
 

MATH 2050 Uniform Continuity

Reference Bartle 54

Recall Let f A B

f is cts at c c A V E 0 I 8 8 E so s t

If X f e l C E V l X C les
def

f is cts on A f is cts at EVIERY CE A

HC E A V E o I 8 8 E c o

s t fix f c I C E V I X C 1cg

Caution The choice of 8 depends on BETH E AND C

Example f o oo IR fix Cts on Coco

y
n Y fax

FORTHE SAME E 0

fcc i

If C Io then we needµ

to w a um
f c i

i 8s.tl 7xIs TEs Ifcx f c l c E t Ix C Ics

Idea This function is NOT uniformly Cts
8 is Not uniform in c



Example f n Co co IR fix x cts on co.co

y ya fix 2C
a FORTHE SAME Eson

f c eE I
I You can choose ONE 8 so

I St it works for ALI CE Afait i l
o od s x fix f e l C E f l X C les
Sc8 SCS

Idea This function is uniformly cts

Def'd f A B is uniformly continuous Con A

iff V E so I 8 8 E O St

I flu f v l C E t U V E A I U v l s 8

Remark 01 uniform cts Cts on A C take Ce A

2 Uniform continuity is a global concept It does NOT
make sense to talk about uniform continuity at one

point C C A

Q How to see if f A B is uniformly cts on A

We first begin with a non uniform continuity
criteria



Prop f A B is NII uniformly continuous

7 Eo so s t V S 2 0 7 Us Vs c A

St 1 Us Us Ic 8 BIT IfcUs f Vs I 3 Eo

7 Eo 20 and seq Un Un in A

SE I Un Un l c th B.IT fCUnj fCVn 13EoV nc

iNPwofTake negationof deft and choose 8 In
b

Example Show that f co 7 IR fix IT is N

Uniformly continuous on Co A

Proof Take Un a th and Un net in co A

THEN IUn Un l I th net I n C T th EN

BIT 1 fun ffun I In nti l 1 3 Eo a L 20

By Prop f is NIT uniformly Hs on Co N
b

Exercises show that f a D IR fix IT is uniformly
Cts on a for any fixed a 0

Idea We can say more about uniform continuity
of f A IR if A is an interval

Uniform Continuity Thru

Continuous Extension Thin



Uniform Continuity 1hm
closed bold interval

f Cab IR f is uniformly cts
Cts on a b on Ca b

Proofi Argueby contradiction SupposeNLT ie f is NOT

uniformly Cts Then by non uniform continuity
criteria 7 Eo so and seq Un2 Un in Ca b

ax St I Un Un Is th BEI l fun farad 13 Eo th C IN

By Bolzano WeierstrassThen since Un is bold

7 Subseq Une of Un St

lim Unu x E Ca b
k a

Claim lim
ka Vy x

ask20

Pf luni vn.int Einar x Him
V k CIN

By continuity of f at x E Ca b

E
o s GE himIfcun fun If f I o

k1 A
contradiction

D

Q when can we extend a Cts f Ca b R to

a Cts function f a b IR

St f x fix VX E a b



Examples Yes NI
fix X on x E o 1 fix on X C 6,1

extend
us f X x on x E o I It Ctsextension f to Co I

fCHI 1 a

y fcx 8 go D fix
I cannot

Fiona iffy C 3

I 0 2

Continuous Extension 1hm

If f a b B is uniformly cts on Ca b

then an extension I a b IR s t

bi fGc fax f X E Ca b

Cii I is cts on Ca b

Remarks a f is uniformly cts by UniformContinuityThen

b Such an extension f is unique

Example
y fe single remain bold on Oct

BIT hot unificts on CO 1

1 Ex Prove this
1



We will use the following lemma in the proof

Lemma Let f A R be uniformly cts THEN

xn Cauchy seq Fgcu Cauchy seq
in A in A

Proofof Lemma Let E so

By uniform continuity of f 7 8 8 E so s t

y Itu f v l C E whenever u u e A sie tu v I s 8

Let xn be a Cauchy seq in A By E H deft

for this 8 so above 7 H H S C IN Et

Xm Xn I c S f n om H

By C I I fCoca focal s E f him It

So CfGen is Cauchy
D

Proof of Continuous Extension 1hm

It suffices to show the existence of Gma fix 3 f x then

we can define f Ca b CR as

fCx
x r XE ca b

mate a

limfex X b
XT b



Claim him fix exists
x a

Pf By Sequential Criteria it suffices to prove that

L E 1B s t for ANYseq Ku in a b st

lim kn a we have him flan L

Step 1 Find one such L

Choose Xu At th th EN defined when h is large

Note Xn a hence is Cauchy

By Lemma f xn is Cauchy hence converging to

some L E IR

Step 2 show that the L we obtained in Step 1

works for AIL seq Gin a Cai in Lab

Take an arbitraryseq Xvi in Ca b converging to a

Idea KuangXu
then fix

Since him n a limca we have

him Xu Xu I 0 by Limit theorem

To see fans L Suppose bystep 1 tacit L



Let ESO By uniformly continuity of f 7 8 8 E 20

X St I f u f v l C E when U V E Cab Iu ul CS

Now Lim lKa Xu1 0 7 K KCS Cin St

1 Xu Xu I c S f n 3 K

Hence we have fwm GX

Ifc xn fGcn's1C E V n K

Take him we obtain 1 L L l E E but E so is

arbitrary Then we have L L
D
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