
 

Ch9 Infinite Series

59.1 Absolute Convergence

Recall Eg3.7.6 b Harmonic series

It It It is divergent

sincepartial sum Sn It is unbounded

but Eg3.7.6 f Alternatingharmonicseries

I 1 is convergent

i A series Ʃ Xn may be convergent but

theseries Ʃlxnl may be divergent

Def9.1.1 Xn is absolutely convergent if
the series ƩlXnl is convergent

Exn is conditionally convergent or non absolutelyconvergent

if Exu is convergent but Elul is divergent

ie conditionally convergent means convergent but not absolutely convergent

Eg Alternating harmonicseries I is conditionally convergent



Thm9.1.2 Absolutely convergent convergent

Pf Elal convergent

E O MIE EIN sit CauchyCriterion3.7.4

if m n Mce then Until t.it

XmICEletSnxiti tXn be the 4ᵗʰ partial sum of Exn

then ms n MCE

Sm Sul Xutit tXml Until Nuke

I Xn is convergent

Grouping of Series

For a seriesof Exn one can construct many other series

Ʃ Yu by grouping the terms inserting parentheses

that group togetherfinitely many terms but keeping

the order of the terms Xn fixed That is

91 Y I s YFj.EE

NRCMkt k 1,2 no 0

i X t X2 t tXn to

X t t Xn hit t.it Xna not t

y ya y



Eg 1 4 f f f t_
is a groupingtheterms of the alternating harmonic series

ie Yet Y 93 5 ya ft

45 yo

Thm9.1.3 Exn convergent

anyseries Eyn obtainedfromit by groupingthe terms is also

convergent convergesto the same value

Pf Let sn nᵗʰ partial sum of Exn

tr 4ᵗʰ partial sum of Eyk

If YK
j
fm

then t y it Xn Sn

tz y y 4 t
1 5 it t ne Sha

AE Snr
i th is a subset of Sn
Since Xn is convergent Sn SEE n as n is

i.tk S as k as

ie Tyr is convergent and converges to thesamevalueasExn



Remark The converseofThm9.113 is nottrue
Counterexample Let Exn 1 1 1 1 1

Ʃ Yr 1 1 1 1 l 1

Then YK 0 k Eye is convergent

But original series Exn 1 1 1 1 is divergent

Rearrangement ofseries

Notgroupinganyterms but scrambling the
orderof the terms

Def9.1.4 Eyk is a rearrangement of Ʃ xn

if a bijection ie one to one f IN IN sit

Yr Xfik KE IN 1,2 3

Remarks i Exn isconvergent Eye rearrangement is convergent

Ex9.1.3

II RiemannThm If Exn conditionally convergent

then CER a rearrangement Ʃyrof Exn suchthat

Ya C Pf omitted

Thm9.1.5 If Exu is absolutely convergent then any rearrangement

Eyk of ƩXn converges to the same value



Pf Exn absolutely convergent In convergent

let xn and sn Xr

Then Sn x as no

i E O IN EIN sit

if n N Isn Xl E

Onthe otherhand Exal convergent

E O I NEIN sit

if 8 1 Nz then Ketil Metal t.it XqKE
Therefore for N Max Ni Na

if n q N

1 Isn XKE and
I Antilt IXNtalti.itXq E

let Eyk be a rearrangement of Exn given by

the bijection f IN IN ie Yr fir KREIN

Let M max f CD f CN

then all the terms Xn are contained in

341 YM

i If Am É Ya then MEN n N

tm Sn Y it9Mt You x t.at Nt Xn



Y that Yu it XN YM Ym Xn tXn

Tox xw no X intheseterms

is a sum of finite numberofterms Xr with k N

Itm sale II Xml for some q

By Itm Sake
Hence E o 7 Mso suchthat

if MIM ltm xleltm sn.lt sn XIsEtE 2E

using a teemwithn N
Since 2 0 is arbitrary Go tm x

i Eye Exn



59.2 Tests for Absolute convergence

Thm9.2.1 Limit ComparisonTest I

Suppose Xn Yn 0 n 1

Gig r exists

Then a If r o then

Exn absolutely convergent yn absolutely convergent

b If 8 0 and Iyn absolutely convergent

then Exn is absolutely convergent onlyTyn Exn
inthiscase

Pf Recall LimitComparisonTest Thm378 that

if u ya 0 r fi exists

then If 8 0 Exu conveyes Eyn conveys

If 8 0 Eynconveyes Exa converges

Applying Than3.7.8 to Elxal Ʃ but

Recallalso ComparisonTest Thu3.7.7 O xusyn n Ek fasoneKEIN

