MATH2060AB Homework 4
Reference Solutions

7.1.2. (a) The tag points are (0, 1,2) and

S(f7 Pl) =9.
(b) The tag points are (1,2, 4) and _

S(f, ) = 37.
(c) The tag points are (0,2,3) and _

S(f, Py) =13.
(d) The tag points are (2,3,4) and .

S(f, Py) = 33.

7.1.4. Let P = {([zi_1,x], 1)}, with 2o = 0 and z,, = 3.
(a) Uy = U, [, for some m. For any x € Uy, = € [xj_1, ;] for some 1 <j<m. Then z > Tj-1 = T = 0 and
x<zj=tj+x; —t; <1+|P| since t; <1and |z; —t;| < |z; —x;—1| <||P|, which yields U; C [0,1+ || P|]].
For any = € [0,1—|P|],z € [#j—1,2;] for some j > 1, thent; > x;_1 > 0and t; = x+t;—2 < vtz -z < 1—||P||+]P| = 1.
Hence x € Uy, which yields [0,1 — ||P||] € Us.
(b) Us = Uézk[xi_l,a:i] f_or some k,l. For any « € Us, « € [z;_1,x;] for some k < j <l Thenz=t; +z— tj =1 f.|x —t;| >
tj—lz; —xzjq1| >1—||P|land z < z; =t; +x; —t; <t; + |z; — xj_1| < 24 ||P]|, which yields U7 C [1 — || P|,2+ ||P]|].

For any r € [1+||P||727 ||P||], x € [Ij—hxj] for somej > k, then tj > Tj—1 +tj —Tj—-1 > ij_17|JCj 7CCj_1‘ > 1+HP|| — ||PH =1
and t; =z +t; —z <z +|r; —xj_1| <2—||P| +||P|| = 1. Hence = € Us, which yields [1 + || P||,2 — ||P]|] C Us.

7.1.7. When n = 1, the argument naturally holds. Suppose when n = m it holds true, the for n = m + 1, by Theorem 7.1.5(a), (b),
Sty kifi + kmi1 fme1 € Rla,b] and

p m+1 k+1
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7.1.9. For any € > 0, there exists some § > 0 such that if ||[P|| < ¢, then

b
Wﬁm—/fka

By the fact that || P,|| tends to zero, then there exists some N > 0 such that for n > N,

b
WmRﬁj/ﬂ<a

which gives

b
[ #=tms(sip).

7.1.11. If f € Ra,b], then 7.1.9 implies f: f =1lim, S(f; P,) = lim, S(f; L,), which is a contradiction.

7.1.13. For any € > 0, let § = ¢/4c, then the union of the subintervals in || P|| with tags in [¢, d] contains the interval [¢ 4 6, d — ] and
is contained in [¢ — 4, d + 4], which gives

a(d —c—26) < S(¢; P) < a(d — ¢+ 20)

. Hence, )
|S(¢; P) — a(d — ¢)| <2ad < e.



7.1.14. (a) Since a > 0, z; > 0 for all 0 < j < n, then

1 1 1
0 S Ti—1 = g(x?_l =+ Li—1Xi—1 + 1’12_1) S g(IE? -+ TiTi—1 -+ 1’22_1) S 5(3912 +.’Ell’z + ’If) = Z;.
(b) Direct calculation gives §(2? +za;i—1 +a?_1)(z;i —x; — 1) = $(@d + 22wy +wa?_ —afwig —wwl_ | —ad_ ) = $(af —ad ).
(c) By (b),
' - ~1 5 2 ~1.3 Los 3
S(Q,L) =) Qg)(wi—a;i —1) = (@7 @iy + 2 ) (2 -2 —1) = > 3@ —aiy) = 300" —a”).
i=1 i=1 i=1

(d) The proof follows by the corresponding lines of Example 7.1.4 (c) after replacing h(z), [0, 1], ¢;, % by Q(z),[a,b],q; = %(xf +
ziwi—1 + x?_,), £(b® — a®) respectively.



