
 

Ch6 Differentiation

56.1 The Derivative

Def6.1 I let I IR be an interval

f I IR a function on I

CEI

Wesay that LEIR is the derivative of f at c

if E 0 de 0 such that

f L C E EI with OSIXCkd E

In this case we say that f is differentiable at c and

wewrite f c for L

Remark If limit exists f Kif
c may be the endpoint of I if I is closed at c

then fee means 2T

f defines a function whose domain is a subsetof I



eg f to D IR

fÉ x

Then f 0,0 u 0,0 IR givenby
flex 11 10,0 and

1 EGO 0

10 doesn'texist ie 1 1 is not differentiableatx 0

Pf Fn c 0 then

eye EE Er

21 1 o

For CCO then

Ee EE EYE
Eic 1 1 tea o

For 6 0 then

ftp.t tc fEo doesn'texist

since thetwo one sided limits are notequal

Eg fi 1 1 EEI fE K



Note The same argument show that for fix x XER

f is differentiable EIR and

f x 1 XER

Thm6.1.2 Same notations as in Ref6.1.1

If f I IR has a derivative at CE I ie differentiable ate

then f is continuous at C

Pf For XE I X C we have

f x fic If X C

tic exists YEEfix tics He Enix c

flc 0 0

Hence fefix f c f is continuous at c

Remarks Previouseg fix 1 1 clearly shows that the converseof
Thm6.1.2 is nottrue ie continuousat C differentiableatc

Infact thereexist continuous but nowhere differentiable functions

willbeproved in MATH3060



Thm6.1.3 same notations as inDef6.1.1

let f R g I IR be functionsthat are differentiable

at CEI Then

a If ER the function f is also differentiable at c and

f c af'd

b The function 9 is differentiable at c and

f g cc f c glc

c ProductRule The function f is differentiable at c and

fg c f c g c flogic
d Quotient Rule If g c to then the function is

differentiable at c and

f c 409k fic g c

g c

Pfs are easy just using suitable algebraicexpressions and taking
limits wejust do the Quotient Rule here as example you
should do othersby yourself



PfofCdl
Thm6.1.2 implies that g is continuous at c asgisdiff.at c

Then g c to thereexists an interval J I with

CEJ such that g x 0 XEJ

Thm4.2.9 ofthe textbook MATH2050

q tg is well defined function on J and

EJ C we have

96 84
4k 9k's flagic flag x
X C g xgic x C

f x flc g c f c g x g c
gexsg.cc x c

galgic gas tics 9 9

f g differentiable at c 4 f'd

Er 9 g c

Ey9 1 910 0

i line 91 3 86 exists and
C X C

c Iflogics tic gas



Cor6.1.4 If fi for are functions on an interval I to IR

that are differentiable at CEI then

a The function fit fn is differentiable at C and

f t fake file frice

b The function fi fn is differentiable at c and

f fu c c face fall f cc file fall

f c fall fi c

Pf Just by induction using Thm6.1.3

Remark Quotient rule Thmb1.3 d togetherwith b inCor6.1.4

hx nEZ X if no

PE Applying b in Cor6.1.4 to the case that

f fn f differentiable

then f Ef ffgftff.tt
it t

I
nf f

We've proved that X 1 and hence

4 n
1
I hx

I



If n 0 then f x 1 flc Hit 0 c

i 6 05 0 0 x

Note strictlyspeaking theRHSisnot defined at 0 but we

may interpret the expression nx for n o as the
continuous extension to the whole IR

If n Mso Mo then for x 0

X km by Quotient rule

MXN 1

my
m nx fax 0

ChainRule

Thm6.1.5 Carathéodory'sThm Samenotations as inDef6.1.1

f is differentiable at c

9 I IR continuous at c suchthat

f x f c 9 x X C XEI

In this case 9 c f c

Pf If f c exists define 9 I IR by

g x 4
X C EI

f c C



Then f'cc exists

EEE ax pics Esi ties o

i 9 is continuous at c

And clearly fix f c Pex x c fax C

which is also true trivially at x C since both sides

equal zero

If I 9 IR continuous at c suchthat

f x fcc GIX x C XEI

Then fa x c 41 1 pcc as c

f c Gi 4 exists Gcc

eg fix X 0,0 IR

Then f x f c 3 C x2 CX C x C

G X X C

where QCX X CX C is containas at c and

9 C 30 flc



Them6.1.6 ChainRule
f g

Let I J be intervals in R III R

g IR

f J IR with f 5 I mayjustassume 5 5 I

EJ

If f is differentiable at c and g isdifferentiable at fics
then the composite function got is differentiable at c and

goffcc g f c flc

Other notations faf Df or when istheindep variable

Theformula canbewritten as 90f f f or

Dlgof Dg of Df

Pf Since f c exists Carathéodory'sThm6.1.5

I 9 5 IR continuous at c such that

f x f c G x x C XEJ

and 9 C f c

Denote to d then gld exists similarlyreasoning

I 4 I IR continuous at d such that



G y 9 d 49 y d YEI

and 4 d 9d

For EJ substituting y f x d fic we have

g f x 9 flc 4 f x fix fic
gof x gof c 4 f X1 q x X C

4 f x 9A X C XEJ

Since f diff at c f is continuous at c

Together with 4 is continuous at f c d we have

of is containous at c

Therefore 4 f x Glx is containas atc as4 is continuensate

i got is differentiable at c by Carathéodory's Then

and of c 4 f c 91C 4 d fcc gld feel

g fcs flc

Note Byusing Carathéodory'sThm6.1.5 we avoided the discussion

ofwhether fix f c 0 as in the usual proof by

the algebraic expression

9 fix g fcc 9 fix 9fees f x flc
X fix f c X C


