurent series : f-A) = ¥¥ +
A-AHg.cz?Yjj-a1y+i1z-tokr



⇒ ftzdz = for ¥z.dz + for 9kid 2- .

Cr

Note for ¥z. dt = 1¥"r¥o ' irei " do = bi i. ✗ = ✗ - i.Rest
,
%)

1 for glzsdz I ≤ Max 1912-11 - (length of G) = M - ✗ . r → 0 when r-so
17
.

Back to Dirichlet 's integral : Iim for¥.dz = I. i. Res 1¥ ,
0 ) = iii.

•

V→ o

⇒ pit
.

Iii Edt + I# dz = a-i

Take the imgur.EE ⇒ I "¥dx = £ P.v.fi "¥d× = tax
☐



• Rectangle contour C
^
a

E± : P.v.fi#FdxO.act zai••
<

• IiA-RV

,

Ar
Sol : Consider f eat

c.
Het

d't i >

-12 Co R

where C is a
"

rectangle
"

hop I-R.NU/truGuA-R
• "i

• -31Ti
• Note that fit)=÷g has poles at -2--1=-11 i. ±3Tii , . - -

.

Among which Tli lies inside C.

⇒ geai-cl-etdt-z-i.pe , eat =
-

""

Hee -
ti) = - ziti eati

.



• On G
,
Z=✗t2Ti

.

⇒ eat
tea =eee÷

⇒ to,¥÷- do ---eam¥E÷×d× .

• On ftp.Z-R-yi .

year
¢21Teat ear/ ftp.te-dtl ≤ ¥:* 1. ( length of AN ≤

er.i2ñ→0
≥eH

when R→cs
⇒ ¥:&.ie?-ea-dt--o .



• On A-a .

2- = -Rtyi 1ea+fÉ
"

¢2T

IS eat

A-nltetdt / ≤ Maxie '( length of Art ≤
e
""

1- e-r
'2ñ

2-c- A-R
≥ / -et

et -AIR

⇒ pfigs.fm/F%d2-=o .

=

er -1
2" '0

when R→o

Putting all together and let R→%

- 2-ui.ea-i-fcfk-sdt-fc.tl#dt+fqfHidz=(1-ea*ij%9F-exdx
> J.jp?-dx---2Ti'e

""
2Ti ziti g-

1- eat"i
=

ea-ui-e-a-i-2i.sn#=sinaTi
☐



§ Compute Proper definite integral Jabftxdx ^

zµ=eio
1-

More specifically , Jj
"

Fc sina.comdos

2T¥.
Let 2-10) = eitt

,
Otto, 2K]

.

then Sino = = EÉ
,

c.☐ ① = ei0ze = -2+-3-1
d. 2- = i. eio do = i. 2- do

⇒ JFFCsino.ws do = f. F¥¥ .
%⇒¥dz

where c is the kite .



^

Exampled :
¥sino do -Kast ,a≠o .

no
1 g

= Jo Ita .cz -EH.

' izdz • 2-
,

2 •

72
.

= [ azztziz - a dZ

Poles are the roots of azkziz-a-O.2-i-%Fe.2-i-4-o.FI

As - Kaat
, ¥121 ;

as 2-12-2=-1
,

12-11<1

Hence Jcfi⇒dt=2Ti Presti , 7) = 2Fi .ci?-zI#--rE-- ☐

LVFE . i


