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* If you have any questions, please contact Eddie Lam via echlam @math.cuhk.edu.hk or

in person during office hours.
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is a binary operation on 7". This operation is associative since matrix multiplication is
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zy)(uwv) = 1, we have AB € T. So matrix multiplication
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associative. The identity matrix [ = (0 1) is in 7', and is the identity element, since

IA = Al = A forany A € T. Finally, given A = (a:

0 its inverse is given b
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A7t = (aco yol). This is well-defined since if xy = 1, x,y are both nonzero. It is

clear that AA~! = A='A = ]. So T is a group.

Let p,1 € Aff(n,R), one may write p(z) = Az + b and ¢(z) = Cx + d for some
A,C € GL(n,R) and b,d € R™. Then p o ¢)(x) = A(Cx +d) + b= ACx + (Ad + b),
here AC' € GL(n,R) is just the matrix product, and Ad + b € R", so p o ¢ € Aff(n,R)
again.

Then identity element in Aff(n, R) is given by the identity map I(x) := x. This is an
element in Aff(n,R) by taking A = I the identity matrix and b = 0 € R™. It is clear that
Iop(x) =¢(x) = pol(z)forany ¢.

Now given any ¢ € Aff(n,R), write p(x) = Az + b. Then its inverse is given by
o1 (x) = A~'x — A7'b, where A~! is the inverse matrix of A. Note that

ol (@) =AA 2 —AT) +b=a—-b+b=x=I(2)

and
o Hp@)=A Az +b) - A b=+ A0 —-Ab=2=I(z).

So ¢! is indeed the inverse. So Aff(n, R) forms a group.

(a) To show that (¢~*)~! = g, it suffices to show that ¢ is an inverse to g~ !, then by
uniqueness of inverse, we obtain the result. Since gg~! = g~'g = e by the fact that
g~ ! is the inverse of g, this shows that ¢ is an inverse of ¢! and we are done.



(b) Note that for any a,b € G, (b"'a"')(ab) = b= (a ta)b = b~'eb = b~'b = e and
ab(b~ta ) = a(bb™')a™! = aea™! = aa™' = e. So b~'a"! is an inverse of ab, by
uniqueness of inverse, we have (ab)™! = b~ta™L.

(c) Take any n € Z, then we will first prove by induction that for any m > 0, we have
g"- g™ = g""™. For the base case, take m = 0, and we have ¢" - ¢" = ¢g"-e = g"*".
Suppose the proposition is true for some m > 0 and n € Z arbitrary, consider

m n+m+1

g g =g"(gg9)=g"(g"9) =" g")g=9""g=g
—

m+1 times

Here in the last equality, we have used the inductive step for n’ = n + m. Thus by
induction, g" - ¢" holds for arbitrary m > 0 and n € Z.

Now since the above proof works for any g € G, in particular, it holds for g~!, thus
this shows that for n € Z and m > 0, we have

gy =g ) ()= (g ) =g

Thus, we have g™ - g™ = ¢"™™ holds for n € Z and m < 0 as well. This completes
the proof.

4. The operation is associative because *; and %, are. In other words, for ay,as,a3 € G,
and by, by, b3 € (G5, we have

((ag,b1) * (az,b2)) * (as, bs) = (a1 *1 az, by %2 bg) * (as, bs)

= ((a1 *1 a) *1 as, (b1 *2 by) *2 b3)
= (a1 *1 (ag %1 az), by *9 (bg *o b3))
= (a1,b1) * (ag *1 ag, by %3 b3)

= (

ay, br) * ((az, ba) * (as, bs)).

Let e; and e, be the indentity element in G; and G5, respectively, then (e, e5) € G X G
is the identity element for the product, since for any (a,b) € G x G4, we have

(a,b) x (e1,e2) = (a* €1,b*g €3) = (a,b) = (€1 %1 a, e %3 b) = (€1, e3) * (a,b).

Let a € G1,b € G, then we claim that the inverse to (a,b) € G; X G is given by
(a1, 071). Indeed,

(a,b)x(a™ 1, b7Y) = (ax1a tbxob™h) = (e1,€2) = (a ' %10, %20) = (@™, b7 ) x(a, b).

So (G; x (G5 indeed forms a group.

If now {G,}ics is an arbitrary family of group, one can define the group operation on
I1,c;G; by the following. An element of I1;c;G; is a collection (g;);c; such that g; € G;
for each i € I (more precisely it is a function f : I — (J,.; G; such that f(i) € G)).
Thus we can define (g;);es * (hi)icr := (gi *; hi)icr, Wwhere %; is the group operation in G;.

5. Suppose that g € G is some element satisfying g> = ¢, then by multiplying both sides of
the equation by ¢g~! € G, we have g 'g*> = g~ 'g = e. The LHS of that equation is equal
to g by part (c) of Q3, so g = e. Now indeed e? = e, so it is the unique solution satisfying
% = 1.
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No, there is no inverse to 1 € N. Forany n € N, n + 1 > 0 so it cannot be equal to
the 1dentity element 0.

