®

Tepce T The Bundamestal Thasrees

Cownwnectionw \oe‘\'vdeeu okezn\/a{—wc oo\ \u.’rcqm‘.

P‘QVL 2

* Fuwelame.u'('o«( Theorew. of Calc-ulus C lsb Fovw oL 2 ol Forw )
F.cil b s leve o

¥ \ pJoe,sgue.‘s _Lwt‘ec\mb l\‘('\l Critexion
BYE C:awspes THou T‘Aeom,w.
* _PYD cluc:\" | rews

* Iu‘i‘eﬁmﬁ‘:’u by BParts

i Tay‘or‘s -ﬂ/;eore_wv with Ye‘m m‘ndw D‘f l‘»‘l’esro-l —_Fcrm

Re_gall 2 Z+ F(K)—-'HX), Vixelabd

e B & ccs((eo\ an amhde.ru/ahve or a pnm:hve
O:F -JL on Lal (9]

note : owne sided derivative ot x=a & x=bL

sruvao\wxeu‘bt\ Theorem 0f Colculus ((43F (’Ormg
Suumo&e S0

0) F % continusud en (a, b
(L =T
(C) -S"Gt e L0

W/ xelfa LI\ E ~Eorsowuz Hute <cotr £ vu & (L]

i.e., Consider an integrable function

(must be bounded). If up to a finite set it
= FL) — F(a), is a derivative of a continuous function

then ..
M(‘ Asume E=1a, L%
o cb is \"eé\»u,é)\ o

Flex) =400, Yrela, b)
| er e>o,

: {:‘ é&r_&v loj

TR T Ty AR i
() LL st /—L}M K L/
\ A ) = SQ—E\ <E.

(q,uu.m\ casr > Exerciik )

: K ox)r"\o\“\'%'“f WSC;)S')




&
mact)

- S

_&m e kocke o Pmﬁau P= U,Xu,m% with IPU< T,

AD{)L/ \\"@cw \/Lk ue ﬂﬂ@mm ﬁ) J: on \_3(‘—4., Xy ] “Haeu,

E\/\ é&KlA’)XL) S""‘
Q) Bl = Rl ee =Yu)

= ’}‘(LLC) CXi- Yopinl) 5 A= d»; 25 YR

(\ hote 2 FlGa=4(x), Y xé(a,b) )

'Hf\mf,gﬁve

SHEE RS T
Bl ey = 3 1 By = Blesa |
("

= 5= 3’(‘-\"\(\& - Yi-«s.)

e /\' Spec: “fic toqqs
bQ\’\VKe N = TR <3, Uy %h

v

oo, (R 3 S Ea = NELS)

\ L) - Flay — \fﬁ; <e.

: b
Since € >0 s Uw\o;'\'mv\/ ’ \ L = L) — Bax),

e 3
| Eﬁiﬁaﬁﬁ 4

(1) I-S— E’—‘-Cb,, then o.ssumP\'\"ow (L = 0‘5'5“"“_":‘°“ ()

C\’\) One A allow —L ole/"ivu;ol ow Lo bl except ot fidte numleer

8/-‘—- /‘)o;w"s o Le, \o] L J-a.d- Ohe Cau £ xctend -Q- ‘o

el x €Ya b \oY S'Q.‘H‘\u‘i —ﬁ(c)-‘o fF-oY 4“\1 C é’ domam(-p)

ot the Lesinning .
IQ_G aq

(i) Note: F disterewtiable ou [a bl ¥ Fle G, L] .

OLSSUL\M-D'\-‘OM Cc) s not aubma+\Cal(y <atvsfred |

¢ wem ;‘l E= d> cend O»SSWWVDHUM (L vs Sa‘h.&-{-neo{ )




—E'z(avmées.'
(o) « Fx) 2_%_)(2/ %thnh] 2 Continuous on La, bl
o Fl() =X, Vxe e (AT S E=d>
. Fw=xe Ria,L3

Sk b 3
oo = Fd) - v il aon T

[

(\OD’(J,CX) = Preton %, x€ Labl; coutinueus oun La, by

° / = \ { 1,; .'.E_—:d)
S

iy &(X)zj\(‘r;‘l e Ria,lbd (0 Fs Coutrimuous )
R\.o _‘-\f\m,
12

XL \ dAx = Gw) ~ Free) = Qv‘c'\'o.u \o = A:rc'lnua i ’ﬁ"
a Y-+4 o %

QC)'AC‘Q 1\)‘\ L XE L-20, 403 3 Gowlinuous Ou (10, 40}
) No‘\'e 3 |

Ny — \ X & (e, 401

4y
L
L —4, xel[-d0,0) .
Then, Ao = sgw (x), Yxel-4o0,401 \f{o}§
, Wt & =109 .
o Note San(x) s o ?;'l"e,F LenncHon (wtt, o ated (uterual
e S%n(x) & R|-4o0, 407} .

