
 

Ch7 TheRiemann Integral

57.1 Riemann Integral

Def If I a b is a closed interval then a partition of I

is a finite orderedset

P Xo Xi Xn

of points in I such that
a Xos X s n b

Note A partition D x x Xn is used to divide I

into interior non overlapping subintervals

I Xo XP I X X2 In Xn 1 Xn

Hence an alternate notation for P is

P I Xi i Xi É

Def The norm ormesh of P I i i Xi É is defined

by 11811 MY Xi Xi i

Max Xo X2 X Xn Xn l

lengthof largest subinterval



Def 1 If ti e Ie exit Xi t it n has been selected

ofeach subinterval of a partition P Exit xis i

of I ta b then ti are called tags of Io

2 The partition P Exit Xi is together with

tags ti is called a tagged partition of I tab

and is denoted by

I exit Xi ti É

I It I
É
d I É

Yo 15

Def If B I exit Xi tis it is a taggedpartition

of I La b then the Riemann sum of a

function f a b IR is defined by
maynotcontinues

SC f 8 FCA Xi Xi D

Remark This definition works for the case that 8 is

a subset of a partition andnot the entirepartition



Ñ
É
É ÉÉ

p

S f 8 sumof signed areas of the n rectangles with
bases i i Xi heights f ti Elish

Def7.1.1 1 A function f a b IR is said to be

Riemann integrable on a b if
LER such that

E 0 de o such that

tagged partition 8 of ab with 11811 de

15 f 8 L CE

2 Thesetof all Riemann integrable functions on a b will

be denoted by R a b

3 If f E R ab the number L is uniquely determined Thm7.1.2

called the Riemann integral of f over a b is

denoted by f or f fix dx
is a dummy variable can bereplaced by anyother notation



Remark Oneoftensaysthat L is thelimit of Sct 8 as

11811 0 However SCF 8 is not a functionof 11811

it is not the limit offunctions that defined before

therearemany 8 withsame11811

Thm7.1.2 If f ERtab thenthevalueofthe integral is

uniquely determined

Pf Suppose L and L bothsatisfy thedefinition 7.1.1

Then E 0 8 70 suchthat

151 09 KKE 8 with 118,11 0

and 8 70 suchthat

151 0 KKE 8 with 11811

let de min 8 so

If 8 is a tagged partition with 11811 de

then 1811 8
2 and 11811 8 2

Hence 1,5158 IKE and 158 L



IL L 1 58 It 158 L

E

Since 70 is arbitrary we have L L

Thm7.1.3 If geRTAb Riemann integrable

fix gix exceptfor a finite numberofpoints
Then FERIA b and

Sab f Sabg

Pf Only need to prove the case that

f x 9l except for one point in a b

Then induction implies the Theorem 14

MElet c be thepoint in a b

c 3
sit f C gcc

Then f x GLX XE a b RC

Let L Sabg By assumptionthat g Riab it exists



For any tagged partition D Exit xi tibia
then i CE Xia Xi for some to 41,3

a i Xio for some iot 41,3 in

For case is fix 9 x for all Exit Xi it io

f ti Gti

And hence

515,8 519 8 fi Xi Xii Ei.SNCxi xiD

f ti Xio Xio i Glt Xio Xi 1

flti 9ft Xi Xiii

Idf 8 519 D fltid glti.tl Xio Xioil

15101 19101 11811

Similarlyfor case i 0

Scf D Scg D EE ti Xi Xi 1

f ti Xio Xi 1 get Xio Xii

flti.tl Xiotl Xio GtioD Xiotl Xi

fCti 9 tp XioXio i fCti.D 9 tip Xi.tl Xio



i Scf 8 Scg D Ifc 19101 11811 Ifc 1910011811

2 Ifc 1901 11811

Hence inboth cases

15158 519 8 2 Ifc 19101711811

E
Therefore 0 for I safe 1gal

we have

8 with 11811 0

15118 Sig D 2 Ifc 19101 E

5 15101 19101

Now by gER a b LJ.bg 82 0 sit

8 with 118 11 02

1519 8 L

Letting 8 min 81 82 0 we have

8 with 11811 8

1515,8 L Slt D 59,8 1919 D L1

E

i ft RTA b and Sabf L 5 9



Eg7.1.4

a If f const then fER a b

Pf Let the const be k

Then f x k XE a b

If 8 1Exit Xi ti É be ataggedpartitionof a b

then corresponding Riemann sum

Scf 8 É fiti Xi Xii

É k Xi Xii k b a

E O we can just pick any 8 0 and have

Slt D k b a 1 0 E P with 11811 0

f kE Rta b

In fact we have proved that Jak kb a

b 9 0,3 IR defined by gix
3 1 3

2 O X

3 0

2 is Riemann integrable 9 8
0 3



Pf Let Exit Xi ti É 3 0

Let k l h such that 2

Often _street and

IfIs tht tn 2possible situations

tsoftag.tklet 8 Exit Xi to É
and 82 4 Exit Xi ti kt

Using the remarkof the definition of Riemannsum

we have

g D É9Ai Xi Xi 1 EI glti Xi Xii

519 8 519,8
Suppose that 11811 0 for some 0 0

Then tk 1 Xky tEXk and Xk Xk isd

we have Xk Ot Xm Ottk 8

notation textbook Exit Xi TO Xk 0,1 8

Ontheotherhand we claim that 1 o Xr

Suppose not then 1 8 Xk



From the choice of k trt 1

kt Artist att

contradiction

Hence 87Xhtl Xk 1 i d 8

which is a contradiction

i I J XR

Together we have

0,1 8 C U Xi Xi TO XK C 0,1 5

Therefore

g D ETglti Xi Xii 2Xk

tie 91 3 2

24 8 Slg 8 211 8

Similarly
gig g Ef glt Xi Xi 1 313 Xk

ti l 9 ti 3

313 1481 5cg Pi 313 1 01

312 8 Sig 0 312 8 2

By 2 wehave for 8 satisfying 118110



2 1 8 312 0 519 8 2 1 8 312 8

ie 8 50 519 8 8 58

15cg D 81 50

Therefore E O we can take de 0 to have

8 with 1181158

1519,8 8145E E