Yes. It is a binary operation since if > 0 and y > 0, we have zy > 0. The
operation is clearly associative. The identity element is obviously given by 1. And
since every x € R is nonzero, therefore 1 /x > 0 is well-defined, with the property
that x - (1/x) = 1 = (1/x) - x. Therefore it is a group.

Yes. For 2n,2m € 27Z, we have 2n + 2m = 2(n + m) € 2Z again. And addition
is clearly associative, with identity element given by 0. For any 2n € 2Z, —2n is
again an element in 27 so that 2n + (—2n) = —2n + 2n = 0. So it is a group.

Yes. Let z,w € U, then zw satisfies |zw| = |z| - |w| = 1 so zw € U. It is again
associative. The identity element is given by 1. And given z € U, its inverse 1/z is
alsoin U since |1/z| = 1/|z| = 1.

No. Multiplication does not define a binary operation on S := {z : Im(z) = 1}, for
example i € S buti -4 = —1 has imaginary part 0, so i*> € S.

If m # n, then one simply cannot multiply two m X n matrices. So you don’t
even have an operation. If m = n, the binary operation is well-defined. Note that
however the zero matrix 0 satisfies 04 = A0 = 0 for any other matrix A. In
particular there cannot be any identity element, since e) = e = 0 implies that e = 0
but 0A = A0 = 0 would imply that A = 0. Clearly not every matrix is zero, so
there is no identity element.

No, for example <(2) (1)) has determinant 2 € Z. Its inverse matrix is given by

2
0 1
the same set.

1
( ), which does not have integer coefficients. So it does not admit inverse in

Yes. Note that the operation is associative, since

(1, 11) * (22,92)) * (23,y3) = (T1 + T2, Y1 + Yo + 2122) * (T3, y3)
= (21 + 22 + 23,91 + Y2 + Y3 + 2122 + 123 + T223),

is equalt to

(1, 91) * (22, 42) * (x3,¥3)) = (21, y1) * (T2 + T3, Y2 + Y3 + X273)
= (21 + 22 + 23,51 + Yo + Y3 + Tox3 + 1122 + T123).

Also note that the operation is abelian, so that (z1, Y1) * (22, Y2) = (T2, Y2) * (1, y1)-
We have (0, 0) is the identity element, since

(z,9) ¥ (0,0) = (0,0) * (z,y) = (0+ 2,0 +y +0) = (,9).
Given any (z,y), its inverse is given by (—z, 2% — y). Since

(—z,2° —y)* (z,y) = (z,y)*(—z,2° —y) = ( —z,y+2° —y+z(—2)) = (0,0).



2. Note that R is closed under addition, meaning that addition does indeed define a binary
operation. For 1,7y € R, there are positive integers m,n so that 2™r; and 2"ry are
integers. Therefore 2m@{™»} (1| 4 1) is an integer as well.

Clearly 0 is the identity and it lies in R. And for any » € R, we have its inverse —7 is
also in R, since 2"r is an integer if and only if 2""(—r) is an integer.

3. (a) By the relations, we have
1= (=1)(-1) = (=1)(ijk) = ij(-1)k = ij(—k).

Therefore 7j is an inverse of —k. On the other hand, we also have

So k is also an inverse of —k. By uniqueness of inverse, we have ij = k.

Now notice that (ijk)i = (—1)i = i(—1), therefore multiplying —i on the left on
both sides yields jki = —1. By replacing ¢ by j, 7 by k and k by ¢ in the above
argument, we obtain jk = 1.

(b) Note that by 2 = j2 = k> = —1, wehave i ! = —i, 7! = —j,and k= = —k.
So —k = k7' = (ij)~' = j74' = (—j)(—i) = ji. Then by part (a), we have
ij =k =—(—k) = —ji.

4. We may prove the proposition by induction on n. Clearly the equality holds for n = 1 as
both sides are the same. Now suppose the equality holds for some 7, then for the n + 1
case,

(ab)" ™ = (ab)(ab)™ = (ab)(a"b") = a*ba™ 'b" = ... = a"bab”™ = a" 1 b".

5. Let A be an object in a category C, then the composition on Autc(A) is associative by
definition of a category. The identity element is given by the identity morphism 1 4, since
by definition for any f € Autc(A) wehave140f = foly = f. Notethat 14 € Autc(A)
because 14 is an isomorphism from A to itself, namely 14014 = 14.

Now let f € Aute(A), since it is an automorphism, there is some f~! € Hom(A, A) so
that fo f~! = f~1 o f = 1,4. It follows that f~! in fact is an element of Autc(A) since
f~! is an isomorphism.



