
 

Thm7.3.14 CompositionTherem

let ft Rtab with f ab c c d

Y c d IR continuous a b R

Then Yof E REAb

9 cts is needed see ex 7.3.22 Homework6

Pf Let D setof discontinuityof f on ab

D setof discontinuity of pot on a b

If u e ab ID then f is continuous at a
Since 4 is cts pot is also continuous at u
1 UE a b ID

Therefore a b ID C a b ID

and hence D CD

Note that fER ab Lebesgue's IntegrableCriterion

D is of measure zero
E O countable collection of openintervals IISE

sit D C IK length In E

Since D CD we have D C In length In E



D is also of measure zero
Using Lebesque's Integrability criterion again we have

Yof ER Tab

Inthisproof we showed that a subsetof a nullset isalso a null set

Cor7.3.15 If FERTAb then 1ft ERAb

and Sit Ifl Mcb a

for any MEO sit HX KM on a b

Pf feria b f is bounded

fix EM on a b forsome MSO

Then f ab CEM M and

M M IR is continuous

ByThm7.3.14 If ERIA b

Since If x fix If x XETab

Thm7.1.50 Sabifle sit Sabist

Isaf 5 41

Similarly If x EM XE ab

Sift SabM Mlb a



Than7.3.16 TheProductThm If f g E RTAb then fg Rtab

If f ERIAb IMSO Sit f ab CEMM

and 9 t I M M IR is cts

i f E REA b

Similarly gERTab g RTab

By Thm7.1.56 f gEREab ftgER ab

Hence Stg Rta b

Therefore Thin7.1.5again fg Cftg f g c Rtab

Thm7.3.17 Integrationby Parts

Let F G bedifferentiable on Tab

f F g G EREa b

Then FG Fg Rta b and

If G FGI J FG

Pf F G diffon ab F G cts on ab

F GER a b Thm7.2.7

ProductThm7.3.16 then implies fG Fg t Rea b



And productrule Thm6.1.361

FG F'G FG fGt Fg ERIAb

FundamentalThm7.3.1

S FG FGI

SifG Fg FGI

Thm7.3.18 Taylor'sThmwith Remainder IntegralForm

Suppose f a b IR

f f exist on a b

Int E REAb

Then f b Has b a b a Rn

where Rn Sab Et b t dt

Pf Rn f A b t dt isdefinedbyProductThm

Jab f t dt IntegrationbyParts

t 5T f p
7.3.17



f b a
in f as b t dt

419 b as Rn 1

same5
9 b as b a Rn 2 calculation

t b a b a Ro

where Ro Sabf'ct b t dt Sabf f b fca

So we are done



57.4 The Darboux Integral

Def Upperand lower Sums

Let f a b IR bounded

P x x Xn partition of a b

Mr inf f x XE kt Xk exist becauseof boldness

Mr sup f x XE Xk Xk

The lower sum of f corresponding to P isdefinedto be

f P Mk XR XR1

uppersum of f corresponding to P isdefined to be

U f P MalXR XR1

Remarks is upper and lowersums are not Riemann suns ingeneral

because Mr Mr maynotattained at any pointinExatxD

unless the function f is cts

Ii On one hand f P and U f P are simpler

because they do not involve the infinitelymanypossibilities

of tags But on theotherhand inf and sup
are harder to handle than values of a function