a Eyn converges Exa converges
then I b Exu diverges Eyn diverges



Them9.2.2 RootTest Cauchy

a If Iral and KEIN sit

Anther n k

then Exu is absolutely convergent

b If KEIN Sit

In 1 n k

then ƩXn is divergent

Pf a If Matter n k

then Ixal r n k

Since Er is convergent for o rat

ComparisonTest 3.7.7 Elul is convergent

b If exalt 1 then 14121 n k

0 as n is

I Xn is divergent nthTermTest 3.7.3

Cor9.2.3 Suppose r basis Xu exists

Then
1 1 Exn is absolutelyconvergent

8 1 Exa is divergent

Noconclusion for 8 1 see Eg9.2.76 later



Pf If rat then renal I KEIN sit

Walter ct n k

then part a of Root Test Exa absolutely convergent

If rse then I KEIN sit

Halts 1 n k

then part b ofRootTest Exa divergent

Thm9.2.4 RatioTest DAlembert

let Xn to n1,33

a If Oct 1 and KEIN sit

I r n K

then Exn is absolutely convergent

b If I KEIN sit

I 21 n k

then Ʃ Xn is divergent

Pf a n k ixnlsrixn.it run al MIXKI

If oct 1 thenEyn Ʃ r I I 1 Er is convergent

ComparisonTest3.7.7 Exal is convergent

ice Exa is absolutely convergent



b n k lxnlzlxnyls lxn.at 14kt

Xn 0 as new Exa is divergent

Cor92.5 If Xn 0 n 1 2 and

1 r his I exists

Then r 1 Exa is absolutely convergent

r 1 Exu is divergent

Noconclusion for 8 1 see Eg9.2.76 later

Pf If rat then r e r e KEIN sit

In stist h k

Part a of Than9.2.4 In is absolutely convergent

If tse then 7 KEIN sit

I 1 n k

Partb of Them9.2.4 Exu is divergent



TheIntegralTest

Def Improper Integral

For AGR if ft RTAb b a and

Gift exists and too

then the improper integral Sf is defined to be
Sif fissaf

Thm9.2.6 IntegralTest

let f t 0 decreasing on It 1

Then fck converges Spf legs s exists

Inthiscase

fit dt Étck Efik Ifasdt n 1,3

Pf

Kt
0 decreasing k 2,3

fck Spi fadt feb 1

ÉfCk E faithdt Etch fast fine



let Sn f R
Then we have

Sn fu S fladt Sn 1

i GgSn exists less fit dt exists bdd increasing

flk converges Sif exists Girl f exists his t exists
seebelow

Using again if man then

4,4k Ensi faut Enfik i

Sm Sn Sift dt Sm i Sn 1

Hence man we have

Sniff it dt Sm Sn Sifted
letting m cs we have

Shift dts s Sn Sifladt
where S flk

Finally
Claim Let f so on 1,07 FERTI b b 1 then

fly fiftext exists lessSptitidt exists



Pf Assume GoSitexists
b i IntN sit he bent

infact n largest integer b

since 5 0

fight Heidt f faldt
Since b o n co and

lessSifted Leaf fetidt
i ftp.ffitldt exists and less fieldt

AssumeAS it exists
Then subsefSif has limit equals 81 t

This completes the proof of the integraltest



Egs9.2.7

a Recall Eg3.7.210 absoluteG 0

n Gall 1 itmergent

Using Limit ComparisonTest I Thm9.2.11

his fish 1 to

Ʃ is absolutely convergent

b However RootTest Thma22 doesn'tapply to Ent
infactIhp p o

1
hr 1 and

hp f p 1 since n 1

both conditions in parta paths don'thold

And the Cor92.3 cannotbe applied too

r HE1 14 1



C RatioTest Thm9.2.4 and its Cor9.25 also don'twork

for Ʃ

HI h g
1 tformation

fromRatiotest

d Ontheotherhand IntegralTest Thm92.6 works forƩ ne
Let f t fp t 1

Then f t 0 and decreasing

Ls ftp.dt Gis login loge p e

same as bar his I p 1

Since login is Sitdt doesn'texist

nles itp hp_ 1 f 1 if p e

too if p 1

ftp.dt
exists if p 1

doesn't exist if pct

Altogether Ʃ
converges if p

diverges if P l



Thm9.2.8 Raabe'sTest Suppose Xn 0 n 1,33

a If I 9 1 and KEIN sit

1 4 1 n K
Note Thisconditionallows

lies 1

then Exn is absolutely convergent

b If I a 1 and KEIN sit
Note Thisconditionallows

1 n K linkful 1

then Exn is not absolutely convergent

Pf Omitted


