
 

Ch8 Sequences of Functions

58.1 Pointwise and Uniform Convergence

Def Let AER be aset

If the IN 11,33 there is a function

fn A R
Then fn is called a sequenceof functions on A to IR

Remark If fu is a seqof functions on A then

XEA fu x is a sequence of numbers in IR

Def8.1.1 Pointwise Convergence

Let fn be asequenceof functions on AER

f Ao R where Ao EA

Wesay that the sequence fu converges onAo to

if hes fax fix XE Ao

In thiscase f is called the limit onAo of the sequence f

fn issaid to be convergent on Ao or

for converges pointwise on Ao



Remarks i Usually we choose

Ao XEA fuel converges

is symbols

f him to an Ao or

t.IE book1 for f on Ao
or

f x himfulx for EAo or

to fulx f x for EAo

Eg8.1.2 fix

9 fulx XEIR _fix
X 0 XER 3

Then finish o XER implies

linfn f Ao R

ie Esh o

b 9nA XEIR n 1,33

If 1 1 1 then 0 as no

If 1 1 1 then diverges

and 1 1 n 1,33
1 17 diverges



i.AE XEIR KXE1

and gex
15 91

s

a C I I

discontinuous at

c let halx thx EXER and
Fa p

h X X XEIR

Then XER fig halx g x hex

i Ao IR

d Fulx in sin natl XER and
sefIgfpF X 0 XEIR

Since XER

Fact FX in lament 0 as no

i Fn F on IR ie Ao R

Lemma8.1.3 A seq fu A IR converges to f Ao R AEA

if and only if 0 and XEAo

K EX EIN sit fulx fix E n Kle x



Pf This follows from the definition of limit of sequences
Note that for different CAo fax are different

sequences and hence the number K in the def

of limit of seq depends on too

Therefore we have a natural number K EX

notjust KIE ingeneral

eg8.1.26 Fa 1 1 1 Ign x gix 1 41 1 1 SE

suppose Esl then n light loge

note both logE ly1 1 0 ns
log
log

i One need to choose KIE f I

largestintegers Swhich depends on X and ie integerpartof themaker

KLE X to as 1 1 51

Can't choose KCE that works cC1,1

off 1.2d XEIR IFN Fix 4 SE note

Only need to choose K E It 1

which is independent of X and waks for all ER



Def8.1.4 Uniform Convergence

A seq fu A IR converges uniformly on AoEA to a function

f A IR

if E 0 K E EIN dependson E butnot on CAo

Sit if n KIE then

Halx f x E XEAo

Remarks

i In this case we say that

f is uniformly convergent on Ao and denotedby

In f on Ao or

fulx 3 f x for E Ao

Or in some otherbooks for f uniformly onAo

Ii uniform convergence pointwise convergence

ie for f on Ao fu f on Ao

Easy from the definitions



Lemma8.1.5 for A IR doesnot converge uniformly on Ao A to

f Ao R

E 0

a subsequence fur of fu and

a seq XKEAo

suchthat fnma far Eo 4 1,33

Pf Negationof Def8.1.4
E so such that k skied EIN

the statement

if n k then Halx fix Eo XEAo

doesn't hold

ie he k EIN sit

Hulx fix Eo EAo doesn't hold

i IXkEAo sit funk fixes Eo

All together Eo 0 far subseg Xr Ao sit

Ifnalk few Eo



Eg8.1.6

9 eff.l.iq fulx fix 0 AER

Consider Mp k Xn kER Then

fnpXa f Xn 0 1

i Choosing 8 1 then lemma8.1.5 for f on IR

b eg8.1.2 b gulx x glx Ao G I

Consider np k Xn IKKI

Then Snaka 9 Xa E 0 the

choosing Eo Lemma8.1.5 9 on C1,1

c eff.li c hnlx Gix x Ao R

Consider nk k Xk k

Then hnuxu Lexa
Xk

1h XR

l kjtk.tk k
k

k l D

Choosy 8 1 lemma8.1.5 hn h on IR



Def8.1.7 UniformNorm supnam in some otherbooks

If 9 A IR is bounded onA ie QA isa boundedsubsetofIR

then we define the uniform norm of 9 on A by

11911A sup 191 11 EA

Remark 119HASE 19111 E XEA

lemmaf.lt fn 3 f on A 11fn flla 0

Pf for 3 for A

By Def8.1.4 EsO I KCE EIN

sit if n KIE then

Halx fix XEA

i E O IN E KE C IN st if n N E
I fn fila E E by remark above

ie Ifn flla 0 as new

If Ifn flla 0 Then E 70 IKIE E NS.t

if n KCE Ifn fllase
fulx fix E XEA

i for 3 f on A



Eg8.1.9
a egf 1.29 fulx on R f x 0 on IR

fulx fix is unbounded 11th flip isnotdefined

However if one consider only on the interval A10,1
Then fulx fix is bounded on 0,13

