
 

Thm6.1.9 Same notations as in Thm6.1.8

let f IR bestrictmonotone noneedto assume containity

If f is differentiable on I and fix to XEI Then the

invesefunction g is differentiable on J f I and

g

Pf f diff on I f is containous Then apply Then6.1.8

to all EI

Remark on simplified notations

Usually we write y fix and x gy for functions

inverse to eachother Then the formula in Thm6.1.9

can bewritten as
949

g y
YET

or g of IX flex XEI

In this notation one often simply write

gly Ix
without explicitly stated that y fix x gy



eg6.1.10

a f x 5 4 3 gives a strictly increasing why and

continuous function on IR and f R IR why

f x 5 4 474 0

Therefore Thm6.1.8 9 5 isdifferentiable YER
Andforexample at 1 g 8 g fin

b f 0,0 0 A givenby f x where n24,6

Then f is strictly increasing continuous on 0,0
Notethat f 0,0 To co The inverse function g
defines on To to and is strictly increasing and continuous

Since flx n 0 0 f 10,0 0,0

g is differentiable Yoo and

9
gigs nlgypn i nft.ge h y

The inverse is denotedby gly yt ye to b

Note 9 isnot differentiable at y o oneside derivative doesn't

exist Omitted Butthe argument isthe same

as in the nextexample



C D 3,5 I F X XER is strictly increasing
containaus

Inverse is GLY y yEIR
As in example b above G is differentiable y to

and Gly y't check

And again G is notdifferentiable at y o

Pf Suppose that G is differentiable at y o

Then consider the composite function y F G y

Since GO 0 and Flo 0 exists

Chain rule implies 1 11 Eff
which is a contradiction Gto doesn't exist

d Recall if r 0 m n 1,33 then

is defined as x X 0

Therefore the function R 0,0 TO 0 definedby

RIX Xt X 0

is a composite function R fog where

g x xʰ 20 the inversediscussed ineg b

and f x 0



ie RN Xt f g x XETo 8

Then Chain rule XE 0,0

R'A f g x g x m hit in t t

4
1

Xr rx x O truefor all rational rso

e sinx is strictly increasing on I I I I

and maps I to 5 5 1 I

inverseexists and we denote it by

Arcsin E I I I I I

ie If GEE I YEE I then

y six Arcsin Y

Note that Dsinx lesx 0 for E C E E noendpts

Thm6.1.8
ArcsinY D's.mx box

six

pity yet 1,1

Note DArcsing doesnotexist for 9 11 Check



56.2 TheMeanValueTheorem

Recall function f IR is said to have a

relative maximum at CEI of to
dso

if a neighborhoodofC V Vo c CooCto such that

f x Ef c XEVnI
somepartmaybeoutof

If1 I II

relative minimum at CEI

if a neighborhoodof c V Vo c CooCto such that

f x fcc XEVnI

relative extremum at CEI if either relativemaximum
n relative minimum

Thm6.2.1 InteriorExtremumTheorem samenotations asabove

let C be an interiorpointof the interval I

f has a relative extremum at c

If f c exists then f c 0

Note The conditionthat CEI is an inferiorpoint is necessary



eg fix X onTO I has relativeextremum

at 0 min but f 0 1 0
0 1

at 1 Max but f 1 1 0

Pf ofThm6.2.1
Proveonly the case of relative maximum Thecaseof relative
minimum is similar