E)\:—\-\I\\M
e el 4
(4o
Yy spmeaox = A@e) - A(-10) =10-40=0. ,

Y (o A

((X) ° HCX)ZZA—)Z/ X & [:o) L] ; Continuous Own Cc’, \93
.« H'(x) =_‘ﬁ _ Yxelo, Liztol werta E=i0d.




@

" Note : hax) = 7= cslunbounded en o, b

7‘

A \(\ @,R[c, bl (_ ne watter how e veMluQ ﬁ'(o)l
', Fundawewntal Thw (15Y Eorm ) oloes NOT a{:{)‘.\’l _ A

R Eoowla cose, need +o counsider \‘mp-n;pu
wd'e;arcals/ Nownely 4o fivst M\o\w Fu.mo(ammhaL
e o Ee e e |

(dler Ky = | ®*G(), xedloal
i O Z =
|

C_OMD\A'\'E ( Exercise ) :
r szos( \ +_i—S~‘n(—>{:;_> ,, KG(O/’L_:\
K'CK.) =
) Z X=0.
- Thes q,\ues

K cs di Sgev‘e.vﬁmue 6ou Lo, ﬂJ
\nowcp c,owhv«uou.s On \_° '11
| Bu'\* K’ 's wmbounded ou o, 1] ;
i e Simlar —\-D CD&\
: &é‘ ﬂLo. 13 auwd FT. does NOT c\,r!-p\\f 2

e Ler e Ruakd, then F(@) % for 26 Taibl is

Celledd Hae indefinite Cu.\'egm.\.

f
£

2
|
a'f
gt

Thaw Tt $cRiald, then Fl2)=
on Lokl nawely,

3 l=zo s+ | Far-rwls Llz-wl,
)~ - o

& L cs Lffsd/ﬁ'\z continuwous
O




&

PE- Les 2, we [abd with w2 without loss of gouemlity

iy | il

oy ES aR s

'ﬁd,d).‘\-\‘v}\tg, Thw %‘Nes:

2 e r2 (
FEREL ) =T+ £

g
P2

P
S-H@—Rm=¥%,

JfeRrCa. L]

e '_P s \90\*\40\&0\ ow EG\. L’.l/

ve. =12 = R el Siiet, Vxeﬁc\.lf-\

ce. —M § Soags\, \—}xeLo«L]_

\"\-QMC. < ,\j?:

— SN e ) S&__&-‘— SR Ge=op

te. \ —&\ I HMliz-wl (2-wzo)

Thurekore

| F@)— Bw) = ‘Sj‘i' SRl -

Nex s Rb&x: Anhe dinite tutesval | ¢s A}.‘ evemtialle at

ouny  Dotut w\/\m £ Cs comtinuesus |

0 T\(M@_Mmlw ('2, Form ):

adll | B \ wich s LO\«“‘\\MAO\L.S ot ce& \_.Os ‘93

‘Hwem F(‘?:\ \ -‘— LS d\-S-Qexe)u“\'uglL\P ok¥ 2=C and

E/() = £

E& : CDV\H c_ovxs;o\u ce [a,, LD S S et -hand  derivatwe

C

\_C\M F'(.C_‘\"\A\"‘F(C) = L (e ‘(\*/l

o R




©)

priok te cone o the left-lnend ductuttne ak ce (6 LT

ds_siwnlax,

\.\ION/. We 'h‘c«kt G &N R considon the \;)M 0’—“- (2¢).

