



































































































































Cont'd

Assuming 5 x 20 XEI

tE 0,1 Xi XzEI

let Xo 11 t XittXz clearly c I

ThenTaylors Thm

f X f Xo flexo XtXo f a X Xo

flxostfkxocxi xofasme.sk een

and f X2 f f'cxo 2 Xo f ccs Xz Xo
fasone Cabetween

f Xo f Xo x2 Xo Xz Xo

t f x ttf xz

C A fixo fixo f a 1 71 1 0 X2 Xo

f xo f xo CI ASX txz Xo

fat A XittXz since Xo 1 t XIttXz






































































































































Newton'sMethod

Goal Idea y fix

Find root r of f 1 1,1 1

tangent line

f 0
X2 X

Equationof tangent line Y fix fix X X1

its intersectionwith x axis X2 satisfies

fix fix X2 X

X2 X 1 provided D 0

successively na xn h provided

Hope tofind condition suchthat

Xn r a zero troott of f






































































































































Thm6.4.7 Newton'sMethod

let
1
f a b IR twicedifferentiable acb

1
a f b 0 ie fla f b haveopposite signs

constants mso M 0 suchthat

If'x m O If cx EM xe a b

Then a subinterval I Ctab

containing a zero r of f such that

XIE It the sequence Xn definedby

Xnt n 4 1,33

belongs to I and

Eg xn r

Moreover IXnt t KiXn ri n 12,3

where K M
2m

Pf Since fla f b CO fla f b haveopposite signs nonzero

f twicedifferentiable f cts on Tab

IntermediateThm re a b suchthat f r 0



Note that If x m so XE a b Rolle'sThm

r is the unique zero of f in a b

ie f x 0 XE a b Yr Ex

Now E I Taylor'sThm

0 f r fax's fix's r s r s

forsome C'between r X

since f is twice diff

If 14 we have

fix's r s r 52
5 x

r r s

Ix ri Xr

Mm Ix re Kixtri

Choose 8 0 such that

82 K r d rt8 C a b

and let I Er 8 red

Then if Xn I Iasb for some n 1,33



we have from

IXmi risk xn rE K8 s 8

Xntl It
ie XnEI Xnt It
Therefore if XIEI induction

the sequence Xn C It

and satisfies the required inequality

IXnti t KiXn r1 n 1,33

Finally to see limit we note 1ˢᵗ that

Inti r Kin ri KS Mn rt a

Then iterate
Hna r KO Xn r1 Ko KS Xn i M

KO Nn i M KO IX 1

Since Kost KO 0 as now

and 1 1 t is a constant we have

Anti rt 0 as n a

ie Han r



eg6.4.8 Using Newton'sMethodto approximate E
Sohn Convert the problem to a problem of finding root in

order to use Newton's Method

Consider f x 2 XER

Calculation Sfx 2x to near the root
as 0 is not a foot

f exists and satisfies the condition but we don't
need to find it explicitly in the approximation

One need to guess an initial point x

Since 12 1 22 4 f D 1 f 2 2

it seems reasonable to try 1 1

Note that net xn xn

Xn Xn In
Xn

i 1 1 a H 1.5

3 I 1.416666

check Xs 1.414213562372 correctto 11places



Remarks

a canbewritten as K nti r k n r

Hence if KiXn H 10 m

then KiXnti H 102m

i numberof significantdigits in Kixn H

has been doubled

Andhence the sequence Xn generatedby Newton'smethod

is said to converge quadratically

b Choose of initial is important ie hastobe in I

otherwise Xn may notconverge to the zero root

Possible situations

A
k

Xn a
seqis 3


