
Note 6

§ Singularities

Def : . A function fiz, is singular at Zo if it is NOT holomorphic at to .

- The singularity to is an isolated singularity if f- is holomorphic on
0<12--2-01 <r for some r> 0 .

÷
"

EI. - f-Hi =É⇒, ) isolated singularities at 0
,
±i

. g-G) = EE -
-

-

- - - 0 isolated
- f- A) = ,

has singularities at 2- and ⑤ ,
n= -1-1,1=2

,

- - -

NOT isolated !
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• Classification of isolated singularities

suppose -112-1 has an isolated singularity at to ,
then holomorphic on 0<12--2-0Kr

⇒ have Laurent series f-A) = É Antz -2-01
"

+ É(zb¥n
.

Def_ . If bn⇒ for all n , then 2-◦ is called a Memorable singularity
(Lf we define fczo) = a. then f- is analytic on disk 12--2-4 < r )

• If 7k 5.t.br/--0andbn=oV-n> k , then Zo is called a pole of order k .

In particular . pole of order 1- is called a simple pole .

( (Z - Zo)k. flz) has a removable singularity at Zo . )
• Lf there are inf . many br -1-0 , then Zo is called an essential singularity .



Example: • f-A) = ZÉ =/ + ± ⇒ 2- ⇒ Simple pole

• f-G) = -3T¥ ,
. Singularities 0 pole of order }

ti simple pole
Att:-O . f-A) =z%¥¥⑦=:glH analytical-0,961=1

= ttaittazzi . _ .

= ¥ -1¥. -1¥ -1 . .
. ⇒ pole of order 3

=t-É+¥ _ . . .

. f-A) = "n¥ = 1- ¥ -17¥
.

-
.
. . ⇒ to removable singularity

• f-(2) = EÉ = It ¥ -12¥ -1 31.* -1 -

_ .

⇒ 2- =o is an essential singularity .



• Behavior hear singularities .

(1) Zo is a removable singularity ⇔ f- is bended near Zo .

pf :
⇒

: fits -_ÉanZ
"

analytic hence Continuous
,
So bounded in a compact set .h=O

⇐ : Recall that f has a Laurent series Éanlt - Zo) "+É b "

D=,
( Z - Zo)

's

in 0<12--2-0 / < r
n"

n-1with coefficients bn=¥i ) , -112-1.12--2-7 dz
.

Let Cqcirde It -2-01=8 < ro
.

then Ibn / ≤ ¥, Max Ifl -E
"
! length (G) = maxtl.ci .

E can be arbitrarily small ⇒ bn=0 so when E-so
☐



(2) Zo is a pole of order k ⇔ f-A) ~ cztz.ie near to

In particular , t.im/fu-iI=b
.

2--72-0

Pf : Zo pole of order k ⇔ removable singularity for (2--2-1%2)
Note 1-12-1 = É◦ an 17-2-01 " -1 Iʰtf⇒n

h =\

=¥z.tk#-------.+b---n--a-----.- )
≈ bn for 2- ≈ 2-0

. it



(3) For Zo essential singularity , we have
:

☆ Picard Theorem : If 514 has an essential singularity at Zo , then ttnghdoftu ,

ftakesadcpexmahesinfinitdyman-t.ms , with the possible exception
of enervate .

EI f-E) =e¥ takes every value (
•-times ) except 0

.

Pf : Let Z=✗+iy , G- Pei°≠0 ✗⇒

Solve the equation eÉ=o ⇔ e⇔=pei• ⇔ { ¥p=lnp
/up -0-12h 'T

⇒ ✗" = 11%41-0-12Mt
'

,
Yh= yup , ,y→+µ,p ,

/imzn = ,
,

¥-92 = 0+2^7 MI
has



§ Residues

Def Suppose to is isolated singularity .

☒ = Egan 4- -%)
"

+ É,¥ on 0<12--2-01 < r

The residue of f- at to is bi
.

Denoted : Rest. 2) = Rest = be
.

It- Zokr
7=2-0

Alternative characterization : Rest,%)=bi-¥)dz ;!
Check : ) Ezo)" dz = { O n -1--1

G Iki h = -1



Example : (1) f- holomorphic at Zo , Rest, Zo) ⇒ .

(2) f-A) = sih¥ = ¥ ( Z - ¥3 + . . . ) = 1- + . . .

removable singularity at 0 , Rest, 01=0 .

(3) f- 12-1 = @¥ = / + ¥ -1 2¥ + . _ .

Rest, 0) = 1-
.

(4) . f-(E) = z¥y = ¥1-2-2+2-4_ . -7 on 044<1

Res (f.01=1

(5) flH=¥⇒
.

2-0=0 is non- isolated singularity .

residue not defined !



Residue at Poles :

IV. Suppose Zo is a sinkhole of fit .

Let 912-1=(2--2-0).fm

then Rest, E) = 912-0)

Pf 1 : Laurent series fit)=¥z . + a.+ alt -to )+ . .
.

⇒ gczt-b-ta.CZ -2-1-1917 - to)4 .
_

.

☐

Pf 2 : Restf. to) = [ fit , dz = f 914
c.
z-z.DZ =p 912-01

Candy Integral Formula ☐
.