\,,e,\— & >0,

B —\— ¢S Combivuous af C

ol . ANevo sk | §oo -kol<e, Yxe e, ¢Hed

Le‘-\- L\G. CO', n\es Cc:;v\$\'¢1_0a\/' CC-EG\L3>
osc<cths b

P@Aé‘i;\\_lg% Tham Gives

_L € Ria,cthl, ’JELC\.C:S ouwd Wle, cth]

BT=§'§+§ =

(- %

CAens b

Elesh) = Bted + \ £

-A O\D\\l (.**) . Gl =

4o
/A
1§
C
4
0
]
-

u_m el = Bl bR \A

C
e ElCHE TR S

SX(Q—-QS N

W -

\\ Elc+h) — <) ,__,g_(c_)\ S
' 1

Hus ghows (%) . *

T | o, - T = G

(}Q_“&gexm‘r\‘auc on \No\.‘L,Q\ Gt
e .

(o= tudefiuite Lw\‘e-sm\ F s onm aMh&e.nva*\w

\3\/ e Combivuou s ou a7\ = S eRiab)

ek 5; Covrinuwous et omj ® toﬂ- CRA

==, (owdluslon. . =k,




E\C&W ¢
Con) %c\o'lé" sgu(@, xci-4,47
How § € R-4,4] C Lts e step Sunchion )

M (. Exercise) %
Ex) = bt RA S k) dx = \x|l— 4

‘\lg*'e e F (o) does nokx exist
. F can NBT Le an o.mh'zb\wen‘uxl—iue &—C —g ou G‘i..il
| X
C\0> A%euw vecall _\_xf\owme’s Comelion :
| = e e = __“Lc_\“m,/ﬂ wth w, ne{'l-:’-/‘“j
| " ¥ " 23
E \(\C)C) ‘.':‘% P .\:f. e ovwol s-c.o(. (m,m)= 4
{ L % Gl agie CrrabHewal cw o, AN

We \{Dvovee\ (\oe-\-ore.) oot
\né?(atil -{N‘VL\ &\ \" =0,
o Hog b X \ |,, e -\ evieite, A

[>]

livect to see Hi(x)::O/ Y x€lo, 1]

|
, -
’ But, ook he, W ox vettomal vn T2
| Mo ﬂ,M‘s cose '

H com NOT e an antiolevivative 5’% h
O Col ﬂ——j s

t

Two e,mwy_iu cloeve oure consistewt contl the ’\i\_& '
bhevierer sudodinite tukegvol E ¢s not e cudkderivative
(7[‘: £ on —L-mloj/, A way NOT be continuous ot somo
\\')o\‘m)\; f ooy

UODL hix) ts NOT Continueus ok au»\/ rodvonel
EEA] of Co,a7}. 4




e .(' g\;\os.\—’.h;\-&.:-n e )
Lot €0t Tot,R1—>\R howe ol Continuous denivedive on [ B amd

-(- .\:ﬂ? \oe BRI on T weth CP(\_X)(’»ZX\C_T_ o

((5 C C0E w cRl gy de = C-SCG) C

=Y -
: < (s¢)

\A\l
)OOk

&“ :Ke,vd'iz )

—_—

RKS 1) I{- Say S o wiethod o QO\/\MS o:f vawcodle  +o e valuate Cmtec;k\)va(&

x=Cck), dx=c'tndt

@) On RRS it allows for Q> RIPI.

PR UN

.o W\ece sgaurxll A sufficrent conditiomn

Loc o L sunded Lumetrtou oun oy

Cutervol o be R/(\bvno\um k‘v\,\‘eﬁ mLo\Q \.

(&) L\ set Z IR is oSTUINEEE
v
! \\’lg- \0[670,, H o conniplile acilecion 'L(Okk,. \o)g)g*zu c’&— @-PUA
tutervals (allowed +o e ouex!oq‘u\)u\ D
st

2= N (o, br) o

k=1

(\°> \.—Q/‘“ Bo0x) be a stotewrent cdgouk tthe /\so{uk e i

We soy X R x> Wolds almos‘\’ almwhue on L
| T — =

Y
(or Yor almost every xe T )
MMM

\\Ar 3 o null set ?CIM::\T
QR holds Sor oll xeT\'Z,
e cose, \We wrul—e :
" Q0 foroe xeT




@

U) A null el s o set 0§c WALASKYE TeND T e mof\! c'S-&— /if\'\-egwra"\'l\ou.

