
 

Cor7.2.10 If f ER a b Cd Ctab then fERICd

Pf By AdditivityThm7.2.5

FERTAb FERIC b FERICd

Cart2.11 If ft REAb A Cocci Cm b

then fleciy.ci RICHCi and

sit E.si
Pf By Induction

Def If f ERtab and αPETAb with α β
we define Spf If and

52 def 0

Thm7.2.13 If FERTAb and α β re Tab

then 51 If 1ft
in the sense that the existence of any two ofthese

integrals implies the third integral exists holds



Pf Clearly Thm7.2.9 Cor7.2.11 implies the statement that

the existence of any two ofthese integrals
the third integral exists

Now if any two of α p r equal
then is trivially holds check

If α β 8 are distinct we consider

Lapir It It Sit
If If 14

Clearly Lex β D L β r α L r α β check I

L α 8 β L B β α L β α r

eg 16 β r It If If
Sff Sff 55 α r β

By AdditivityThm7.2.9 it α re β
then 114β 8 Sf 2s ft 0

By the above we have L α β r 0

for all other situations raped past
8 29 aspers para



Hence α.fr
0 448 ES f SIf S8t
ie 525 5 5 f



57.3 TheFundamental Theorem

Recall A function F a b IR is called an antiderivative

a a primitiveof f ab IR on a b if
F x f x XE a b

Onesided derivatives at a x b

Thm7.3.1 FundamentalTheoremof Calculus 1ˢᵗ Form

f F ab IR functions
suppose I E finite set of a b E fuexceptionalset

a F is continuous onTab

such that f b F x fix XE a b IE

c f E R a b

Then
f F b Fla

Pf Withthefinite of points in E I 1

a b is subdivided into finite
numberof subintervals suchthat F x fix on the

subintervals except possibly at endpoints



Thenby Thm7.1.3 Thm7.2.9 one can reduce the proof

of the Thm to the case that
E a b two end pointsonly

ie F X f X XE a b needsassumption a

Exercise 7.3.1 of theTextbook usingFill Flxi FIX 1 Fib Fla

Forthis special case consider any Eso

Then fERTab assumption C

de 0 such that

if 8 4Exit Xi ti É satisfies 1181are anytags ti

then 1515,8 Sif se
By MeanValueThm6.2.4 I die Xii Xi Sit

F Xi F Xi 1 F Ui Xi Xi D

f Ui Xi Xi i Eli n

since FEf exists on a b assumption b of thespecialcase
cts on a b

Hence F b Fla Xi FIXED

É flui Xi Xi D



Define the taggedpartition 8 4 Xi Xi Ui

same partition with new tags
Then 11 11 de and

F b F a 5 f

F b Fca Sit E by

Since 0 is arbitrary Sabf F b Fla

Remarks i If E then assumption b assumption a

Ii Onemay allow f defined on a b exceptfinite number

of points as one can extend f to all C a b

by setting fic 0 for C domain f originally

Iii F differentiable on ab F EREAb

assumption c is notautomatically satisfied even

E assumption b is satisfied Eg7.3.2

Eg7.3 a FIX X XETab is continuous onTab

1
FEX X XETab i E

Flex E REAb says by Thm7.2.7 cts integrable

i S X dx F b Fla b a



b Suppose a b is a closed interval st Arctant tan'x

Glx Arctanx is defined on a b fainstanceTab C E

Then G x XEEab is continuous on ab

b satisfied with E with fx
Hence a satisfied automatically G'exist Gct

And Thm7.2.7 C is also satisfied

i.si Arctanb Arctana

C AIX 1 1 for CE 10 10 Cts

onecando any Ex p with 2,1 0

Then I for XE 0,10

A'cx doesn'texist for x o

I 1 fa XE E10,0

Recall the signum function
1 0

sgnlx 0 x o

It so

A X Agnix XEE10,10 130 i e E 10



Note that sgn x equals a step function except at onepoint

Thm7.2.5 Thm7 13 agnix RE 10,10

Hence ifagnix dx A10 A1 10 10 10 0

d H X 2X on TO b

Then H X cts on TOb

HEX XE 0,5 E40

Note that hx is unbounded on TOb

h RIO b No matterhow wedefineH'co

i Fundamental Thm7.3.1 doesn't apply

Needto consider improper integrals whichis equivalent to

