MATH2060AB Homework 7
Reference Solutions

7.4.12. Note that f(z) = 22 is increasing on [0, 1]. Then, for the uniform partition P,, = (0, %, %, vy 1 — %, 1), it holds that
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(1-)1-50),

L(f;Pn)=(0* 412+ + (n—1)%)/n = (n — 1)n(2n — 1) /6n° = o

Wl

and
U(f;Pn) = (12 +22 4+ +02)/n® =n(n+1)(2n + 1) /6n® = %(1 + %)(1 + %).

Hence, li_>m L(f;P,) = 1/3 = ILm U(f;Pn). Since L(f;Pn) < L(f) < U(f) < U(f;Ppn) for any n > 1, it follows that
L(f) =U(f) =1/3.

7.4.13. Let P, be the partition such that U(f; P.) — L(f;P.) < € as stated in Integrability Criterion. It follows from Lemma 7.4.2 that
if P is a refinement of P, then L(f;Pe) < L(f;P) and U(f;P) < U(f;Pe), so that U(f;P) — L(f;P) S U(f; Pe) — L(f; Pe) < e.

8.1.5. Denote fy(z) = sin(nz)/(1+nz). If z = 0 then f,(0) = 0 for all n and hence f,(0) — 0 as n — oo. If x > 0, then
|fn(z)| < 1/(nz) — 0 and thus f,(z) — 0 as n — co. Hence, lim,,_, o fn(z) =0 for x > 0.

8.1.7. Denote g,(x) = e~ "*. If x = 0 then g, (0) = 1 for all n and hence g,(0) — 1 as n — oco. If > 0, by the fact that 0 < e™* < 1,
|gn(x)] = (67*)™ — 0 and hence g, (z) = 0 as n — oo.

8.1.15. Denote f,(z) = sin(nz)/(1 + nzx). Fore > 0,let N := [1/(ae)]+1. Then for n > N and z > a, we have |f,,(2)—0| < 1/(an) < e.
Hence, (f,) converges uniformly on [a, 00) to 0.

Let g = (sinl)/2 > 0, then for any k € N, let ny, = k and 2 = 1/k € [0,00), then |fy, (zx) — 0] = (sin1)/2 = €. Therefore,
(fn) does not converge uniformly on [0, 00) to 0.

8.1.17. Denote g,(z) = e ™*. For € > 0, let N := [a~'Ine '] + 1. Then for n > N and z > a, we have |g,(z) — 0] = e " < e.
Hence, (g,,) converges uniformly on [a, c0) to 0.

Let eg = e~! > 0, then for any k € N, let ny, = k and z, = 1/k € [0, 0), then |gy, (zx) — 0| = ¢! = €. Therefore, (g,,) does not
converge uniformly on [0, 00) to 0.

8.1.20. Note that there exists a constant C' > 0 such that 0 < z3e¢=% < C for any x > 0. For x > a > 0, we then have n2z2e " =
L (na)Pem® < £ < £ Fore>0,let N:=[C/(ae)]+ 1. Then for n > N and = > a, we have |[n?z2e " — 0] < £ <.

nT nr — na .
Hence, (n?x%e="*) converges uniformly on [a, 00) to 0.
Let g = e~! > 0, then for any k € N, let ny = k and zp = 1/k € [0,00), then |[njzie "% — 0] = e~ ! = €. Therefore,

(n?x2e~"*) does not converge uniformly on [0, o) to 0.