A wull ot wieans thet it com \oérouerDngy e wuon 02‘[ countzlde_

open wtecvals anth totel lewgth os swmall od we wish

S /A ny subset O'j‘— o null eeb s o null set ;

2. UWlou o-g dwo null sets s e null st

bw»w»dﬁ
(Q db‘ S(_,V‘w\'\‘ano\\ ﬂ\kWVLM'b N o) 4—3}_‘_
‘H_Am'.‘ S o null gt

\l_)_éf - Gy is countebl €

" We coun write @1 5{ ey, 5

L et 30, Detine epen infexvals .
\

R sl € _
“'\4< : Crf q_h—l-d. 4 r"r<+ 2‘“1 ) 7 k'ii 2,

OLVLM 4o see ¢ Y.,k < T‘l’i : \e,her—‘ a'.{. :&3‘ = —:E

0 o
e e z:(lwmrg,j.)ﬁf_e_ =

@ _nr\ivre exists e Y\u\\ sok wludh is McOu:\‘oJol.Q :
@x“mpﬂﬂ-: e Eoantor et ( Ckaqp 44 )

e\aesm’é Im\'eqmb /(A.-(v Cntexrton 3
Le,-\» ,Q. LQ‘L]-—>\R e \poumecx —\/ULM Le Ria. bl +8C 4 s covtnuow
D

Ph T Omied . e App-C oF Mot Tertbook

ost overywhire ow




o)

L\cowwlm

(0\) tV@f;l S’fe,D f\\’uwc\'\ovy own \t&.‘o] S RAQW\Q.VUA m\’eqm‘o[
:L«\ '(;oc—\-,, Q/VM\/ 9‘\’&!3 a(:u»mc'\'wu LS \oomo\ &

o/ \mxs ot most e X—-wxv\'& et a—\—

,po\\,\ks ok a\,\scowt'\mu4-/ 3

S L_-e‘oe_sc;(u.a_s Im’t‘egg:\» [A% Cxitexion is \}ean&\eci G

(\93 \:\/(’)N \mo*no\‘om r"umc\qcn ow Lo\ \o] is Rlemahh m*‘mmu

e ,\‘_G_‘k/ * nonotone fumekion TS \aouur\dﬂ&

* C,\,\M B e A ells

%e\- ol winks ol AASCowk‘\wv\-\/ 6&- o mownstone funchon

VS C.OMM\-OJQ\Q

Sl T o0l s vescKied L

() Rowesit exnmple . Grey P £, Shwsd redyam)

Lo, elewhere on o, 1]

é:__ ’RJ-LH fL—.\

i {'ac{'/ ¥ (4 ¢s bounded ow [e,17]
X% %JCG\:O.A.L G_descontinuous ol \CE = 1)_4—/ t,. £ ‘*‘_‘S

_counnteable | so és a null set

. LT.C vendred »

(D Rousit Dievahler Lumetion: Loy - J4 2 x ratonal i o]
O \\—'(» ¥ trrattonal iy [0 ’_1_1

& R (0,27

e ";C«d_'/. * -Q- ¢s bouunded on Yo, i |

X '\: Y 0\?5con‘\,"|‘nuou5 ot ow\\{ x € lo, A

-~

t L Son 0'\‘— o\\‘sCo\n—\—\‘mH\/ = lio; 11

woleh oy NOT e hull cet.

( Sxcorctse ! )

o e ek e N




@)

(> Reuisik Thomae's fumetiow

L 4]

Lt thxe= 2 efo4]) witt, Mzmé'fii‘“\}
o c e Sk

4 T k=0

O] \\-{' X (Yrccl—\“ov\a‘ Cin [Ol A—j .

%RE°04—1|

AE, —\‘—00\'/, * L\ cS LowvxaLzo\ on \':o al 2

% i‘v\” 0-(— OlASCDV\'\"\v\,u.,{-L\I —~ '{ ra“'\“ov\a\ v\quJoMé \’V\ Co.ijl\l

= & oy oo null et

A
b e eVoinee it

P&” Note : M’ L ts continuouwd ot a t‘soiw\’ ¥ € La,b]

Haorn C—Po oo adso combinuous af % . )

C "R oy continuous owm T olj) =l

Le\'

