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5.1-2 Establish the Discontinuity Criterion 5.1.4.

Solution. The Discontinuity Criterion follows immediately from the Sequential Criterion for

Continuity by taking negation. We will prove the Sequential Criterion for Continuity.

Sequential Criterion for Continuity. Let A ⊆ R, let f : A → R and let c ∈ A. Then the

following are equivalent.

(i) f is continuous at c.

(ii) for every sequence (xn) in A that converges to c, the sequence (f(xn)) converges to f(c).

Suppose f is continuous at c and (xn) is a sequence in A that converges to c. Let ε > 0. By

the definition of continuity, we can find δ > 0 such that |f(x) − f(c)| < ε whenever x ∈ A with

|x − c| < δ. On the other hand, since lim(xn) = c, there is N ∈ N such that |xn − c| < δ for all

n ≥ N and hence, |f(xn)− f(c)| < ε for all n ≥ N . Thus, the condition (ii) holds.

Suppose the condition (ii) holds but f is not continuous. Then there is ε0 > 0 such that for any

δ > 0, we can find x′ ∈ A with |x′− c| < δ but |f(x′)−f(c)| ≥ ε0. From this, we see that for each

n ∈ N, there is x′n ∈ A with |x′n − c| < 1/n but |f(x′n)− f(c)| ≥ ε0. Thus, the sequence (x′n) lies

in A and converges to c but (f(x′n)) does not converge to f(c). This contradicts the condition

(ii).

5.1-8 Let f : R→ R be continuous on R and let S := {x ∈ R : f(x) = 0} be the “zero set” of f . If (xn)

is in S and x = lim(xn), show that x ∈ S.

Solution. By the Sequential Criterion for Continuity, lim f(xn) = f(x). Since (xn) is in S, we

have f(xn) = 0 for all n. Therefore f(x) = 0, that is x ∈ S.

5.1-12 Suppose that f : R→ R is continuous on R and that f(r) = 0 for every rational number r. Prove

that f(x) = 0 for all x ∈ R.

Solution. Fix x ∈ R. By the Density Theorem, there exists a sequence (xn) so that

xn ∈ Q ∩ (x, x+
1

n
), for all n ∈ N.

Thus lim(xn) = x by the Squeeze Theorem. Since f is continuous at x and f(xn) = 0 for all

n ∈ N, the Sequential Criterion for Continuity implies that

f(x) = lim f(xn) = 0.

Since x is arbitrary, we have f(x) = 0 for all x ∈ R.


