
 

Furtherexamples other indeterminateforms

eg6.3.7

a w co form

y 4 Ix xeco.ES

8 six X
transform to 8 fam

GX 1
50T

sux xasx
Hospital still 8 form

six
426sx sinx L'Hosptial

0 limitexists calculationjustified

b O c a fam

Gif lux C 0,0

8 transforms to fam

6 L'Hospital

f lx 0 limitexists calculation justified



c 0 fam

Ex

ftp.ex
lux

e Efflux transfums to 0 c a forms which

canbecalculatedusingL'Hospitalas in b

1

d 1 fam

8 Itf ECI A

If
luck

Transforms to the calculation of
xlu It'x co 0 fam

leg
In 1 6 transform to 8 fam

81 it'x ᵗ
Hospital

x

6 114 1 limitexists calculationjustified

And hence less 1 4 elixladt e



e 0 form

It XE 0,0 limitoftheotherend

e
ln H'x

transform to 0 co fam

effot x L'Hospital as before

1 limitexists calculationjustified



56.4 Taylor's Theorem

Recall If f x has n thederivative at a point to
then the polynomial

PnX f Xo f Xo X Xo x xD

is called the n th Taylors Polynomial for f at Xo

Note Pk Xo f Xo k0,1 in

Thm6.4.1 Taylor'sThm

let MEIN ie n 1,3

f ab IR suchthat ab

are continuous on a b and

exists on a b

If XoC ab then XE a b c between Xoand suchthat

f x Pn X x xD

where Pn x is the n th Taylor'sPolynomialof f at Xo



Remark Rnix f x Pn x is referred as the remainderand

Rulx x xD

is called the Lagrangeform oftheremainder

a derivative form of the remainder

Pf of Thm6.4.1

let Xo XE a b begiven

If Xo x then the formula is clear

If Xo X we let

J Xo or Ex Xo depending on Xo or Xox

Then J is a closed interval JC 595

Consider for TEJ

F t f x f t x t fit Iff Ee
CX f t

Then F x 0

F Xo f x PnX RnX is theremainder



And by assumption F t is continuous on J and

F t exists in the interiorof J

with F t f t

ft x t f t

x t f t I f t

I facts f t

I f t

Consider further the function

G t F t II F Xo for teJ

Then G is continuous on J differentiable in the interiaofJ

G Xo F Xo F Xo O

and I
G X F X 1 F x 0

By Rolle'sThm I CE interiorof J ie between Xo ex

sit O G C F C ND Int F Xo



i Rna FIX hi Flc

his f a

x XD f c
ntl

Applications of Taylor'sTheorem

eg6.4.2 Approximationofvalues

a UseTaylor'sThm with n z to approximate Itx near x o x 1

Let fix Itx 0 0

For 1 2 Palx fixo flxo x Xo XXo

using fix HX 7107 1

fix 14 53 f 0

x 1 555 4107 4
i Pax 1 3 4

2

Andhence fix Palx Relx 1 5 4 2 Relx



where Relx f c x xo 5 1 55 3

55,11 0585
3
for some c between ox

Expliciteg If 0.3

Then 1210.3 0.3 f 0.35 1.09

Rz 0.3 0.3

Relo3 0.3 since CE 0.0.3 co

50.0017
I C

10.3 Pa0.3 0.0017

ie 15.3 1.091 0.0017

35 1,09 up to 2 decimalplaces

b UseTaylor'sThm to approximate e with error 10
5

5decimalplaces

Assumingthatwehavedefined e proved ex eY e'increasing e 3

Let gex ex 0 0

Then by ex e we have 9 ex 4 1,33



Suppose that we need to use Taylor'sThinup to n

Then the error is givenbythe remainder term

Rnex e forsome c between 0 X

Take 1 we have

O Rule t.sn y coccal

Hence to ensure error 10
5

we need

510
5

ie ntl 3 105 300000 shouldusethesmallest