PHIL : If 914 has a simple at 2-◦
,

then f(H=¥ has a simple pole at Zo

and Rest} , %) = glad
PJ : Recall for gk-t-a-a.lt - to/ + . _

.

.

to is a teroofordevkm
if an -1-0 and an -_ ◦ trick

.

In particular , Arto for a simple Zero
.
and 91%1=9 .

I I 1

Also
,
f- = £ = z - 2-◦

't+ 2- - 2-◦ fcol-GH-ZD-cdt.to/2-.-.#
⇒ Rest , to> = at = ¥,

,

,

"

-¥
, ☐



I

EE • 1-1-4=2-(2-41) Rolf, 01=1

• f-(7) = 2+2-+2-2 Rest,H=2ᵗ = §
.1-" '1-4-31

-

(2--412--3) (2--1412--5)

Ex .

• f-(2) = iz : 914 = Sint has simple Zeroes at NTL NTL
-

( Sinor ) = lost -1-0)
⇒ Rest,n⇒=gÉ, = ¥1 = C- D

"

.

• f-12-1=2-6+1-1 = -É, 2-F- -1 ⇔Zµ=ei%k⇒
,

. . :b

÷
⇒ Re > If.Zk ) = (2-6+1)

'

/⇔,
= 6¥ = - ¥

.
.



• Suppose Zo is a pole of order k of fog .

Let 912-1=(2--2-01%7)
then Rest, E) = 9"

-"

(Zo)
ME

Rmk : apply to pole of order ≤ k
Ck - 1) !

Pf : Laurent series f-(E) = ¥ᵈz,µ+ - -
- ¥-7

,
+ a. +alt-to) -1 . _ .

⇒ 91£ ) = bat -
_ + b. (2--70)*-1-1 - -

-

Rest, 2-D= b , = G "
_"

(Zo)

p
CK- is ! A

FI = 712-41117-272

i
- (32-2+1)

GA) = (2--2)? fit)=Z¥+y g(2) = 2-42-41,2/7=2 =É= - Foo
Hence Rest, 2) = 9¥ = - Foo

.



§ Cauchy Residue Theorem
.

-0¥Recall
:
In multi-variable calculus

.

← Carl 1=-2-0 .

- When F'= of
,

then f¥dÑ=o
- For general# , Grethe: foÉdr→= ↳ cureFDA

• For complex integral , Cauchy - G-oursat Him : f-G) holomorphic then µ4dt=o
Analogue of curl & Green thm : Residue & Candy Residue Theorem .

mm mm

Hdt ~ É Rest, E)← " J Reif,HdA
"

if we let
F- I

D Rest. 2-1=0 for holomorphic pt .



☆ Cauchy Residue -1hm : Let C be a simple closed curve and f- holomorphic inside C

live.pt/wm. a finite number of singular pts 4 , - . -

,
Zn

.

ii.Then find2- = 2" Rest ' " '

¥¥,Pf : Cauchy - G-oursat -1hm

⇒ Sindt = É
.

" de

h

211T¥,
Rest

,
ti) ☐

Definition of Residue



EE . { ¥¥-,dz .

C : 14=2
.

rc

4=5 É=1
Residue thm-2-ifkescf.io ) + Rest, 1 ) )

= 2ñi( b-
"

+ C- IF)
= Seti

1 1-
C• fczcz- ya dit C : 12--4=1

; ;

= 2in Rest, 2)
☒ Lisa pole of order 4

= - ¥
.

⇒ Resf = 9%121=-11-6 g-- f. 12--44--15
go.kz/=-3!zt



Def : Suppose f- is anattic in Q except for a finite number of singularities
let C be a kge→ Simple closed curve that contains all singularities .

then the residue of fat infinity is defined as + C

12-1=12

Rest. • ) : = -Hic tczidz
2- to

•

°

quay µ;µµm ,.!⇒ Rest
,
b) = -¥

,

Rest
,
Zil

.



Suppose all singularities in 12-1-12
,
then f- holomorphic in R<•

⇒ Laurent series : JH) = Ian 2-
"

+ [¥
A-o n= I

⇒ b ,=¥i fotitidz = - Reslf , is )

☆theorem
: Rest , • ) = - Rest⇒ (E)

,

0 ) .

Pf : ☒ E) = ¥1 but
"

+ ÉanÉ") converges for KHK.co
⇔ 0<12-1 < ¥

⇒ Rest ¥ -11¥ )
,

0 ) = by = - Rest, a)
☐



42--5E¥ . f-(t) = 2-(2--1) .

Earlier
.

We computed to #4dZ=8Ei C : 12-1=2

Recompute this using residue at •
.

f-(f) = ¥ .

¥-5 (4-57) .z .

4-57

¥ - Ez- 1)
= ¥

z.kz,
=

2-11-27

⇒ Res# 1¥) , 01=4 .

⇒ best, -1=-4

⇒ ffk-idz-e-2-i.pescf.co/=8-i .

C



12-1=2
• Jc z¥?, dz C : 12-1=2

.

i

- I 1

Let f-A) = ¥? - i

then ¥.fi#-- ¥ .

#i
(E)4-1

= ¥ ' 1%-4 = 2-4-2-4)
.

⇒ Rest # f-III. 01=1 ⇒ Rescf , a) = -1

⇒ Jaz??, dz = - 2-ai.Rescf.co) = 21T't
.

☐