applyingThan7.3.1 to E b andthen letting 0

e ces Xt 0,1
KX L

0

Then 2 6 2 sin XE 0,1
KIX

0 if 0 eg 6.1.74

That is K differentiable on 0,13 hence its on 0,1



However K is unbounded and

therefore K R 0,1 assumption c doesn't satisfy

Def7.3.3 If fER a b then the function definedby

F Z faff for Zeta b

is called the indefinite integral off with basepoint a

Onemay use otherpoint as basepoint is still called

indefinite integral Ex7.3.6

Thm7.3.4 If FERIAb then

F Z Saff is continuous on a b

and in fact if Ife M Etab then

IF Z FW MIZ WI Z W E a b

Remarks i Mexists because FERTAb f isbold

41 is called a Lipschitzcondition much stronger

than just continuity

Pf 7 WE ab with Wez AdditivityThm7.2.9



FIZ Sff If fff Few fif
i Flz FIN Sf f

If ME fix M XETab

Then7.1.5 c ME w Sff MCE W

FIZ FIN Sff ME W MIZ w

since WE7

Clearly thecase Z w follows immediately too

Thm7.3.5 FundamentalTheorem of Calculus 2ⁿᵈ Form

let ft Rta b and continuous at c

Then F Z Sff is differentiable at Z C and

F c f c

Pf We'll proveonly for the right hand derivative

y FKt
F c f c

The lefthandderivative canbehandled similarly
Therefore we assume CE a b



Since f is continuous at C 670 1 70 sit if

fix f c KE ETC Cthe consideronlyrightside

let he Me then AdditivityThm7.2.5 Cor7.2.10

f E Rta Cth RtaC RTC Cth and

54ᵗʰ Sit f

ie F Cth F C 5th
By f c E fix fate ETC the

we have fcc E a ftʰf fate h

which implies f c e
Fath F'c

fatea

Fath F fa E the 10,7eh

It proves that Gf Cth Flc fcch



Thm7.3.6 If f is continuous on a b then

FIX Saif is differentiable on ab and

F x f x E a b

Pf f cts on a b fe Rta b cts at everypt CE 9b

Eg7
a f x Agn on El I

Then ft REI I equals astepfunctionexcept at a point

f notcontinuous at x 0 butcontinuous XEE1,1 110

Simply calculation indefinite integral with basepoint T.is

F x sgnxdx 1 1 1 Ex

One can see that F'co doesn'texist freaksb citation
and F is not an antiduicative of fix sgn

b let h Thomae's function

if ETON y.no
hive iiiintactus

godmn 1
h 1 if O

O if X is irrational ETO I



Then by Eg7.1.7 one concludes that

H X 5 9 0 XETO I

H x 0 exists ETO I

However H x hex rational To I

Thm7.3.8 Substitution Theorem

let
y

I IR cts I interval

4 α β IR sit 9kt exists cts tETαβ
ie 9has a continuous derivative1 9 αβ CI

KPI R

Then J 5194779 a It fixidx

Notes i t in the famula are dummy variables justusingthemfor
convenient in practice thinking of change of variables pit

but it isnotnecessary a changeofvariables as 9 isnotassumedto
be oneto one and onto

In fact the formula can be written as

5 5093.9 5,4ft

Ii The famulaholdsalso for 91ps 912 as wedefined before



PfofThm7.3.8 Ex7.3.17 Easy applicationofFundamental Them

Chain rule

Eg7.3.9 Tooeasy Omitted

Lebesgue's Integrability Criterion

Def7.3.10

a Aset 2 CIR is said tobe a null set setofmeasurezero

if 70 a countable collection ar.br of
open intervals couldbeoverlapped such that

2 Écanbe and Ef bk9k lengthofinterallak.br

b If QX is a statement about I wesay that

Qix holds almosteverywhere on I

a Qu holds for almost every almost all e I

if a nullset ZCI set

Qu holds E III

Inthis case we write Qex for a e EI

Remarks 111 nullset may means emptyset for somepeople
So setof measurezero is used moreoften



Ii Defca means I can becoveredby a set ofarbitrary

small total length kindof lengthof2 0 but it is

difficult to define length ofarbitrary sets in IR