possible n to reduce calculation

Try 8 1 9 362880 7 1 8 40,320

i n s is the required value and hence

e 94 Pg1 910 g'cost 9 14 9
1.18

I It fit it with error 10
5

2 718278 usecalculator computer

i e 2.71828 upto 5 decimal places



eg64.3 Applications to inequalities

a 1 Cox XEIR

Pf let fix osX 0 0

Then Taylor'sThm

COX 1 1 4 Rdx check

with Relx Amex forsome c between o X6

If O X T then OECSI thecase X 0 wehave c 0

sine 0 320

Hence RzX 0

i 1 osX XETO.TT

If EET 0 then y ECOT

1 y cosy

Using 6stX 6sX we have 1 x oox

Hence 1 x Cox I
ok

If 1 1 1 then 1 2
2
1 I 5 1 00

All together 1 GX XER



b k 12,3 0

1 4 3 3_ IX In HX SX 1243 3 It

Pf let fix lucitx for 1 mistake in textbook

Then flex Hx 5

f O C 1 n 1

nth Taylor's Polyof lu ltX at 4 0 is

Palx 0 1 x L X 3 2 h CDEAD

X 2
2

3 3_ C x

and Remainder is mistake inTextbook

Rn X Hey forsome cbetween
and

If 0 then c 0 and hence I I

Rnix
0 if newen

20 if n odd

For n zk lu HX PEX Replx PIX

ie ln HX x 0



For n 2kt bn HX Pat x Raktilx Pakti x

ie In HX X 0

c e Te

Pf Taylor'sThm

ex It Rix seeeg6.4.2

with Ri X 99
2
0 for some C between 0 X

using the fact that e'so CER

Esitx X 0

Put 1 0 usingknownapprox
valuesof Tire

into it we have
1 it E 1 I

e e I

e Tie



Application to Relative Extrema HigherDerivativeTest

Thm64.4 Let f I IR I interval

to be an interior pointof I

f f's f exist and continuous

in a nbd of xoI f Xo f Xo Xo D f o 0

Then

i n even f Xo 0 f has a relativeminimumatXo

Ii n even f Xo so f has a relativemaximumatXo

iii n odd f has neither a relativeminimum
nor a relative maximum atXo

Remark If n z it is the 2ⁿᵈ DerivativeTest

Pf If f cxo 0 and f continuous

then nbd U Xo 0 8 CI of xo such that

Sgn x Sgn f x EU

Now
using f Xo f Xo 0



the Taylor'sThm

f x f x xD x xD

fixo 4 x Xo forsome c betweenXo x

Case II never 5 Xo 0

By Taylor's XEU

since n even X Xo 20 EU

f Xo 0 5 c 0 EU EU

f x fixo 5T x Xo 0

i f has a relative minimum at Xo

Case II never f cxo 20

By Taylor's XEU

since n even X XD 20 EU

f Xo co Flaco EU EU

f x fixo x Xo O

i f has a relative maximum at Xo



Casehis n odd

Taylor'sThm XEU

since n odd X Xo changes sign
I f Xo to f c has fixedsign EU EU

f x fixo x Xo changes signn

1 Not maximum and also Not minimum



Application to Convex Functions

Def6.4.5 let I be an interval

A function f I IR is said to be convex on I

if t ECO I and any I XzEI we have

f 1 A tXz i t f x1 t f X2

Geometricmeaning fixes
1DEAD tta

Graphalwaysbelow fix
atmostupto chord FC tx tx

I CExittXz 2

with same endpts

Remark Convexfunction neednotbe differentiable

e.g f x 1 1 is convex Ex

but not differentiable

Thm6.4.6 let f IR I open interval

5 x exists XEI

Then f is convex on I 5 x 0 XEI



Pf Ex16 of56.4 to be assigned in homework3

x exists f x lying
fixth 2fix fix a

h

Now f convex on I

EI and her such that hEI we have

f a x a fixth f x h

ie 2 x fixth fix h

Therefore fixth 2f x fix h 0
42

f If 54th
2 4 9

0 xeI

To becont'd