D d—g—; et af\—(:)omh ok descowhinuity ai 1S

3 A ‘ '\: eﬁ[@\\ \93
VoA is bounded ctna Lg\oasw.e,s Imfeqmla Lfb Critorion tells

t\\s a e SoitE
PS

«DA.d‘g ek ok polaks ol oh‘sCou\’ivqu\! OSY @ o %

T tells s

ﬂ\vxc—tcuiﬂ N EDY = YK €laq bl 3 X ¢ DA.S

0‘ . D_L C D HA% DA_&A G»L‘&O [N Y)DL\‘ QQ.A—

\\]0\‘%‘ ol €y Boeodeds o Ba B ( * & bowmded en La L]

M(Zzl Cf l) Cw‘\" nwwh .
le"m\o y _e/laq%w L\W%m\whh/ Ceckerdon oives. on (c,d3 )
s of eRCo b, 4t

R . 7% covhinuous” is essenhiol 5 coe Ex.22, %



o e T e e, Y
(b o) b
DS § ar s Haw

L Eools M, Uxela b1,

tiltere  UV2 0 cs o coustewt 5.1

P " feRiaL
T 'S— is bounded on Ve, b 3
o o -8 ewlEsiEl e e oE
Nio‘\'e L e -g—(\l:m.\a'l}g:_ -, ™3
o |-1. M, M1=IR s cowtinuous
\\m Composition T gives: I fleRiab]
—“\-(—\Cx) St l—Q—\Cx) Y/ xela, b

[l ooY dx s & Seadx s §° 1floody
o h X

te, -—-g H"\ &b S ||
\
\

=8
I
3

Stmilarly, T 1§100SM, Yxela, bl gives

lexr s, g eRlab] then e Rl

PL: " feRab)
“‘ 3Nz o s+ —S(La\\,])c:L.—("\ )

Note : C?(-lc)(u'-t s L’M,l“\'}—e\R Countinuound
—(— e X La\\‘o_]
Sum\\_au\ Q e K lea, W Flues : 326 RCabd.
Ho\'eovex/,/ —g—' A eR Lo ) % L+3 €Rla L]
> (—Q—\-‘&\zé’-'ﬂﬁa L)
% 3= r;._Lr‘-\.— v -—£ —Q":\ CRlenbl, 4.




( L\«\‘eqm'\'\ow ‘)V PAY‘\'\SB

\_GA’ F (v‘r \r\p (k\-(-(-evem'\"w\\c\e B o, b1

° -g-_‘:‘. e |
) V4 J A 7

thaus

fa, Fq €Rab] and

(b
B

o

' \no\wre,l\// L(F‘(:r\ =

PE. 0 F, G e differentiable on Ta,b]

.. F, G ove cowkinuous owv Laik )

owd FG s d «(—kexewha\a\e o e Bl ey

md’ﬂ’“""
(%) EaY = fle + BGL e

Notve - FleRie b, & cﬁ’uﬂ\ﬂ (. Cowhinuous) 5 £ GERER, L]

Simi \G\f\\/

G eRiat) E€RIaL] (V) Cotinuad) D T €R L]

\’\vww\om (6D gives s (FG"—F’G\"\‘F(_\' ERie,b],

B\I \"wvxt‘lzxmmn'\’a\ '—hm 8’(,» Caleulus (437 Form ),

(Lf Le — r~ 1N — - \L
e oG 1-&3;-\A :
B G >
fe e o _(, (Ee ).
a o S

\lor's T‘a-au‘(e,m w\T'fA P\L\mmn

Tay
.S— a b 1—IR
—g = -\:—(“‘,. '(:-c“+4) exsst on [a L)

P __(:_(\f\‘\’d) e'R \:O\.ﬁ\a‘\

Thon

—(r(‘o) =) + f%‘—)(l,—oq et i‘;’((—“—) i - R,
witt,

0y
R.=—t ) £ (L—+) de




g 0 \ *)
o
— ('o fL(“)\,%) [(‘o-—*\"‘\ ot
)a v \" n! J
[\ .}C\J"‘ b b = e

| [ =
= ((Way 0 = n b—% D
=i = R S

" b
4( )( ) I t\\y) | \ ( AP e
WO T T =
= ot ) IR At
o e s —
= Rv-. 4
e e
=T - BBl Rl

( vepeated Caleulation
\

L ((Herotiou)

haw |

\P%c“( e *(“)(L'm\ -+ Ro?

\NM \

lo b
R __‘—-g %'(.L\f\ = = ) = =

v V== NS
Ol (2% [~y

— END




