
 

56.3 L'Hospital's Rule

Recall If HE fix A

feegex B 0

then 41k

Question What can wesayabout the case that B 0

1 If AFO then feet a depends on syncA
sgnlgixdnearx.cl

including jumpingfrom to
i e notexist 5184,1 0

2 Indeterminate if A 0

9
1
fix Lx gex x L finite LFO

fix gex x 85941 D

fix 91 7 4 A

Symbol for this indeterminateform

Other indeterminateforms

a 0.0 0 1 0 D A



eg 0 denotes indeterminateform of fig fix

with 2 fix 0 EE915

and co as denotes indeterminateform of life fix 91 1

with e fix to Legix
a a

Note Indeterminate forms o.co 0 1 0 a o

can be reduced to the fam 00 a by

taking log exp or algebraic manipulations

eg A is He x gix with HE a

LEGAS a

HElog
9

HElog 911

andone can consider e which is of the

fam 0



1ˢᵗ Result
Thm6.3.1 let 9 a b IR asb

fla g a 0

g x 0 XE a b

If f and g are differentiable at a 1 sided with

96 0 then yf exists and

featfg flat
9 a

Remarks

1 Has 9 a 0 is necessary

counterexample f x 17 91 1 2 3 on TO I

Then 0517 0 910 3 0 theparticularcondition notsatified

540 1 940 2 0 Otherconditionssatified

And Eif I

2 Noneedto assume differentiability or even continuity in a b



3 TheThmholds for theotherend point b with

ftp.tg 5 provided I b g b exit l sided

1feb gca 0 S b 0

and also interior point Ct a b with

feet provided I feel gles exist a giesto
I fics 910 0

Pf By fla 9105 0 g x 0 Elab

Eat 9 9 ecab

fat as
the i

genit
glas 4 to

eg Thm6.3.1 canbeapplied as follow interinpoint

8 SEE
1 4 51 0
MX

0



For furtherresults we need

Thm6.3.2 CauchyMeanValueTheorem

let f g a b IR continuous asb

f 9 differentiable on a b

g x 0 XE a b

Then CE a b sit
1b f a f c
g b 919 gic

Remarks 4 Onemaytempted to think of the following wrongproof

MVT IC St f b fla f c b a

and g b 9 a g c b a

Hence 5 b fca flc
g b gca g c

Themistake is that the c given by theMVT depends

on the functions f g Careful notations should be

Cf sit f b flas f'Ccf b a

Cg sit 9lb glad glcg b a

But Cf may notequal cg



2 Geometric interpretation
slope

parallelgo fie

gb f b

Gasstay
slope144 9

3 Clearly if gixs x Cauchy MVT reduces to MVT

Pf of Cauchy MVT
Since g x 0 Xe a b we have g b g a

Otherwise the function g x gas satisfies
9 9

gca gca 0

and Rolle's Than CE a b sit Icc glx gas 0

contradiction
Hence we can define

h x f b f a
g b gia 91

1 9191 fix fca xeta.SI

Clearly h is continuous on a b differentiable on a b

by the assumption on f G Moreover

h b f b f a
g b gia 916 9191 fib fca 0 and



h a gas gas fla far o

i Rolle'sThm Icecaib sit

Hcc sic tics

Since 96 0 wehave 1b fla
g b gca

Hospital's Rule I

Remarks

No need to assume f a gla exist as in Thm6.3.1

butneeddifferentiability in a b

2 Thm6.3.3 Thm6.3.5 statesonly the case of taking limit

as at righthand limit for convenience

In fact it is true also for

1
5 left hand limit

1
C two sided limit CE ab

to



Thm6.3.3 L'Hospitals Rule I

Let WE a b D

f g differentiable on a b No assumption at endpts

9 x 0 XE a b

Gig fix 0 ia g x

a If that L ER then that I L

If feat Let 0,0 then fat L

Pf For any α β such that as β b

Rolle's implies g β 912 since94 40 c a b

Further more CauchyMeanValueThm

UE α β such that

f p 6 flu
β g x Glu



Case

fifty L ER
1 sided limit

E 0 I 0 0 sit L se xe aatt
Catorb

If ask β att then the u in satisfies

acucato

Hence L E 14h Lte

L E
f β fix
gcp gex

Lte by

letting at and using ftp.fx 0 fdx9H
we have β with aspeats

L p E Lte

Now E 0 we can choose 0 sit ECE

Then L Ese βE a a o



In otherwords E O 7070 sit

p L E βE a a o

i Gina L

Case b khat L L a

If L tw then MSO 8 0 such that

M eca att

Hence far as αsuspsato
Ms f β fix

g p g x

Letting at using fatfix 0 49k

we have M If aspcato
Since 14 0 is arbitrary we have fat to L

Similarly for L A check



Notes I The cases of figs are infact included in

at b

2 The case of 5 canbeproved similarly

3 Then follow immediately the case of fee
In thiscase onlyneedto assume glx 0 for C xelab

see eg b in eg6.3.4

eg 6.3.4

a 8 5M note is notdifferentiable at 0

fix sinx diff f cesx

left glx x diff fax 0

a gas to x o

0 limitexists calculationjustified

b 8 1 legs
indeterminateagain

However f x six diff flex as

gex 2x diff g x 2 0 XER



L'Hospital'sRule I even the easierThm6.3.1

legAff fi has a limit

Hence KHospital's Rule I again

449 GITE
since tux six exists X 2 0 0

And Eno 8

Since 8 exists the 21 sided limits equal

and hence left His

leg I ftp.ef 1 check conditions

As in b this existence of limit implies

8 8 1 check conditions



d HE 9 defiesfor so

lux X exists 0
4

j 1 exists to 0

1 limitexists calculationjustified

Thm6.3.5 L'Hospitals Rule I

Let W a b D

f g differentiable on a b No assumption at endpts

9 x 0 XE a b

ia gx Is

a If that L ER then fat L

If ia Let 0,0 then that L

Pf Only for Egg to

Hug x a is similar



As before α.pt a b with actspeb wehave

g β 912 and

f β fk flu for some UE αβ9β 912 gius

Case a LER

subcase 1 0

By 4 L E O est 18 0 suchthat

OSL Lte utca att attsb

L E f β fix
gp go

shte actspeats

As 4 917 0 I ceca ato such that

90 0 xe a c ca att

Then for any as α C we have

L E stg If she by taking β c

Using again 49K too we have

Kai



Therefore OCC SC such that

0 9 41 a G C a c

MistakeinBoth g x gcc 0 from above Textbook

912 910 9 2 so E 9,4
g x

Therefore L E fc fix
91C gex

Lte

L e 1 99 c 1 9 E 1 9

ie L e 1 1 142 Lte 1

E a C

which is

C e 1 1 Lte 1 1 Vada a

Using Gay91 5 to again Cat a G such that

0 9 52 and us in xeca.ca

where y min 1 E E 0



Then Lt E 4 1 29

and L e i y y since Lt L E 0

L E L E 134

L e 41 e n E

L E E

L 22

We've proved that 22 0 equi.to E o Zech

Cz E A G such that

L ZE Ltze 2t a c

Ca canbewrittenas Ato

i Eat L

Theproofof the subcases that 1 0 and Leo are similar

with careful consideration of sign in the inequalities

Or by taking α at in with Lsat9H co

L e 1 1 Lte 1 1



we have L E his his 1H Lte

Since ESO ECE is arbitrary we have

L his 1H his 1H I

feat exists and equal L

Pfof b next Lecture