x.af.fi qyhb xs a bus

lower sum f P upper sum Ulf P

Lemma7.4.1 If f ab IR is bounded and

P is a partition of Tab

Then f D Ulf D

PE Eas mr mt 44,5 Mr

Llf D mklxkXK.DE Mp XnXn1 Ulf P

Def If P Q are partitionsof a b and PCQ then

we say that Q is a refinement of P

Remark If P Xo Xi Xn and Q Yo91 Ym

then Q is a refinement of P if REP k g1 in Xne Q

ie Xu Ye fame 1 0,1 m

P Q

xo d b X xo d Y X 1934442 b X
15 46



In other words subinterval Xu Xu of P is furthersubdivided

in Q Exry Xu 951,95 U U Yer Ya

Lemma7.4.2 If f ab IR is bounded

P is a partition of a b

Q is a refinement of P

Then L f P f Q and UCF Q U f P

Pf Special case Q is a refinement of P byadjoining one point

Let P XoXi Xn and

Q Xo X1 Xky Z Xk Xn

Then mk inf fix C Xp1 Z

inf fix E Exk I XkT MR

My inf fix XE Z XLT

inf fix E EXKi XI MR

f P If Miki Xi c MrXn Xn i

Fermi Xi Xi 1 Mr Z XR1 MkXn Z

ftp.Milxi Xi 1 Micz XR1 MÉXn Z

f Q



Similarly Ulf P Ulf Q ex

Generallar

If Q is a refinementof P then Q can be obtainedfromP

by adjoining a finitenumberof points to P one at a time

Hence repeating the special case or using induction

we have f P Llf Q

and Ulf Q Ulf P

Lemma7.4.3 let f ab IR be bounded

Then LCF P1 Ulf Pa

forany partitions 8 Pz of a b

Pf Let Q FUPz
Then Q is a refinement of P and also ofPa

Hencelemma7.4.1 Lemma7.4.2

Llf P Llf Q Ulf Q Ult Pa



Notation Let P ab setofpartitionsof ab

Ref7.4.4 Let f ab IR bebounded

The lowerintegralof fouI is the number

f sup Llf P PE PEAb

and the upperintegralof fan I is the number

U f inf Ucf P PE PEAb

Thm7.4.5 Let f ab IR be bounded Then f andUlf

of f m ab exist and f U f

Rf Llf and Ulf exist

f bounded Me inf fix XEI Tab

MI sup f x XEI Tab exist

It is clear that P Ptab

me b a Llf P Ulf P M b a

i f and Ulf exist

and satisfy me b a If U t MI b a



f U f

By Lemina7.4.3

Llf P U f Pa forany partitions P P

Fixing Pz and letting P runs through 9 Tab we have

f sup Llf P P E D Tab Ult Pa

Then letting 82 runs through 9 ab we have

f inf Ulf P2 P E P ab U f

Def7.4.6 Let f ab IR be bounded Then f is said to be
Darboux integrable on a b if f U f

Inthis case the Darboux integralof f over ab is defined

to be the value Llf U f

Remark We'll use the same notation Saif a Sabfix dx

for Darboux integral since it is equal to the

Riemann integral Thm7.4.11



Eg7.4.7
9 A constant function is Darbouxintegrable

In fact if f x C on ab P isanypartitionof a b

then Llf P Ccb a Ult P Ex7.4.2

i f c b a U f

b g 0,3 IR definedby gix eg 7.1.46

3 0

2 is Riemann integrable g 8
0 3

Using Darboux's approach weonlyneedto prove

f U f
Noneedto check whether theyexist sincewe haveThm7.4.5

As f sup of something

U f inf of smeting

we only need to find sequence family of partitions
that can prove the required result no need to

consider all partitions



9 is clearly bounded 3 0

2E O consider the partition

Pg 0 1,1 2,3 He 3

supgex XEEHEThen
Ulg Pe 2 1 0 3 HE 1 3 3 HE

2 3E 6 32 8

U g 8 Ucg inf UG P PEPCO.SI

And

Llg Pe 2 1 0 2 HE 1 3 3 HE

infga THE 2

2 22 6 32 f E

8 LG LG sup 49 P PEPITO33

Hence Thm7.4.5

8 E Lgs Ug 8

Since 70 is arbitrary wehave

G UG f

i g is Darboux integrable Sabs 8

Easier than Riemann



C Glx onTo I is integrable

h is clearly bounded

Let Pn 10,4 31 f it i
Then Uh Pn 4 0 E 4 1 1

1 2 n Ith

and Lch Pn 0 4 0 t.lk f t.it l1

1 2 1 n D I h

1 4 LCA UH 111 4

Letting h co wehave La 01h

he X is Darboux integrable on TO I

Sabh

d Eg 7.2.2 b not integrable

Dirichletfunction f x
1 if rational ETOis

0 if irrational C 0,1



To prove non integrable weneedto considerall partitions

as a segeme family ofpartitions can only provide

upper bound to U f lower boundfor LG

not good enough to see U f Llf

is clearly bounded Off
Let P XoXy Xn be a partitionof 10,13
Then for each subinterval TXrtXrJ

rational the Exki XD and

irrational the Xu Xu

Mp seep fix XE Xu Xu f k 1

Mk inf fix XE Xu Xu fltn O

i Ulf P Mr XaXa1 XaXae 1 P

U f inf Ulf D PE P6,15 1

And L f P Malk Xn i 0 P

f seep Llf D PE PTO I 0

U f 1 0 Llf

f is not Darboux integrable


