



































































































































c hex x fu XETO I RIO I Sdh

Pf Let P Xi i Xi SE be a partition of I

Take tags ti fi be the mid points

ie q Xi If
Xi

Then the corresponding taggedpartition Exit Xi q.IE
has Riemann sum

5th 8 hcg Xi Xi 1 É Gi Xi Xi 1

É Xitxi DX Xi 1 XE XE

XP 8 x2 XP Xi Xi I

Xn xD Xn 1 0 0

Now if D Exit Xi ti É is atagged partition

with the same partition but arbitrary tags ti

then 11811 11011 0 and

151h D Sta Q É hiti Xi Xi D Eih Xi Xi D

É Gi Gi Xi Xii






































































































































É It qi Xi Xi 1 SEE Xi Xi D

since ti 9iE Exit Xi8
and Xi Xi 1 8

Using SCG Q for any partition withmid.pt tags

we have 8 with 11811 8

I 5th 8 k8

Hence E 0 take E O we have

8 with 11811 8 1519,8 Ike
i HERTO I Sabh

d
Guy y if X t n 1,3 l l

0 elsewhere on 0,1

is Riemann integrable on 0,1 if

and SIG 0

Pf E O E XETO I GA E

where Nette thelargest
integer

is a finite set






































































































































let 8 0

If 8 1ExitXi titi is a tagged partition with 11811 8

Then
S G 8 GHI Xi Xi 1

III Gawi Xi D EIGHTAi Xin

ti GEE Of GA E

OE É GADE Xii E ELNi Xin E

ti EE

There are only Ne numberofpts in Ee 0 Glx 1

and a tag belongs to atmost twosubintervals

O EEGADA Xii S If I INE S E

titEE r at most ZNEterms

Hence

Of SIG 8 ZE for any 8 with 1181106

Since 0 is arbitrary we have

GERTO I and 564 0



Properties of Integral

Thm7.1.5 Suppose f GERTAb Then

a kfERTa b KEIR and

sat k Sif
b ftg E Rta b and

S ft g fat Shag

c fix glx XETab Sabf Sabg

Pf a Ex Similartotheproofof b easier

b f gEREa b

0 I 8,70 sit 184,8 Jaffe Pwith 181kd

I 8,70 sit 1819,8 Jagke P with 1181kdo

Also notethat forany D ExitXi titi
ftg D Ei g ti Xi Xii

É fiti Xi Xi 1 É9ltDAi i i

SH D 519 D



Then 8 with11811 O min10,82 we have

S ftg D fit Sig
1TD sit 519 D Sabs

E E ZE

Since 70 is arbitrary we've proved that

9 E Rta b and 5 4 9 Sabf Jabs

c As in b we conclude E O 10 0 Sit

for 8 with 11811 0

Slt D sit se and 519,8 Sis e

Saf Es Slt D 519 8 Sabg E

Now fix g x XETab

SH D É Ni Xi 1 É 91tiki xi.ES g 8

i Sa't ECS 8 59 D Sa's E

or sits 5 9 22

Since 0 is arbitrary sites



BoundednessThenew

Thm7.1.6 FERTAb f is bounded onTab

of course fER ab f is bounded on ab see latersectia

Pf let fER ab and Sabf L

And suppae onthe contrary that f is unbounded on a b

fER ab with Sabf L Take E 1 inthedef

10 0 such that

8 with 1181kt

1515,8 L 41

Sct 8 1 14 1 11

If P Exit Xi É be a partitionof Ta bJ

Then unbounded

a subinterval Ixion Xio sit

f is unbounded on Ixion Xio

Therefore we can find ti such that

feti Xi Xi 1 14 1 1 fiXi Xi Xi 1 a



Then the corresponding tagged partition 8 Exit Xi t.SE
with tags to Xi for itio

tio

gives Riemann sum

S f 8 fltio Xi Xiii Fifa Xi Xii

fltidlxioXi.si Slf D Eyfixi Xi Xii

Ifitio XisXioD 1515 D 1 ifXi Xi Xii

by 1 514 1 I.EE DIXi Xi D

which contradicts

i must be bounded


