
 

Pf ofThm93.2 Consider partial sum

San 4 41 In Z Zit Zz Z4t Zan i Zan

Then Saintl San Z anti Zentz 0 since Zn isdecreasing

i San is increasing inn

Also 71 San
Efs Eggs Effi

San is bounded above by

By Monotone ConvergenceThm Thm3.3.27 I SEIR sit

San S as n a

Together with Zn 0 as no we have

E 0 IKEIN sit

if n K then Isan s and

Oc Zant

Then Santi S Zant San 51

Hint I Isan s a E

i Santi S as n a

Combining with San S as n is we have

lies Sn S

i I G Zn is convergent



The Dirichlet and Abel Tests

Thm9.3.3 Abel's Lemma

Let Xn yn be sequences in IR and

1
50 0

Sn 4K 4 1,33

Then for men

Eh KYK Xmsm XntiSn Xk kt Sk

Pf 4 XKYK 2m Xk Sk Sk 1

Xm Sm Sm 1 my Sm1 Sm a Xnti Snt Sn

MSM Xm Xm1 Sm 1 Xm1 Xma Sm r

Xntz Xnt Snt ntish

Msm ntish Xr Xml Sk

Thm9.3.4 Dirichlet'sTest

If 1
Xn decreasing lin Xn o

Sn Yr are bounded

then Ʃ nyn is convergent



Pf Sn bdd BSO sit Sn EB nE IN

Then Abel's lemma Thm9.3.3 fam n

EI KYRI Msm Xutism ÉI Xr rail Sk
Xmt XntDB EH Xn Xn DB

B XmtXnti Xn Xm
sie ndeneerog.ro
Xu Xhtl 0 20

2XntiB 0 ashaw

i E O I KEIN sit if m n k Em Xuya

By Cauchy Criterion Thm3.7.4 Exnyn is convergent

Thm9.3.5 Abel'sTest

If Xn convergent monotone sequence

Eyn convergent

Then Ʃ Xuyn is also convergent

Multiplying convergent monotonecoefficients to a convergentseries results in

a convergent series



Pf Case1 Xn decreasing hisXn X

Let Un Xn X NEIN

Then Un decreasing Un 0

Now Zyn converges partial sum of Eyn arebounded

i Dirichlet'sTest Thm9.3.4 Ʃ Unyn is convergent

Hence Ʃ Xuyn Ʃ un X yn Eunyn Eyn

is also convergent

Case 2 Xn increasing linen

Similar argument as in case I by considering

Dn X Xu KNEIN insteadof Un
Ex

Eg9.3.6
a Recall 24in X coxt cornx sincht X sin Ex

If X is fixed and 2kt k 3 1,0 1,2

Then cesxt.int conx 11th sin I
hey then

2 six
partial sum of

Ʃ conx
bounded indef of n

i For a fixed 2kt Dirichlet's Test

an is decreasing
nÉ ancesnx converges provided

loan o



b Similarly from

2 sink sinx sinnx Ceo X Ceo nt then

we have fa 2kt

lsiuxtictsiunxls.fm then

partialsum of Isinnx boundedindep of a

an suinx converges for 2kt

provided an decreasing and

linan O



59.4 Seriesof Functions

Def9LI

If for is a seqof functions defined on DEIR with IRvalue

then the sequenceof partial sums Sn of the

infinity series of functions Ifn is defined by

Snix fix XED

If Su converges to a function f on D then

we say that the infiniteseriesof functions
Ifn converges to f on D

usually write fix É fulx f É fu of Ifn
If Ilfacal converges XED then we say that

I fn is absolutely convergent onD

If Sn f uniformly on D then we say that

Ifn is uniformly convergent onD or

Efa converges to f uniformly on D

Using Sn f Ifu conveys to funifawly Thm8.2.2 Thm8.2.3

Thm8.24 imply the following theorems immediately



Them9.4.2 If for continues on D nE IN

Efa converges to f unifanly on 1

Then f is continuous on D

Pf Applying Them8.2.2 to Su f

Thm9.4.3 If for ERtab then Casber

Ifn converges to f uniformly onTab

Then fER ab and Sabf Sifu

S fu É Sabfn

Pf Applying Them8.2.4 to Su f

Thm9.4.4 If for a b IR heN asb EIR

fi exists on ab nEIN

I Xot ab sit Ʃfulxo converges

Ifi converges uniformly on Tab
Then I f a b IR such that

1
Ifn converges to f uniformly on ab

f exists and f Fifi
Pf Applying Them8.2.3 to Su with SI converges unfairly etc



