







































































































Thm7.2.8 If f a b IR is monotone on tab facassata

then FERTAb

Pf Suppose f is increasing decreasing are similar

Take uniform partition D Xi 1 É suchthat

Xi Xi b9 i 1,3 in with Xo a

Then fixi 1 fix fixi XE Xii Xi titi h

Define step functions

α x
fait C Exit Xi

Jan 1 XE Xn i Xn

and Wa x f Xi XE i i Xi

f Xn E xn 1 Xn

Then halx fix Unix XE a b

and fan E fixi 1 Xi Xi 1

659 f Xo fix Jan 1

Wn fixi Xi Xi c

by fix feast f Xn



Icon 2n b9 fan fixo b 9 fib flas
n

Hence O Ine b 9 f 91
sit

Inelx f x Wnek XETab

Sabone the SE

i f ERIA b by SqueezeThm7.2.3

Thm7.2.9 AdditivityTheorem

Let f a b R CE a b asb

Then fER ab fly REAL ftp.gbgERTGb

In thiscase Sabf Sif Sif

Pf ByCauchy Criterion That2.1

FERTAb

E O 7 4 0 sit 8Qwith 1181144 1101km

wehave 1515,8 Slf Q SE



Now wewant to showthat the same ye so worksforthe
restriction f a c a C IR

Suppose Q be two tagged partitions of a C

with 118 Kye 118,1kMe

Refine now tagged partitions 8 Q of a b by

adding a tagged partition of C b with 1151kg

to 8 Q

i i
8 AQ

Then clearly 1811 1101kMe

By 1
154,8 Slf Q SE

On theotherhand

Slf 8 Σ fiti Xi Xii Ex fti Xi Xii

xie.FI
and

S f Q Σ fiti Exit Eg fiti Xi Xii

key I



54,8 56,8 514,8 56 Qi

156,8 Slf QKE
Hence f a C IR satisfies Cauchy Criterion

Therefore f E RTAC

Similarly we have 2 fleeb ERE b

Suppose fi flea.cz Rta c fr flesh ERE b

Then Boundedness Thm7.1.6 fleac fleeb are bold

f is bounded on tab

ie M 0 such that fix EM XEEa b

Next let 4 Sif Sif
Sfa Sif

Then E O

I 8 0 sit tagged partition of a c with 118,11 8

wehave 154,8 41
and

8 0 sit tagged partition82ofTab with 11811 8

wehave 1542 8 Lat



Now let de min 8,8 Em so

Claim If Q is a tagged partition of a b with

HQ late then 151 Q 4th SE

If the Clavin holds then f ERtab and Sf Littz
and we're done

Pfofclaim

let Q Xi Xi ti É
then Xi Xie SEE 5 1 in

Case I C Xk fa some k 1 in 1 excluding Xo a Xu b

Then Exi i Xi ti U Exit Xi ti kt

Note that

Q Exit Xi ti É is a tagged partitionof Tasc

I Exit Xi ti Em is a tagged partitionof Gb

Hence SAQ S fi Q Slt Qe

Since 110,11 11811 creed
11011511811 de 8



we have 1561 Q 41
15152 Q2 421 43

Hence S f Q Chitha

1561 Q Li 151 Q2 hal
s 2 E

Case CE Xa Xa forsome 6 1,3 h

atxo x1 d kn xn b

Then XOXDUEXI.HU UEXKz.XaJUEXK1 CI
newsabinterval

with tags th Emi c newtag

is a tagged partition Q of a C
newsubintervall

Similarly C XR U Xa Xati U U Xa i Xn

with tags wify this ti

is a tagged partition Q of Sb
Then

SH Q Xi Xi1 fltalk Xn Effiti Xi XiD



flti Xi Xi 1 f c c xn fee C Xa

fita Xn Xn

FIC XK C Effete Xi XiD f Xr C

Slf Q Sfa Qz Fta fcc Xa Xa 1

Slf Q Slf Q Slf Qa

flea fcc Xu Xu il

2141101 2M 8M

Also 118,11 11011 asoac xkycxn xn.ie1Qll

i liQill dead

156,6 L the

Similarly 110211511011 02 8

15152,82 Lat

Then by 1,1 12

151505 4 4



Slf Q Slt Q Slf Qa I
1515581 41 151 Qa Lal

E

This completes the proof of the claim hence the

proof of the Thm