Let c interiaof I f has a relative maximum at c and

f c exists

Suppose onthe contrary that c to then either

c 0 or f c 0

If Hasso ie Eff It o

Then byThm4.2.9 oftheTextbook MATH2050 a ubd V Vole

suchthat so EVAI c

Since c interiorof I one can find a 5 oct so

if needed so that c or Cto C VAI

I
c o do



Note that f has a relative maximum thereexists 8,0

such that f x fics E Cc or Ctrain I

Then for 03 mind or 0

c 8 Cto C VAI and

c 53 453 C c A Ctd nI c da Ctda nI

As aresult
fix 0 I xecc g.to c

and f x f c

Since C Ctd C B C B C VAI

The 1st inequality implies

C in C 03 0s sit

so fix f c 0

which contradicts the 2nd inequality

Similarly if f c so one can find 8 0 so that

It so I xecc oj.co Xtc

and f x f c

The 1ˢᵗ inequality x c such that f x 6 so
C



fix fcc 0 contradicts the 2ⁿᵈ inequality
All together we have

f 0

Cor6.2.2 Let f I IR continuous

f has a relative extremum at an inferiorpoint CEI

Then either Fcc doesn'texist

a f C 0

Pf Followeasily fromThm6.2.1

G fix 1 1 on 1 51,13

interior minimum at X 0 i o i
co doesn't exist



Thm6.2.3 Rolle's Theorem
asb

Suppose f a b IR continuous onclosedinterval I a b

f x exists XE a b openinterval interiorof I

f a f b 0

Then I CE a b suchthat f c O

f C 0

b

Pf If f x 0 on a b then f x 0 Etab We'redone

If fix 0 theneither 5 0 forsome point in a b

or 40 for somepoint in a b

Notethat f is continuous on the closed intervalTaib

f attains an absolute maximum and an absolute minimum on I

Thm5.3.4 oftheTextbook MATH2050

Hence if 70 for some point in a b f attains

the absolute maximum ie the value sup X XE I 0

at some point CE a b as fla f b 0



Since CE a b f c exists

By InteriorExtremeThenem Thm6.2.1 f c 0

If there is no XE a b sit 70 then wemusthave

O forsome XE a b Hence f 0 forsome Xelab

and f satisfies all conditions as t Therefore

I c ab such that 1 f c 0 40 0

Thm6.2.4 MeanValueTheorem

Suppose f a b IR continuous asb

f x exists XE a b

Then a point ce ab suchthat

f b f a f c b a

Pf Consider the function defined on ab

44 fix x a fia

fix fla
1b a

x a

Then 9 is continuous on a b as f is containers on a b

and 4 x exists c a b as f x exists c a b



1
parallel f b

tea
ex astfia

V

a c b

At the endpoints

a f a f a
1b f

a a o
b a

9lb fib fca f b f b a o
b a

9 satisfies all conditions in Rolle'sThm Thm6.2.3

Hence CE a b such that

0 9 c f c by Thm6.1.3 and 1 5 1

i f b fca f c b a



Applicationsof MeanValueTheorem

Thm6.2.5 Suppose a b IR continuous asb

fix exists e ab ie f differentiable in a b

f x 0 c a b

Then f is a constant on a b

Pf let C a b and a

ApplyingMeanValueThru to a IR

whichclearly satisfies all conditionsoftheThm

we find a point ceca such that

f x f a f c x a 0 byassumptionfks 0

f x fla XEI

i f is constant on I

Cor6.2.6 Suppose f g ab IR continuous

f g differentiable on a b

f x g x XE a b

Then constant C such that f 9 C on a b



Recall IR is said to be

increasing on I if axe x x EI fix fixa

decreasing on I if f is increasing on I note not

Thm6.2.7 Let f I IR be differentiable Then

a f is increasing on I flx 0 EI

b f is decreasing on I fix 0 e I

Pf a let flx 20 XEI

Thenforany Xi KEI with Xi xz we can apply

the MeanValueThm to f TXX2 IR

since f is differentiable on I f TXX2 IRsatisfiesall conditionsofMUT

and find a point CE X1X2 such that

f x2 f x f c X2 X

70 suice f c 20 X2 X

i f is increasing on I

a Suppose f is differentiable and increasing on I
Then CE I we have

20 XEI C



because f is increasing both positivezero if c

both negativezero if C

Hence f differentiable at C

Fcc his so

b Applying a to t

Remarks

111 Strictly increasing X X fixit fix

Then ex13 of 6.2 fix 0 on I f isstrictly increasing on I

But
flasso m I f isstrictly increasing on I

Counterexample f x X IR IR is strictlyincreasing

but 10 0 which isnot 0

4 Consider gas Isin t if to

if x o It
oscillating

Exercise10of 6.2 9407 1 0 but g x is not increasing
in any neighborhood of 0

Thatis G so only at a point isnotsufficient to ensure

9 x is increasing near the point Weneed 9 s o on an interval



Thm6.2.8 FirstDerivativeTestforExtrema

Let f ab IR continuous asb

CE a b

f is differentiable on a c and c b

Then a If 8 0 Sit c 8 Cto a b

1
51320 for XE Cdc

flx 0 for XE C Ctd

then f has a relative maximum at c

b If 7870 Sit 1
c 8 Cto ab

flx 0 for XE Cdc

f'X 0 for XE C Ctd

then f has a relativeminimum at c

Pf a If e c 0 c then MeanValueThm

applying to C IR implies exe x C sit

f c fix flex C x

30 since 120 on c 0 c



If E C Ctd then MeanValueThm

applying to f C IR implies E GX sit

f x f c f Cx x c

o since f o on C Ctd

Together we have f c fix XE c 0 Cto

i has a relative maximum at c

b Applying a to

Remark ConverseofThm6.2.8 is nottrue

ie differentiable function f has a relative maximum at c

but the statement

do sit c 8 Cto a b

51320 for XE Cdc

flx 0 for XE C Ctd

is nottrue Exercise9 of 56.2



Further Applications of theMeanValueTheorem

Examples 6.2.9

a Rolle'sThm 6.2.3 canbe used to locate roots of a function

In fact RollesThm

g f alwayshas a root betweenanytwozeros off

provided f is differentiable etc

expliciteg glx Cox sinx

I sinx o for X NT fa ne 2

Rolle's cox has a root in Ntl Ntl I nEZ

eg of Bessel functions Jn is omitted

b Using MeanValueTheorem for approximate calculations

error estimates

If Approximate Job

Applying MeanValueThem to fix Tx on 10 105

f 105 f 100 f c 105 100 for some CE 100,105

Ineg6.1.10 d we've seen that fcc etc
i FOS TOO

2 for forme CE 100,105



10 25ps V5 10 2 0 10 10 10.25

And VOICE I To 10 25.11

Hence 325 4505

of course the estimate can be improvedbymore careful analysis

Examples 6.2.10 Inequalities

a e 1tX ER and equality 0

Pf Wewill use the fact that

fix ex has derivative fix e XER
and flo 1

and exst for o

e for so

Tobedefined and proved in 58.3

If X 0 then e l Itx We'redone

If 0 applying MVT MeanValueThm to

fix ex on TO X



we have CE O such that

ex e e x 0

i ex_

If SO applying MVT to fix e on Tx 0

we have CE XO suchthat

e ex e'co

1 ex x e't so

i e Itx X O

Finally one observes in both cases the inequality is strict

So equality x o

b six x X 0

Pf The inequalities are clear for X 0

let 0 Consider Glx six on TO

Then MVT implies CE 0 sit

sinx sino Cesc X 0

Using 1 osc I and sino 0 we have

sinx as 0