Testsfor Uniform Convergence

Thm9.4.5 Cauchy Criterion

Ifn is uniformly convergent on D

0 I KCE CIN suchthat

if man KCE then Ifntilxlti.itfouls E XED

Pf Applying CauchyCriterion forUniformConvergence Thm81110

to Sn and observing that

Sma Sulx futilx fulx

Thm9.4.6 WeierstrassM Test

If Ifulx Mn XED then

IMn is convergent

then Ʃ fu is uniformly convergent on D

Pf Ʃ Mn convergent Mn 0

E O K E CIN such that

if man KCE then Mnt MmsE Thm3.7.4

Hence Ifn x fancx Mntlti.itMMCE

CauchyCriterion Thu9.4.57 Efa converges uniformly onD



Power Series

Def9.4.7 If fu x an x C an CE IR n 0,1

then I facx Ʃ anCX C

is called a powerseries around c

Remarks Powerseries usually starts with n 0 inteadof n 1

Eaux do a azx t

Ʃ aux may not defined over all of IR

i Eon X converges only fa 0 Ex

II converges for 1 1 1 geometricseries

II IS converges ER exponentialfunction

Hence there is a need to determine

the set onwhich Ʃ aux converges

In the following we consider the case that c 0

This is no loss of generality as the translation y x c

redues Ian x c to Zany



Recall Def3.4.10 Them3.4.11

Fa Xu a bounded seq limit superior of Xn

MilsapXu Et inf UER U xn forfinitelymany a

inf WEIR new for sufficientlylarge n

And i If u lineupXn then

n N for sufficiently large n

ie KID EIN sit if n KIDS then Xn N

Ii If we kinsupxn then infinitely many new

sit WE Xn

Def9.4.8 Let I anX be a power series and

I leisup tank if lank is a bold seq
9

to otherwise

Then the radius of convergence of Eaux is definedby

R if p co

lin suprank
otherwise tmall.suiantEo

The interval of convergence is the open interval R R



Than9.4.9 Cauchy HadamardTheorem

If R is the radiusof convergence of Eaux then

Eaux is
absolutely convergent if IXKR

divergent if X R

Remark No conclusion for 1 1 R
i EX p linsupauth linsup I 1

R 1

14
1 EX It It is divergent

1 Ex 1 1 1 1 n is divergent

II Ʃ Xn p laisseeplant kinsup 1 Ex

R t 1

14
1 I It _is divergent

1 I 1 is convergent

II Ʃ p linsup ant's kinsup 1 Ex

R f 1

14
1 I It f f is convergent

1 Ʃ 1 Eat is convergent



Pfof Cauchy HadamardThm

R O and R to leave as exercises

Assume OC Rota

Clearly Ʃ aux converges for X 0

Consider 0 1 1 R

then I Occat such that IX SCR f
Therefore 91 1 linsup an 1 1 C

I KEIN such that

if n K then Ian ixI c

lanx C n k

SinceO Cal IC is convergent

By ComparisonTest Thm3.7.7 Elanx is convergent

ie Eaux is absolutely convergent

This proves the 1st part

If IX R f then f limsuplant
tanks for infinitelymany new

ie lanx 1 for infinitely many nE IN

and hence anx 0 Zaux is divergent



Remarks 1 If his14 1exists then radiusofconvergence lies 11

Notes it is the reciproial of inratio test Ex9.4.57

1 4 o is included

when exists it is usuallyeasiertocalculate

a EX an 1 n 191 I 1 as n is

R 1

151 Ʃ hx an n 191 t 1 as now

i R 1

14 I an n 191 hi t 1 as n is

R 1

Ii If one can choose OCC 1 independentof XE RR

then one get uniform convergence Ex

Thm9.4.10 let R radicesof convergenceof Eaux

ab CCRR be a closedand bounded interval

Then Zanx converges uniformly on a b



Remark 1
R is included andhencewe need the assumptionthat

a b is bounded

I R O is excluded as 60,0

althought Janx always converges for X o
Notethat we onlyhave

intervalofconvergenceCR R a domainofconvergence

theymaynotequal