and Ifn flley sup 1 1 XETO.IT

0 as n w

Fn
to

0 on 0,1

f
infact fn If onanyboundedsubset but an unboundedsubset

b eg8.1.2b consider only on 0,1 Ao A C 1,1
O XsI

Then gnix 91 1 19 1

119m 911cg sup Ignix goal e 0,13

sup 9111 4

1 since t as 1

119h 91 to 0 i In 39 on To I



C eff 1.2 J.hnlx hlxl x on IR

But hulx Glx is not bounded on IR

11ha Allie doesn't define

But hnlx 91 1 is bounded on 10,8 and

Ahn tillegs sup 141 XETES

0 ash is

i.hn h on 0,8 but not on IR

I egf.lid Fulx sin nexus FIX 0 on IR

Fulx Fix XER

11Fn Flip in fact IFn Fll Ex

0 as no

Fn F on R

e A 0,13 Gulx l x

Clearly Gulx 0 XETO I EX

i Gn converges pointwisely to GIX 0 on A 10,1

To see whether Gn converges uniformly to G on 50,1J

we calculate 11Gn Glo I



XETO I IGulx G x l x 0

which is 0 at 0 1

i For interia max 0,1

0 l D nx a x

GEO a 0,13l
n Uti X

y
86101400

Carly criticalpt hencemaximum

and 11Gn Glo 4 l

ftp.htl
Notethat Gis Ith e we have

11Gn Gl to I 0 as n a

Gn converges uniformly to G on To I

Thm8.1.10 CauchyCriterion for Uniform Convergence

Let to be a seqofboundedfunctions on A Then

fun converges uniformly to a bounded function f on A

E O I H E EIN sit m n HCE

Ilfm falla E



Pf fn converges uniformly to f on A bothfu f bdd
11 fn fl A 0 lemma 8.1.8

i ESO I K EIN sit

if nak then 11th flask
Hence letting HCE K we have

mn HIE Ifn fila 115m 11A

Ilfm full sup fmlx fulx EA

sup fulx fix fix fix EA

sup fax fix EA

suph fix fix EA

Ilfm flat lfa f Ila s E

Conversely if 70 I E 0 sit

M ns.HCE Ilfm fulla SE

Then XEA IX fulx Ilfm fulla E

fu x is a Cauchy sequence

By completeness of IR Thu3.5.51 fulx is convergent

Since the limit depends on x we denote it by

lying fulx fix is the pointwise limit of faces



Then letting m is in we have

f x faces E EA

ie E 70 HIE EIN s t

if n HIE f x faces E EA

Since 0 is arbitrary thisshows that for converges

uniformly to f on A



58.2 Interchange of Limits

Eg8.2.1

A Eg8.1.261 Gulx X on 0,1

gnix gex
pointwise

discontinuous

his LEE 9h hisEff last 1

91 this9h
x

HEY91 7 0 Suice glx 0 x1

Eis ftp9nxtfff his9am
i Can't change limits for pointwise convergence

b sameexample glx nx

O XSI

g x doesn't
exist 1

i Pointwise limit of sequenceof differentiable functions

may not be differentiable



c Mx O X t well defined

fulx p nix text at a

0 4
n z

It is easy to prove
fan

fnlX 0 XE 0,1

i fn o pointwisely I
As for is cts for is Riemann integrable and

Sjfn 1 n 2

i 1 headfor ftp.fn o

i Integralofpointwise limit limit of integrals

d Let halx znxén e 0,1

Then Stan So'znxé dx S e dx

e nil 1 en
i Lisa Sohn 1

But less hnix gznxé 0 xE 0,13 Ex

i.SI shn 0 tsiSo'hn


