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* If you have any questions, please contact Eddie Lam via echlam @math.cuhk.edu.hk or
in person during office hours.

1. (a) To show that two permutations are equal, it can be verified by how they act on
{1,...,n}. Write 0y = o (iyis---ig)o and oy = (0(iy) -+ o(ig)), letz € {1,...,n}.
If z = o(i;), then oy(x) = o(iyig---ix)(i;) = o(i;11), here the subscript is un-
derstood as numbers modulo k, i.e. if [ +1 = k + 1, then ¢;;; = i;. Mean-
while o5(z) = o(i;1) by definition of cycle, so o1(z) = o9(z). Otherwise, if
x & {o(i1),...,0(ix)}, then o7 (x) & {i1,..., 11}, so it is fixed by the k-cycle, so
o1(r) = oo~ (x) = x, while o9(x) = z for the same reason. So in any case,
01 = 02.
In fact, the proposition holds more generally for a product of disjoint cycles.

(b) By part (a), it suffices to find a permutation ¢ such that o(i;) = 7, fori = 1,....[.
This can always be achieved since all ¢;’s and j;’s are distinct. So it is possible to
define o (i;) = j; and extend it to a function from {1, ..., n} to itself.

(c) There are P}’ = (nﬁ!k)! many ways of permuting & numbers from {1, ...,n}. Given
any such permutation, one can form a k-cycle, which is not unique since cyclic
permuting the entries give the same k-cycle as element in S, therefore, each k-
cycle is counted k& many times. For example, (123),(231) and (3 12) are there

representations of the same 3-cycles. So the number of k-cycles should be %P[j =
n!

(n—k)k"

2. Recall that from the lectures, we have seen that in Zj, an element ¢ is a generator if and
only if ged (i, k) = 1. Since a k-cycle o has order k, it follows that (o) = {id, o, ..., o*71}.
Identifying (o) & Zj, the statement now reads, o' is a generator if and only if o* is a k-
cycle.

(<) If o' is a k-cycle, then (¢*) has cardinality k, and it is clearly a subset of (o), which
has the same cardinality. Therefore (¢) = (o) and so ¢ is a generator.

(=) If o is a generator, then in particular it has order . Now an element of order k£ may
not necessarily be a k-cycle. If 0% was not a k-cycle, then it is a product of shorter disjoint
cycles whose lengths have least common multiple equals to & (see HW2 Q4). Since o*
is a generator, (0%)! = o is a k-cycle, this gives a contradiction since (¢*) is a product
of powers of disjoint cycles, so it is itself a product of disjoint cycles whose lengths are
smaller than k.

3. By the result of HW2 Q4, by expressing a permutation as disjoint cycles, it has order
equal to the lcm of the lengths of the cycles. So an element has order equal to p prime,
precisely when this Icm is equal to p. Therefore, only cycles of lengths 1 or p can appear,
so it is a product of disjoint p-cycles.



4. For n = 2k, since s> = id, we have s = s~ !. We also have srs~

1= »~1, so inductively

srks™l = r=%F = 1% 50 r¥ commutes with s. On the other hand, rir*r—7 = pitk=i — yk
so r* also commutes with 7 for arbitrary j. Finally, for rs, note that (r's)r*(ris)~t =

risrks=! Fp=i = p=% = vk So r*¥ commutes with every element in Dsy.

k

sTlpt = pip—

3 1

. r2srOsr3 =12 (sr0)(sr?) = r?(r=%s)(sr3) = r~1s?r® = r7L.

(srh)sr3(sr?) = (r=1s)sr3(r=2s) = r~4r3r=2s = r 3s.
. Forn > 3, they are not even abelian. For example, in D,,, st = 7~ 's # rs since r # r !
forn > 3. And in S, (12)(23) = (312) and (23)(12) = (132) are not equal.

Another reason is that these groups do not contain elements that have the same order as
the group. In D,,, elements have orders either dividing n or 2. Meanwhile, in .S,,, elements
have orders given by lcm of partitions of n, which is nowhere close to |S,,| = n!.



