



































































































































Pfof Thm9.4.10 Since a b CCR R occal suchthat

CRCA and be CR Note c dependsonly on a b

Therefore XE a b 1 1 CR

By argument in the proof of Cauchy HadamardThen we have

I KEIN sit lanx Ch Vn k
Ex we oscise sit

4ReachCGR
to find a K indepof

Since IC is convergent Weierstrass MTest Thm9.4.6

Eg aux and hence aux conveyes uniformly on a b

Them9.4.11

The limitof powerseries is continuous onthe intervalof
convergence

A powerseries canbe integrated termby term over

any closed and bounded interval contained in the

interval ofconvergence

Pf XECR R choose a closed bounded interval tab

Sit XE a b CC R R Then on a b

Σanx converges uniformly Thm9.4.10






































































































































Then9.4.2 ÉQuX is continuous on a b andhence at

Since XE RR is arbitrary Eaux is continuous on C R R

For any
closedand bounded interval ab CCR R

Σ aux converges unfairly on a b

and hence Thm9.4.3 integrability and

Eaux Siani

Thm9.4.12 DifferentiationThm

A powerseries can be differentiated term by termwithin the

interval ofconvergence In fact if R radiusofconvergence ofEaux

and fix If aux for KKR

then the radius of convergence ofEonaux R

and f x naux for 1 1 or

Pf All conditions of Them8.2.3 on interchangingof limit and
derivative are clearly satisfied when restricted to a

closed and bounded interval a b CER R usingThm9.4.10






































































































































except the uniform convergence of the Σ Canx Σ naux

on a b needs a proof

By Thm9.4.10 we onlyneed to prove the following

Radiusof convergence of nanx R

Radiusof convergence of Zanx

Pf
Swice nh 1 theseq nti any is bounded

theseq an i is bounded

unbounded case

R O Radiusofconvergenceof Enanx o

boundedcase

Radiusofconvergenceof Enanx hissup ntl anti check

hinsup nan lineup nt an h

linsup an since n 1

R

The claim and hence the Thm is proved since

a b CCR R is arbitrary








































Remarks i DifferentiationThm9.4.12 makes no conclusion for KKR

G Σ converges for 1 1 1 R

but EFX Σ xn 1
converges at 1

diverges at 1

Ii Repeated application of Thm9.4.12

KEIN ÉGuX IT man KKR

Thm9.4.13 UniquenessThm

If I anx Ebux converge to the samefunction f

on an interval r r no then

an bn nEIN

In fact an bn h f co

Pf By remark Ii of Them9.4.12 KEIN

x ELI anX EC r r

f co 4mar 0 o fan k

an tho same for bk



Taylor Series

Let f has derivatives of all orders at a point CER

then we can form a powerseries If th ex c

Notethat no convergence yet unless x C

Even it converges it may not equal f Ex9.4.12

Def wesay that fix It ex con

is theTaylorexpansion of f at c if I Rso suchthat

CX C converges to fix on C R CTR

and are called Taylorcoefficients

ie The remaider Rn X in Taylor's Thm 0 M CR CTR

Remark By UniquenessThm9.4.13 if Taylor expansionexists

it is unique



Eg9.4.14

a f x six XER

Then f x 1
six if n 2k

EDKAX if n 2kt1

0 if n 2kAt c o we have
flo

up if n zktl

Furthermore by Taylor'sThin6.4.1 the remainder Rn x satisfies

IRM I 1 1 1 1 for some C between to

so

i sinx If XER

is the Taylor expansion of sink at X 0

Then application of DifferentiationThan9.4.12 we have

as E XER

is the Taylor expansion of asx at 0

Remarks i In this example weused RemainderofTaylor'sseries

to calculate the radiusof convergence not directly

from definition or using f him19L whenlimitexists



Note that the series only have even terms or odd terms

924 1 0 or 92k 0 Hence 9 is not well

defined and hence him 19 cannotbe used

To use definition g binsup ant we note forog

that for sine series an if n 2kt

if n 2k

i the seq lanth 11s s 0 f f 0 doesn't converge

but linsuptank Life to i R to

Ii But callulationof radiusof convergence doesn't prove the Taylors

series converges to the original function

b gex ex EIR

Then g x e XER 9403 1

By Taylor'sThm6.4.1 the remainder satisfies

IRIX 1 1 forsome c between 0

e so as n o



i e XER

is the Taylorexpansion of e at 0

Furthermore by ex e e e E h c

we see that ex
o

1 0 is the

Taylor expansion of ex at X C

Remarks in This implies theradiusof convergence to saysat 0 0

Ofcourse one canderive it from calculating

h 0 as n ta

Since an n h and limitexists

i p Gyp an basis 4 4 0 R too

Ciii The radius of convergence R canbe calculated by

His his hi Go inti o



Review

Chb Differentiation

56.1 Derivative Chainrule Inversefunction

56.2 MeanvalueThm Rolle'sThm 1stderivativetestforExtrema

6.3 LHospital's Rules

36.4 Taylor'sThm derivativeformof remainder

relativeextrama convexfantia Newton'smethod

Chf Riemann Integral

57.1 Riemann integral partition taggedpartition Riemannsum

Riemann integrable boundedness than

7.2 Riemann integrable functions CauchyCriterion

Squeeze Them classes ofRiemanintegralblefuctias

additivityThin

Midterm up to here

57.3 TheFundamentalThm 1ˢ ftam if Feb Fca

2ndfam bit text substitutionThue

Lebesques Integrability Criterion pswitted IntegrationbyParts

Taylor'sThenwith nitgralfor remainder



57.4 TheDarboux Integral Upper lowersums

upper lower integrals integrability criteria

equivalence to Riemann integral

57.5 Omitted

Chf Sequences of Functions

88.1 Pointwise Uniform Convergence wilfamnoun

CauchyCriterion

38.2 Interchangeof limits limit Continuity

Limit Derivatives Limit Integral Dini'sThm

8.3 Exponential LogarithmicFunctions Definitions

basic
properties

58.4 TrigonometricFunctions Definitions basicproperties

Ch9 Infinite Series

39.1 Absolute Convergence conditional convergence grouping

rearrangement

59,2 Tests for Absolute Convergence ComparisonTest

Root Test Ratio Test and theirlimitversion

Integral Test Raabe'sTest



9.3 Tests for Nonabsolute Convergence alternating series

Abel'sTest DirichletTest

9.4 Seriesof Functions pointwise uniform convergences

Cauchy CriterionforUniform convergence M Test

PowerSeries radiusofconvergence unfamaungence

whenrestrict closed holdsulinteral continuity

differentiation integration team by term

Ead

Final exam May8 Wednesday 330 5 30pm UGym

5 questions as in Midterm

covers all material including those in lectures tutorials
homework textbook including all exercises inTextbook nomatter its

assigned in homework or not with emphasis on those

material after midterm ie 7.3 59.4

But those material before mid term ie 56.1 57.2

may also be tested directly explicitly or

indirectly implicitly


