
 

Thm7.4.8 IntegrabilityCriterion

Let f a b IR bebounded

Then f is Darboux integrable

ESO partition Pe of a b suchthat

U f Pe Llf Pe E

Pf f Darboux integrable

f U f
Now 0 I partition P of a b sit

f Llf P as f sup Llf D PEPCTO.IT

and partition Pa of Ta b sit

Ulf B U f asUlf intuit D PEPITO15

Then the partition Pe P UP is a refinement

of P Pz and hence by lemmas 7.4.1 7.4 2

Cf f P Llf Pe

Ulf Pe Ulf B U f

Ulf Pe Cf Pe U f E LG E
E as U f LIST



For the converse we observe partition Pe
Llf B LG UCF UH D

OEU f Llf Off B LH P SE

Since 0 is arbitrary U f Hf

f is Darboux integrable

Cor7.4.9 Let f ab IR bounded

If Pn n1,3 is a sequenceofpartitions of I sit

Isis Ut Pa Llf Pn 0

then f is Darboux infrable

Sabf leg Llf Pn also Ulf Pn

Pf O Ine 0 sit

0 Ulf Pn Llf Pn SE nine

Just pick one of the Pn none saysPn as Pe

and use the IntegrabilityCriterion Thu7.4.8



Thm7.4.10 let f ab IR beeithercontinuous or monotone

Then f is Darboux integrable on ab

Pf let Pn Xo X Xn beuniform partition of ab sit

XR XL I b

1 If f is continuous then

Mp sup f x Xn Xn fan forsome VE XnXD

Mr if Ifix Xn at f Un forsome URETXn.isXD
Then

f D Mk XkXke If Un Xn Xn i

Side
where he is the stepfunction ns.t.bikde

as in the proof of Than7.2.7

and U f Pa MkXnXne If Vn Xn Xn i
Sabwe

where We is the stepfunction ns.t de
as in the proof of Than7.2.7



Ulf Pa Llf Pa S we e E

i Can7.4.9 f is Darboux integrable

If f is monotone may assume increasing

Then Mp sup fix Xn Xn f Xk

Mr inf fix Xn Xn f Xn
and

f Pa Efw Xa Xae I

Ulf Pn f Xu Xa Xa i Saw

where α w are functions as in the proof of Them7.2.8

Ult Pn Lt Pn S w α

b feb fas

0 as n a

Cor7.4.1 f is Darboux integrable



Thm7.4.11 EquivalenceTheorem

Let f ab IR bdd Then

f is Darboux integrable f is Riemann integrable
In this case the integrals equal

Pf Assume f is Darboux integrable

ByThm7.4.8 Integrability Criterion

70 I partition Pe of a b sit

Ulf Pe Llf Pe E

If Pe Xn Xn in define stepfunctions he We

sit LEX ME EYE f 1
and

WEKS ME EYES t.IE I.FfYY
Then delx f x We x XE a b

and side Malta Xn i Llf Pe

Sabwe Much Xn i U f Pe

Sake de UCf.pe Uf Pe E

Squeeze Thm7.2.1 FERIA b



If f E R a b with A Sdf
Then f is bounded on tab and

E O 8 0 sit if P satifies 1181kde

then 1515 D AI E
let P x x Xn bea partition with 10 kde

By definition of Mr Fifa the XnXn

such that f th Mr f a
Suilarly I th E Tai Xu sit

f ti Mr a
where ME is

Then the tagged partition 8 1Extra task has

Riemann sum
g f j flth Xn Xn

E Mr Ea CXKXa.it

ÉMnXa Xa1 f a Xa Xa i

Ulf P E

Using 1515,8 AKE we have



Ulf P SG 8 E Atze

Hence U f A zE

Since 0 is arbitrary U f A

Similarly for the tagged partition 8 xayxas.tk c

Slt 8 fltidlxnxa.is

Mkt a Xa Xa i

EMulka Xa1 E a Xa Xa i

L f P TE

f 8 Slf 8 E A 26

Llf A ZE VE O

L f A

Therefore A L f Ulf A

f is Darboux integrable
and the Darboux integral A

57.5 Approximate Integration Omitted


